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Preface

This supplement provides hints, partial solutions, and complete solutions to
many of the exercises in Chapters 1 through 5 of Applied Partial Differential
Equations, 3rd edition.

This manuscript is still in a draft stage, and solutions will be added as
the are completed. There may be actual errors and typographical errors in
the solutions. I would greatly appreciate any comments or corrections on the
manuscript. You can send them to me at:

jloganl@math.unl.edu
J. David Logan






1

The Physical Origins of Partial
Differential Equations

1.1 Mathematical Models

Exercise 1. Verification that u = ﬁe*$2/4kt satisfies the heat equation

wkt
up = kug, is straightforward differentiation. For larger k, the profiles flatten
out much faster.

Exercise 2. The problem is straightforward differentiation. Taking the deriva-
tives is easier if we write the function as u = £ In(z? + y?).

Exercise 5. Integrating u,, = 0 with respect to x gives u, = ¢(t) where ¢ is
an arbitrary function. Integrating again gives u = ¢(t)z + ¥ (t). But u(0,t) =
P(t) = t2 and u(1,t) = ¢(t) - 1 + t2, giving ¢(t) = 1 — 2. Thus u(x,t) =
(1 —t2)x +t2

Exercise 6. Leibniz’s rule gives
1

Thus
(¢'(x +ct) — g'(x — ct)).

N O

Ut =

In a similar manner

Ugy = %C(g'(x +ct) — g'(z — ct)).
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Thus Ut = C2umx-

Exercise 7. If u = e®sinbx then u; = ae®sinbz and uy, = —b%e™ sin bz.

Equating gives a = —b2.

Exercise 8. Letting v = u, the equation becomes v; +3v = 1. Multiply by the
integrating factor e3! to get

0
a(vem) = e3t
Integrate with respect to ¢ to get
1 .
v = g + ¢(x)e*3t,

where ¢ is an arbitrary function. Thus

1
u= /vdw =3% + p(z)e 3t +ap(t).
Exercise 9. Let w = €* or v = lnw Then uw; = w/w and u, = w,/w,
giving Wy, = Wee/w — w2 /w?. Substituting into the PDE for u gives, upon
cancelation, w; = wg,.

Exercise 10. It is straightforward to verify that u = arctan(y/z) satisfies the
Laplace equation. We want u - lasy — 0 (x > 0), and u - -1l asy — 0

(x <0). So try
2 y
u =1— —arctan —.
T x
We want the branch of arctan z with 0 < arctanz < 7/2 for z > 0 and 7/2 <
arctanz < 7 for z < 0.

Exercise 11. Differentiate under the integral sign to obtain

Upy = /OO —526(5)6_53’ sin(€x)d¢
0
and .
Uyy = ) 520(5)6_&] sin(&x)d§.
Thus

Ugg + Uyy = 0.

Exercise 12b; 13b. Substitute u = Aetlkz—wt) into Ut + Ugze = 0 to get the
dispersion relation w = —k3. The solution is thus

u(z,t) = Aeikatkt) _ poik(ath’t)
The dispersion relation is real so the PDE is dispersive. Taking the real part

we get u(x,t) = Acos(k(z + k?)t), which is a left traveling wave moving with
speed k2. Waves with larger wave number move faster.
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1.2 Conservation Laws

Exercise 1. Since A = A(x) depends on z, it cannot cancel from the conser-
vation law and we obtain

A(x)uy = —(A(2)d)e + A(2) f.

Exercise 2. The solution to the initial value problem is u(z,t) = e=(@=ct)?,
When ¢ = 2 the wave forms are bell-shaped curves moving to the right at speed

2.

Exercise 3. Letting £ = x — ¢t and 7 = t, the PDE wu; + cu, = —A\u becomes
Uy = =AU or U = ¢(€)e™. Thus

u(z,t) = ¢z — ct)e M.

Exercise 4. In the new dependent variable w the equation becomes w; +cw, =
0.

Exercise 5. In preparation.

Exercise 7. From Exercise 3 we have the general solution u(x,t) = ¢(x —
ct)e™ . For x > ct we apply the initial condition u(z,0) = 0 to get ¢ = 0.
Therefore u(x,t) = 0 in > ct. For x < ¢t we apply the boundary condition
u(0,t) = g(t) to get d(—ct)e > = g(t) or ¢(t) = e/°g(—t/c). Therefore
u(z,t) = g(t —x/c)e /¢ in 0 <z < ct.

Exercise 8. Making the transformation of variables & = x — t, 7 = ¢, the
PDE becomes U, — 3U = 7, where U = U(&, 7). Multiplying through by the
integrating factor exp(—37) and then integrating with respect to T gives

T

_ _ [ l 3T
U= (G+5) o0
or 1

u=— (%"-5) + ¢(x — t)e.

Setting t = 0 gives ¢(z) = 22 + 1/9. Therefore

Exercise 9. Letting n = n(z,t) denote the concentration in mass per unit
volume, we have the flux ¢ = cn and so we get the conservation law

ng+ceng =—rvyn 0<z<l, t>0.



4 1. The Physical Origins of Partial Differential Equations

The initial condition is u(z,0) = 0 and the boundary condition is «(0,t) = no.
To solve the equation go to characteristic coordinates ¢ = x—ct and 7 = ¢. Then
the PDE for N = N(£,7) is N, = —r/N. Separate variables and integrate to
get
WN = —rr + ®(¢).

Thus

2v/n = —rt + ®(x — ct).
Because the state ahead of the leading signal = ¢t is zero (no nutrients have
arrived) we have u(z,t) = 0 for x > ct. For x < ct, behind the leading signal,
we compute ® from the boundary condition to be ®(t) = 2,/n, — rt/c. Thus,
for 0 < x < ¢t we have

2v/n = —rt +2\/ng — g(x — ct).

Along x =1 we have n = 0 up until the signal arrives, i.e., for 0 < t < 1/c. For

t > 1/c we have
rl

1,t) = (Vo — —)2.

nll,t) = (Vs - 5-)

Exercise 10. The graph of the function u = G(x + ct) is the graph of the
function y = G(x) shifted to the left ct distance units. Thus, as t increases the

profile G(x + ct) moves to the left at speed ¢. To solve the equation u; — cu, =
F(z,t,u) on would transform the independent variables via ¢ = © + ct, 7 = t.

Exercise 11. The conservation law for traffic flow is

If ¢(u) = au(f — ) is chosen as the flux law, then the cars are jammed at the
density u = (3, giving no movement or flux; if u = 0 there is no flux because
there are no cars. The nonlinear PDE is

ur + (au(B —u)), =0,

or
u + a8 — 2u)u, = 0.

Exercise 12. Transform to characteristic coordinates £ = x —vt, 7 =t to get
alU
Ur=———, U=U(, 7).
SR €
Separating variables and integrating yields, upon applying the initial condition
and simplifying, the implicit equation
u—at — f(z) = Bn(u/f(x)).
Graphing the right and left sides of this equation versus u (treating « and ¢t > 0

as parameters) shows that there are two crossings, or two roots u; the solution
is the smaller of the two.



1.3 Diffusion 5

1.3 Diffusion

Exercise 1. We haveu,,(6,T) ~ (58 —2(64) +72) /2% = 0.5. Since u; = kuz, >
0, the temperatue will increase. We have

T +0.5,6) — u(T,6
ut(T,G)zu( + 052 u(T, )zkum(T,G)z0.02(0.5).

This gives u(T + 0.5, 6) ~ 64.005.

Exercise 2. Taking the time derivative

d I ! !
E'(t) = —/ ulde = / Quupdr = Qk/ Uy dT
dt Jo 0 0

= 2kuu, |} —2k/ui <0.

Thus F in nonincreasing, so E(t) < E(0) = fol uo(x)dz. Next, if ug = 0 then
E(0) = 0. Therefore E(t) > 0, E'(t) < 0, E(0) = 0. It follows that E(t) = 0.
Consequently u(z,t) = 0.

Exercise 3. Take

wizst) = e t) — =IO o,

Then w will satisfy homogeneous boundary conditions. We get the problem
wy = kwgy — F(z,t), 0<z<l, t>0
w(0,t) =w(l,t) =0, t>0,
w(z,0) = G(z), 0<z<l,

where

h(0) — 9(0)(

F(e,t) = ST 00~ 0)~g'(0), Gla) = u(e,0)~ X (o) —g(0),

Exercise 4. The steady state equation is u” — (h/k)u = 0 which has exponen-
tial solution, u(x) = Aexp(y/h/kz) + Bexp(—+/h/kx). Apply the boundary
conditions u(0) = u(1) = 1.

Exercise 6. The steady state problem for v = u(x) is
kv +1=0, u(0)=0, u(l)=1.

Solving this boundary value problem by direct integration gives the steady
state solution
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which is a concave down parabolic temperature distribution.
Exercise 7. The steady-state heat distribution u = u(z) satisfies
ku" —au=0, u(0)=1, u(l)=1.

The general solution is u = ¢; cosh y/a/kx + cosinh y/a/kx. The constants ¢;
and co can be determined by the boundary conditions.

Exercise 8. The boundary value problem is

us = Dugy +ru(l —u/K), 0<z<lI, t>0,
ug(0,8) =uy(l,t) =0, >0,
w(z,0) =ax(l—x), 0<z<l.

For long times we expect a steady state density v = u(z) to satisfy —Du"” +
ru(l — u/K) = 0 with insulated boundary conditions u'(0) = u/(I) = 0. There
are two obvious solutions to this problem, v = 0 and v = K. From what we
know about the logistics equation

% =ru(l —u/K),

(where there is no spatial dependence and no diffusion, and v = w(t)), we
might expect the the solution to the problem to approach the stable equilibrium
u = K. In drawing profiles, note that the maximum of the initial condition is
al? /4. So the two cases depend on whether this maximum is below the carrying
capacity or above it. For example, in the case al?/4 < K we expect the profiles
to approach u = K from below.

Exercise 9. These facts are directly verified using the chain rule to change
variables in the equation.

1.4 Diffusion and Randomness

Exercise 1. We have

ur = (D(u)ug)e = D(u)ugy + D)ty = D(u)tge + D' (u) gty

Exercise 2. The steady state equation is (Du')’ = 0, where u = u(z). If D =
constant then u” = 0 which has a linear solution u(z) = ax + b. Applying the
two end conditions (u(0) = 4 and «/(2) = 1) gives b = 4 and a = 1. Thus
u(xz) = x + 4. The left boundary condition means the concentration is held
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at the value u = 4, and the right boundary condition means —Du/(2) = —D,
meaning that the flux is —D. So matter is entering the system at L = 2 (moving
left). In the second case we have

o\
—0.
<1+x“)

Therefore

or
v =a(l+z).

The right boundary condition gives a = 1/3. Integrating again and applying
the left boundary condition gives

1 1
u(z) = o + —x2 +4.

3 6
In the third case the equation is
(ur)" =0,
or uu’ = a.This is the same as
1
§(u2)' =a,
which gives
1
§u2 =azx + .

From the left boundary condition b = 8. Hence
u(x) = v2ax + 16.

Now the right boundary condition can be used to obtain the other constant a
. Proceeding,

Thus a = 2 + v/20.

Exercise 3. The general solution of Du” —cu’ = 0 is u(z) = a+be®®/P. In the
second case the equation is Du” — cu’ +ru = 0. The roots of the characteristic

c Ve —4Dr
Ap=—F ———.
2D 2D

polynomial are
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There are three cases, depending upon upon the discriminant c? — 4Dr. If
¢® — 4Dr = 0 then the roots are equal (55) and the general solution has the
form

u(z) = ae /2D | prect/2D.
If ¢ — 4Dr > 0 then there are two real roots and the general solution is
u(z) = ae™M® 4+ per -7,
If ¢ —4Dr < 0 then the roots are complex and the general solution is given by

_cxj2D VA4Dr — ¢? . V4Dr — ¢?
u(z) = ae a cos Tm—i—bsm —p %)

Exercise 4. If u is the concentration, use the notation u = v for 0 < z < L/2,
and v = w for L/2 < < L.The PDE model is then

V= Uge — A0, 0<x<L/2,
Wy = Wye — A, L/2<x < L.

The boundary conditions are clearly v(0,t) = w(L,t) = 0, and continuity at
the midpoint forces v(L/2) = w(L/2). To get a condition for the flux at the
midpoint we take a small interval [L/2—¢, L/2+€]. The flux in at the left minus
the flux out at the right must equal 1, the amount of the source. In symbols,

—vg(L/2 — e, t) + wy(L/2+€) = 1.
Taking the limit as € — 0 gives
—vg(L/2,t) + wy(L/2) = 1.

So, there is a jump in the derivative of the concentration at the point of the
source. The steady state system is

vV =M =0, 0<x<L/2
w' = =0, L/2<xz<L,

with conditions

v(0) = w(L) =0,
v(L/2) = w(L/2),
—v'(L/2) +w'(L/2) = 1.

Let 7 = v/\. The general solutions to the DEs are

v=ae” +be ", w=ce”" +de "".
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The four constants a, b, ¢, d may be determined by the four auxiliary conditions.
Exercise 5. The steady state equations are

v =0, 0<z<E,

w'=0, &<z<L,
The conditions are
w
(&) = w(s),
—v'(§) +w'(§) = 1.

Use these four conditions to determine the four constants in the general solution
to the DEs. We finally obtain the solution

v(x) = f_TLa:, w(z) = i sz.

Exercise 6. The equation is
Ut = Ugy — Ugp, 0<x < L.

(With no loss of generality we have taken the constants to be equal to one).
Integrating from x = 0 to x = L gives

L L L
/ urde :/ UprdT —/ Ugpdx.
0 0 0

Using the fundamental theorem of calculus and bringing out the time derivative
gives

% /L udr = uy (L, t)—ug(0,t)—u(L,t)+u(0,t) = — fluz (L, t)+ flux(0,t) = 0.
0

Exercise 7. The model is

up = Dugy + aguy,
u(00,t) =0, —Duy(0,t) —agu(0,t) = 0.

The first boundary condition states the concentration is zero at the bottom (a
great depth), and the second condition states that the flux through the surface
is zero, i.e., no plankton pass through the surface. The steady state equation is

Du” + agu’ =0,
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which has general solution
u(x) = A+ Be™%9%/P,

The condition u(co) = 0 forces A=0. The boundary condition —Du'(0) —
agu(0) = 0 is satisfied identically. So we have

u(z) = u(0)e29%/P.
Exercise 8. Notice that the dimensions of D are length-squared per unit time,

so we use D = L?/T, where L and T are the characteristic length and time,
respectively. For sucrose,

L =+VDT = /(4.6 x 10-6)(60 x 60 x 24) = 0.63 cm.
For the insect,

L? 100007
o L2 _ 10000

D = m =5 X 108 sec = 6000 days.

Exercise 9. Solve each of the DEs, in linear, cylindrical, and spherical coordi-
nates, respectively:

D' =0,
D
—(ru') =0,
,
D
F(PQU/)/ =0.

Exercise 10. Let ¢ = 1 — p and begin with the equation
u(x,t + 1) — u(z,t) = pu(z — h,t) + qu(xz + h,t) — pu(z,t) — qu(z,t),

or
u(z,t +7) = pu(x — h,t) + qu(z + h, t).

Expanding in Taylor series (u and its derivatives are evaluated at (x,t) ),

1 1
U T = pu = pugh 4 Spueph® £ qut quoh + Squagh®
or 1

Then

h
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Taking the limit as h, 7 — 0 gives

Ut = Cg + Dugy,
with appropriately defined special limits.
Exercise 11. Similar to the example in the text.

Exercise 12. Draw two concentric circles of radius r = a and r = b. The total
amount of material in between is

b
21 / u(r, t)rdr.

The flux through the circle r = a is —2waDu,(a,t) and the flux through r=b
is —2wbDu,.(b,t). The time rate of change of the total amount of material in
between equals the flux in minus the flux out, or

b
277%/ u(r, t)rdr. = —2waDu,(a,t) + 27bDu,(b, 1),

or , by
/ut(r,t)rdrz/ Da(rur(r,t))dr.

Since a and b are arbitrary,

0
ug(r, t)r = DE (rup(r,t)).

1.5 Vibrations and Acoustics

Exercise 1. In balancing the vertical forces, add the term — fol gpo(x)dx to
the right side to account for gravity acting downward.

Exercise 2. In balancing the vertical forces, add the term —int}po(z)kusdx to
the right side to account for damping.

Exercise 4. The initial conditions are found by setting t = 0 to obtain
nmwx
U,n(x, 0) = sin T

The temporal frequency of the oscillation is w = nwe/l with period 27 /w. As
the length [ increases, the frequency decreases, making the period of oscillation
longer. The tension is 7 satisfies pgc? = 7. As 7 increases the frequency increases
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so the oscillations are faster. Thus, tighter strings produce higher frequencies;
longer string produce lower frequencies.

Exercise 5. The calculation follows directly by following the hint.

Exercise 6. We have

d
=L _ kyp' ! = P
dp p

Exercise 8. Assume p(z,t) = F(xz — ct), a right traveling wave, where F is
to be determined. Then this satisfies the wave equation automatically and we
have p(0,t) = F(—ct) = 1 — 2 cost, which gives F(t) = 1 — 2 cos(—t/c). Then

plx,t) =1—2cos(t — x/c).

Exercise 9. Differentiate the equations with respect to z and with respect to
t. The speed of waves is 1/1/LC.

1.6 Quantum Mechanics

Exercise 1. This is a straightforward verification using rules of differentiation.

7(1{1?2

Exercise 2. Substitute y = e into the Schréodinger equation to get

1
E = h%*a/m, a*= ka/hQ.

This gives
y(x) = Ce=05VmRe/n

To find C impose the normality condition |’ Ry(m)de = 1 and obtain

o (m"
2mh
Exercise 4. Let b2 = 2mFE/h?. Then the ODE

yl/+by:O

has general solution
y(z) = Asinbz + B cos bz.
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The condition y(0) = 0 forces B = 0. The condition y(w) = 0 forces sinbr =
0, and so (assuming B # 0) b must be an integer, i.e., n? = 2mFE/h?. The
probability density functions are

y2(z) = B?sin® nx

with the constants B chosen such that fow y*dxr = 1. One obtains B = /2/r.
The probabilities are

0
/ 25y (z)d.
0

1.7 Heat Flow in Three Dimensions

In these ezercises we use the notation V for the gradient operation grad.

Exercise 1. We have

div(Vu) = div(ug, Uy, Us) = Upg + Uyy + Uss.

Exercise 2. For nonhomogeneous media the conservation law (1.53) becomes
cpuy — div(K (z,y, 2)Vu) = f.
So the conductivity K cannot be brought out of the divergence.

Exercise 3. Integrate both sides of the PDE over {2 to get
/ fav = / —KAudV = / —Kdiv(Vu)dV
Q Q Q

—K Vu-ndA = / gdA.

a8 a8

The left side is the net heat generated inside {2 from sources; the right side is
the net heat passing through the boundary. For steady-state conditions, these
must balance.

Exercise 4. Follow the suggestion and use the divergence theorem.

Exercise 5. Follow the suggestion in the hint to obtain

—/Vu-VudV:A/ u2dV.
(93 (93

Both integrals are nonnegative, and so A must be nonpositive. Note that A # 0;
otherwise u = 0.
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Exercise 6. This calculation is in the proof of Theorem 4.23 of the text.

Exercise 7. Replace ¢ in equations (1.52) by the given expression and proceed
a indicated in the text.

1.8 Laplace’s Equation

Exercise 1. The temperature at the origin is the average value of the temper-
ature around the boundary, or

1 27

u(0,0) = — / (3sin20 + 1)d6.

2 0
The maximum and minimum must occur on the boundary. The function f(8) =
3sin 260 4 1 has an extremum when f/(6) = 0 or 6 cos 20 = 0. The maxima then
occur at @ = w/4,5m/4 and the minima occur at § = 3w /4, 7w /4.

Exercise 3. We have u(x) = ax+b. But u(0) = b = T and u(l) = al+Ty = T1,
giving a = (Th — Tp)/!. Thus

T — T
u(z) = = 7 a+ T,

which is a straight line connecting the endpoint temperatures. When the right
end is insulated the boundary condition becomes u’(l) = 0. Now we have a = 0
and b = Ty which gives the constant distribution

Exercise 5. The boundary value problem is
—((L+2*u') =0, u(0)=1, u(l) =4.
Integrating gives (1 + 2%)u’ = ¢1, or v/ = ¢1/(1 + 22). Integrating again gives
u(x) = ¢1 arctanx + co.
But 4(0) = c2 =1, and u(1) = ¢y arctan1 + 1 = 4. Then ¢; = 6/.

Exercise 6. Assume u = u(r) where r = /22 4+ y2. The chain rule gives

’ X

e

Uy =0 (r)ry =
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Then, differentiating again using the product rule and the chain rule gives

= Yy
Upe = —u” (1) + Z=.
o= () +
Similarly
2 2
Y o z
Uyy = 5 U + —.
vy 7,,2 ( ) 7"3
Then

Au ="+ %u’ =0.
This last equation can be written
(ru’) =0
which gives the radial solutions
u=alnr+b,

which are logarithmic. The one dimensional Laplace equation u” = 0 has linear
solutions u = ax + b, and the three dimensional Laplace equation has algebraic
power solutions u = ap~! + b. In the two dimensional problem we have u(r) =
alnr+ b with u(1) = 0 and u(2) = 10. Then b = 0 and a = 10/1n2. Thus

Exercise 9. We have VV = FE. Taking the divergence of both sides gives
AV =divVV = div E = 0.

1.9 Classification of PDEs

Exercise 1. The equation
Upe + 2kUgs + Ky = 0
is parabolic because B2 — 4AC = 4k? — 4k? = 0. Make the transformation
x=¢ T=a—(B/2C)t=x—t/k.

Then the PDE reduces to the canonical form Uge = 0. Solve by direct integra-
tion. Then Ug = f(7) and U = £f(7) + g(7). Therefore

u=af(x—t/k)+g(z—t/k),
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where f, g are arbitrary functions.

Exercise 2. The equation 2u,, — 4u,: + u, = 0 is hyperbolic. Make the
transformation £ = 2x + ¢,7 =t and the PDE reduces to the canonical form

1
Uer — -Ues = 0.
13 4 3
Make the substitution V = Ug to get V, = 0.25V, or V = F(£)e™/4. Then
U= f(&)e™/* +g(r), giving
uw= f(2z +t)et* + g(t).

Exercise 3. The equation zu,, — 4u,: = 0 is hyperbolic. Under the transfor-
mation £ =t, 7 =t + 4Inx the equation reduces to

1
Uer + -U =0.
ety
Proceeding as in Exercise 2 we obtain

w= f(t+4lnz)e’* + g(t).

Exercise 5. The discriminant for the PDE
Ugg — OUgy + 12Uy, =0
is D = —12 is negative and therefore it is elliptic. Take b = 1/4 4 /3i/12 and

define the complex transformation ¢ = 2 + by, 7 = = + by. Then take

1 1
04:5(5‘*'7):%4'12!

and /3
1 3
B = Z(f—ﬂ— ﬁy.
Then the PDE reduces to Laplace’s equation uqq + ugg = 0.

Exercise 6. Change variables as indicated.

Exercise Ta. Hyperbolic when y < 1/z, parabolic when y = 1/x, elliptic when
y>1/x.



2

Partial Differential Equations on
Unbounded Domains

2.1 Cauchy Problem for the Heat Equation

Exercise 1a. Making the transformation r = (z — y)/v4kt we have

e—(ﬂ?—y)z/‘lktdy

u(z,t) = /_11 \/417W

(x—1)/V4kt 1
_7-2
= —/ —e " dr
(z+1)/V4kt \/E

= % (erf ((x—i—l)/\/M) —erf ((;L— 1)/\/4@))

Exercise 1b. We have

e—(m—y)2/4kte—ydy.

<1

Now complete the square in the exponent of e and write it as

(x —y)? a2t = 2ay + 7 4 dkty
4kt v 4kt
2kt — x)?
-yt p)r 2) + kt — x.

4kt
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Then make the substitution in the integral

y+ 2kt —x
rTr =
vVakt
Then

u(z,t) = Lektﬂ”/ e dr
™ (2kt—) //ARE

= %ekt_m (1 —erf ((2kt - x)/\/m)) .

Exercise 2. We have

fu(z, £)] < /R Gz - y.0)||6(y)ldy < M /R Gz — y,t)dy = M.

Exercise 3. Use

erf(z) = %/02 e dr
:%/Oz(l—rz—i—---)dr

2 ( 23 b
=—(z— =+ ).
N3 3
This gives
1 )

w($07t):§+7r—\/g+"'

Exercise 4. The verification is straightforward. We guess the Green’s function
in two dimensions to be

9(z,y,t) = G(z,t)G(y, 1)

1 e—m2/4kt 1 e—y2/4kt
4kt 4kt
R ILL.
4rkt ’

where G is the Green’s function in one dimension. Thus g is the temperature
distribution caused by a point source at (z,y) = (0,0) at ¢ = 0. This guess
gives the correct expression. Then, by superposition, we have the solution

1 —((x—&)2 N2
u(z,y,t) = / T TR (g ) dedn.
R2 4T t
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Exercise 6. Using the substitution r = x/v/4kt we get
/G( t)d ! / —dr =1
z,t)de =— [ e r=1.

R VT IR

Exercise 7. Verification is straightforward. The result does not contradict the
theorem because the initial condition is not bounded.

2.2 Cauchy Problem for the Wave Equation

Exercise 1. Applying the initial conditions to the general solution gives the
two equations

F(x)+ G(z) = f(z), —cF'(z)+cG'(z) = g(x).

We must solve these to determine the arbitrary functions F' and G. Integrate
the second equation to get

—cF(z) 4+ cG(x) = /03? g(s)ds + C.

Now we have two linear equations for F' and G that we can solve simultaneously.

Exercise 2. Using d’Alembert’s formula we obtain

1 [Etet ds

)= %
wet) =50 TTo0e

1
= —2arctan(s/2) |21
9% arc an(s/ ) r—ct

= %(arctan((m + ct)/2) — arctan((x — ct)/2)).

Exercise 4. Let u = F(x — ct). Then u;(0,t) = F'(—ct) = s(t). Then

Flt) :/0 s(—r/c)dr + K.
Then

t—z/c
wet)=—2 [ sk
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Exercise 5. Letting u = U/p we have
uy = Un/p, up="U,/p— U/P2

and

Upp = Upp/p — 2U,/p* +2U/p’.
Substituting these quantities into the wave equation gives

Utt = C2Upp

which is the ordinary wave equation with general solution

U(p,t) = F(p—ct) + G(p+ ct).
Then 1

u(p,t) = —(F(p—ct) + Glp +ct)).

As a spherical wave propagates outward in space its energy is spread out over a
larger volume, and therefore it seems reasonable that its amplitude decreases.

Exercise 6. The exact solution is, by d’Alembert’s formula,

1 1
u(z,t) = 5(6"‘”_“‘ + e lzetly 4 %(sin(x + ct) — sin(x — ct)).

Exercise 7. Use the fact that u is has the same value along a characteristic.

Exercise 8. Write

where

vz/ H(s,t)u(zx,s)ds,
R
1

h(s,t) = S — Y CICES)
VArt(k/c?)
which is the heat kernel with k replaced by k/c?. Thus H satisfies

k

Ht - _QH’I"I‘ =0.
C

Then, we have

Vp — kUgy = /R(Ht(s,t)u(x, s) — kH (s, t)ugs(z, s))ds

= [ (s tpute.5) = /) (s (o5

where, in the last step, we used the fact that u satisfies the wave equation. Now
integrate the second term in the last expression by parts twice. The generated
boundary terms will vanish since H and H, go to zero as |s| — co. Then we
get

Uy — kUgy = / (Hy(s,t)u(z, s) — (k/c?)Hys(s, t)u(z, s))ds = 0.
R
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2.3 Well-Posed Problems

Exercise 1. Consider the two problems

U+ Uz =0, zER, >0,
u(z,0) = f(z), zeR

If f(x) = 1 the solution is u(z,t) = 1. If f(x) = 1+n"'sinnz, which is a small
change in initial data, then the solution is
1 nt
u(z,t) =1+ —e" 'sinnz,
n
which is a large change in the solution. So the solution does not depend con-

tinuously on the initial data.

Exercise 2. Integrating twice, the general solution to ug, = 0 is
u(@,y) = F(x) + G(y),

where F' and G are arbitrary functions. Note that the equation is hyperbolic
and therefore we expect the problem to be an evolution problem where data is
carried forward from one boundary to another; so a boundary value problem
should not be well-posed since the boundary data may be incompatible. To
observe this, note that

u(2,0) = F(z) + G(0) = f(2). u(z,1) = F(z) + G(L) = g(a),

where f and g are data imposed along y = 0 and y = 1, respectively. But these
last equations imply that f and ¢ differ by a constant, which may not be true.

Exercise 3. We subtract the two solutions given by d’Alembert’s formula, take
the absolute value, and use the triangle inequality to get

w2 < GIfa—et) — P —ct)| + g If (ot ) o+t

1 x+ct L )
— - d
oo ) l6e) — g(e)lds
1 1 1 fetet
< 1) - — dod
s 5 1+2 1+2CL—(:1‘, 208
1
= (51—|——052(2Ct)

IN
g
4
~
Ng
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2.4 Semi-Infinite Domains

Exercise 2. We have

u(z,t) = /OOO(G(x —y,t) — Gz +y,t))dy = erf (x/V4kt).

Exercise 3. For z > ct we use d’Alembert’s formula to get
1
u(z, t) = 5((25 —ct)e @) 4 (x4 ct)e(@Het)),
For 0 < = < ¢t we have from (2.29) in the text

u(z,t) = %((x + ct)ef(awrct) — (et — x)ef(ctfm)).

Exercise 4. Letting w(z,t) = u(z,t) — 1 we get the problem
wy = kwgy, w(0,t) =0, t>0, ;w(z,0)=-1, x>0.

Now we can apply the result of the text to get
w(z,t) = / Gz —y,t) = Gz +y,1))(—1)dy = —erf (z/V4kt).
0

Then
w(x,t) =1 —erf (z/Vakt).

Exercise 5. The problem is

up = kg, *>0,1t>0,
u(z,0) = 7000, z >0,
u(0,t) =0, t>0.

From Exercise 2 we know the temperature is

9 [o/VARL
u(z,t) = 7000 erf (x/V4kt) = 7000ﬁ/0 e " dr.

The geothermal gradient at the current time t. is

7000
u,(0,t.) = =3.7x107%

wkt,
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Solving for ¢ gives
t. = 1.624 x 10 sec = 5.15 x 108 yTS.

This gives a very low estimate; the age of the earth is thought to be about 15
billion years.

There are many ways to estimate the amount of heat lost. One method is
as follows. At ¢t = 0 the total amount of heat was

4
/ peu dV = 7000pc§7rR3 = 29321 pcR3,
S

where S is the sphere of radius R = 4000 miles and density p and specific
heat ¢. The amount of heat leaked out can be calculated by integrating the
geothermal gradient up to the present day t.. Thus, the amount leaked out is
approximately

te te
(47 R?) /0 —Ku,(0,t)dt == —47R?pck(7000) /0 dt

1
vkt
== —pcR?(1.06 x 10'%).
So the ratio of the heat lost to the total heat is

pcR?*(1.06 x 10'%)  3.62 x 107 56
29321pcR3 R o

Exercise 6. Follow the suggested steps. Exercise 7. The left side of the equa-

tion is the flux through the surface. The first term on the right is Newton’s law
of cooling and the second term is the radiation heating.

2.5 Sources and Duhamel’s Principle

Exercise 1. The solution is

1 t pztc(t—r1)
u(z,t) = —/ / sin sds

2¢ 0 Jax—c(t—7)

1

1

= —sinz — ﬁ(sin(az —ct) + sin(z + ct))
c c
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Exercise 2. The solution is
u(z,t) = /Ot /Oo G(r —y,t — 7)siny dydr,

where G is the heat kernel.

Exercise 3. The problem

wi(x,t,7) + cwy(x, t,7) =0, w(x,0,7)= f(z,7),
has solution (see Chapter 1)
w(z,t,7) = f(x —ct,T).
Therefore, by Duhamel’s principle, the solution to the original problem is
t
u(z,t) = /0 fla—ct—7),7)dr.

t

Applying this formula when f(z,t) = ze™* and ¢ = 2 gives

u(z,t) = /O(x —2(t —71))e "dr.

This integral can be calculated using integration by parts or a computer algebra
program. We get

u(r,t) = —(x —2t) (et — 1) —2te™  +2(1 —e™h).

2.6 Laplace Transforms

Exercise 4. Using integration by parts, we have

L (/Otf(T)dT) /ODO (/Otf(r)dr> et dt

—é/ooo (/Otf(T)dT> & e
%/Otf(T)dT-est e+ /OOO F(t)estdt

" F(s)

—F(s).
s



2.6 Laplace Transforms 25

Exercise 5. Since H = 0 for ¢ < a we have
L(H(t—a)f(t —a)) = / £t — a)e—"tdt
- / f(T)e_S(T+“)dT =e YF(s).
0

where we used the substitution 7 =t — a, dr = dt.

Exercise 8. The model is

Ut = Ugy, x>0,t>0
w(z,0) =wug, >0
—ug(0,t) = —u(0,1).

Taking the Laplace transform of the PDE we get
Upo — sU = —uy.
The bounded solution is

U(x,s) = a(s)e‘m‘/g + %.

The radiation boundary condition gives

or o
a(s) = SA+ V5

Therefore, in the transform domain

Uo —zys | "o
Ulz,s) = ——20 Yo
(z,s) s(1+\/§)e + .

Using a table of Laplace transforms we find

u(a, t) = uo — uo [erfc <%> — erfe <\/1_f + %) emﬂ .

where erfc(z) = 1 — erf(z).

Exercise 10. Taking the Laplace transform of the PDE gives, using the initial

conditions,
2

Upo — U = -2
C
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The general solution is
Uz, s) = A(s)e™*%/¢ + B(s)e*™/® + %
S

To maintain boundedness, set B(s) = 0. Now U(0, s) = 0 gives A(s) = —g/s>.
Thus g p

U(z,s) = —5—36_“/“ + 3
is the solution in the transform domain. Now, from a table or computer algebra
program,

Therefore

Hence

2 — /e
u(z,t) = % —gH(t - x/c)%

Exercise 11. Taking the Laplace transform of the PDE while using the initial
condition gives, for U = U(z,y, s),

Uyy — pU = 0.
The bounded solution of this equation is
U =a(x,s)e V>,

The boundary condition at y = 0 gives sU(z,0,s) = —U,(x,0,s) or a = —a,,
or

a(z,s) = f(s)e™™".

The boundary condition at x = u = 0 forces f(s) = 1/s. Therefore
1
U(z,y,s) = e eIV,
s

From the table of transforms

u(a,y,t) = 1 - erf((y — o) /Va0).

Exercise 13. Taking the Laplace transform of the PDE gives, using the initial

conditions,
$2
Upe — U =0.
c
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The general solution is
Ula,5) = Als)e™" + Bls)e™*/"

To maintain boundedness, set B(s) = 0. Now The boundary condition at x =0
gives U(0, s) = G(s) which forces A(s) = G(s). Thus

Ul(x,s) = G(s)e %/
Therefore, using Exercise 4, we get

u(z,t) = H(t —x/c)g(t — z/c).

Exercise 14. The problem is
Ut = Upz, X,t>0
w(z,0)=0, x>0
u(0,t) = f(t), t>0.
Taking Laplace transforms and solving gives

Ulz,s) = F(s)e™™V*

Here we have discarded the unbounded part of the solution. So, by convolution,

)= [ 1)
m(t — 7)3
Hence, evaluating at x =1,
Ut) = /t f(T);efl/Mtf'r)dT’
0 4m(t — 7)3

which is an integral equation for f(¢). Suppose f(t) = fo is constant and
U(5) = 10. Then

QOﬁ B 5 —1/4(5 T)
fo \/471' 5—17

where erfc = 1 — erf. Thus fy = 59.9 degrees.

=2erfe(1/V5),
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2.7 Fourier Transforms

Exercise 1. The convolution is calculated from

o0

zxe ™ = / (y — a:)enydy.

— 00

Exercise 2. From the definition we have

1 > :
]:*1(6*11\5\)) _ ” e*alﬁleﬂmﬁdf

Tr — 00

1 /° , 1 [ ,
= — e e T ge + —/ e e ¢

27T —c0 27T 0

1 /0 , 1 [ ,
_ eaﬁfmfdé- + _/ efaﬁfmﬁdf

27T —c0 27T 0

1 1 ) 1 1 )
_ (a—iz)¢ |0 _ (—a—iz)¢ oo

27ra—z'xe |7°°+27r—a—ix€ 0
_a 1

ma?+x2’

Exercise 3a. Using the definition of the Fourier transform

2rF (€)= /_ h w(z)e 9% = F(u)(€).

Exercise 3b. From the definition,

Exercise 3c. Use 3(a) or, from the definition,

Flu(z+a)) = h u(z 4 a)edr = /00 u(y)e W=D dy = e 719 (¢).

— 00 — 00
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Exercise 6. From the definition

_ 1 (i€—a)z |oo
i€ —a

1

a—if
Exercise 7. Observe that

—az? 1 d _{mz
e 2a dw

Then

2 1 2

F(re ) = —%(—if)]—"(e_“‘” ).

Exercise 9. Take transforms of the PDE to get
= (~i&)*a+ f(&,1).
Solving this as a linear, first order ODE in ¢ with £ as a parameter, we get
t
a(e,t) :/ e =) f(¢, T)dr
0

Taking the inverse Fourier transform, interchanging the order of integration,
and applying the convolution theorem gives

vty = [ 7 [0 fe )}

/]-" e ] f(am)dr

~@m ¥/ £y ) dydr,

//m

Exercise 10. Proceeding exactly in the same way as in the derivation of (2.65)
in the text, but with k replaced by I, we obtain the solution

({E t (z—y) /4ztf( )dy,

- )



30 2. Partial Differential Equations on Unbounded Domains

where u(z,0) = f(z). Thus

1 Rl
u(z,t) = T / el(xfy)2/4t*y2dy.

Here, in the denominator, v/i denotes the root with the positive real part, that

is Vi=(141)/v2.

Exercise 11. Letting v = u, we have
Vg +Uyy =0, z€R, y>0; v(z,0)=g(x).

Hence

Then

1
S
I
g 8
c\
<
="
|
—~ i@
[\
+
N
[\
QL
~
ISH
ﬂ

1 oo
=3 g(1) (ln( x—17)? +y2) —In ((x — 7)2)) dr
T J—-x
1 oo
= gz =& (&€ +y?)dr +C.
Exercise 12. We have
(z,y) = g/l dr
WY =1 i (x—T7)2 492
1 < (l—x) (l—|—x>>
= — | arctan | —— | + arctan .
T Y Yy

Exercise 13. From the definition of the Fourier transform
Flug) = / Uy (1, 1) d
= u(z,t)e’” |< —if/ u(€,t)e " da

= —Zfﬂ(f, t)'
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For the second derivative, integrate by parts twice and assume u and u,
tend to zero as  — o0 to get rid of the boundary terms.

Exercise 14. In this case where f is a square wave signal,

o ] a 2i
) = [~ aesar= [ a2
o —a £
Exercise 15. Taking the Fourier transform of the PDE
Uy = Dugy — cuy
gives
@ = —(DE* +ike)a,
which has general solution
(& 1) = C(g)em P,
The initial condition forces C(€) = ¢(¢) which gives
a8, 1) = G()e P,
Using
1 2
F-1 (e*DE%) _ o—’/4ADt
Van Dt
and
F (i€, H)e™) = ula + ),
we have
F-1 (6%‘5@%7135%) _ o—(@+vt)? /4Dt

1
Var Dt

Then, by convolution,

1 2
u(z,t) = d* 76—(374-1)1‘,) /4Dt.
(@) =¢ VAar Dt

Exercise 16. (a) Substituting u = exp(i(kx —wt)) into the PDE u; +ugyy =0
gives —iw + (ik)® = 0 or w = —k3. Thus we have solutions of the form

u(x,t) = pilka k) _ ik(z+k?t)
The real part of a complex-valued solution is a real solution, so we have solutions

of the form
u(z,t) = cos[k(z + k*t)].
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These are left traveling waves moving with speed k2. So the temporal frequency
w as well as the wave speed ¢ = k2 depends on the spatial frequency, or wave
number, k. Note that the wave length is proportional to 1/k. Thus, higher
frequency waves are propagated faster.

(b) Taking the Fourier transform of the PDE gives

—(~i)’u
This has solution
~ In —e3
u(f’t) = ¢(£)€ ¢ t’
where ¢ is the transform of the initial data. By the convolution theorem,
w(z,t) = ¢(z) % F (e €1,

To invert this transform we go to the definition of the inverse. We have

]_-—1(6—1'531‘,) _ i /Oo e—i§3te—i§md§
2 J_ o

1 o0
Py [m cos(&3t + Ex)de

i OOcos i—i——zx —1 dz
21 J_ oo 3 (3t)1/3 ) (3t)1/3

1 T
= Aj .

EDRE 1<<3t>1/3)

where we made the substitution &€ = z/(3t)!/? to put the integrand in the form
of that in the Airy function. Consequently we have

we,t) = 1/3/ e ((3;)/1/3)‘”’

Exercise 18. The problem is

U = gy =0, T ER, >0,
u(z,0) = f(z), u(x,0)=0, =€ R.

Taking Fourier transforms of the PDE yields
Uy + 02€2ﬂ =0
whose general solution is

i = A(f)eig‘:t +B(£)€7i56t.
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From the initial conditions, 4(£,0) = f(§) and @:(£,0) = 0. Thus A(§) =
B(€) = 0.5f(€). Therefore

a(€, 1) = 0.5F(€)(e'* +e7).
Now we use the fact that
F(f(©)ee) = f(z—a)
to invert each term. Whence
u(z,t) = 0.5(f(x — ct) + f(z +ct))
Exercise 19. The problem
up = Dugy —vu,,, € R, t>0; wu(z,0)= 67‘”2, r€eR
can be solved by Fourier transforms to get

u(z,t) = ﬂg(wwtﬁ/((aﬂm).
" Va+4Dt

Thus, choosing a = v = 1 we get

U(t) =u(l,t) = #e—(l—t)z/((l+4Dt).

V1+4Dt

Exercise 20. Notice the left side is a convolution. Take the transform of both
sides, use the convolution theorem, and solve for f. Then invert to get f.
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Orthogonal Expansions

3.1 The Fourier Method

Exercise 1. Form the linear combination

oo
u(z,t) = E ap, cosnct sin na.

n=1
Then -
u(z,0) = f(z) = Z ap sinnx.
n=1

Using the exactly same calculation as in the text, we obtain

anzg/ f(x)sinnz d.
T Jo

Observe that u:(z,0) = 0 is automatically satisfied.
When the initial conditions are changed to u(x,0) = 0, u:(z,0) = g(x) then
a linear combination of the fundamental solutions w,,(x,t) = cosnct sinna does
not suffice. But, observe that w,(x,t) = sinnct sinnax now works and form the
linear combination o
u(z,t) = Z by, sin net sinn.
n=1

Now u(x,0) = 0 is automatically satisfied and

ug(x,0) = g(z) = Z ncby, sinnz.
n=1
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Again using the argument in (3.5)—(3.7), one easily shows the b,, are given by
2 s

by, = — g(z) sinnx dx.
ncm 0

3.2 Orthogonal Expansions
Exercise 2. The requirement for orthogonality is
s
/ cosmzxcosnz dr =0, m #n.
0

For the next part make the substitution y = wz/l to get

l ™
/ cos(mmzx /1) cos(nmz/l); de = / cosmycosny dy =0, m#n.
0 0

We have
(f,cos(nma/l))

" || cos(nmx/1)]|2”
Thus
1/ 2 [
co = 7/ f(x)dz, ¢, = 7/ f(x)cos(nma/l)dz, n > 1.
0 0

Exercise 8. Up to a constant factor, the Legendre polynomials are

3 1 5 3
Po(z) =1, Pi(z) =z, Pa(z) = 53?2 3 P3(x) = 53?3 -5
The coefficients ¢,, in the expansion are given by the generalized Fourier coef-
ficients 1
1 S, e"Pu(z)dx

N fil Pn(z)2dx

The pointwise error is

3
E(x) =e” — Z cn P ().
n=0

The mean square error is

1 3 1/2
E = </_1[e‘” — z_%cnPn(a:)]Qda:> .

The maximum pointwise error is max_i1<z<1 |E(x)|.
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Exercise 9. Expanding

q(t) = (f +tg, [ +1g)
= [lgl1*t* + 2(f, 9)t + || fII-
which is a quadratic in ¢. Because ¢(t) is nonnegative (a scalar product of a
function with itself is necessarily nonnegative because it is the norm-squared),
the graph of the quadratic can never dip below the ¢ axis. Thus it can have at

most one real root. Thus the discriminant b — 4ac must be nonpositive. In this
case the discriminant is

b® —dac = 4(f,9)* — 4llg|||fII* < 0.
This gives the desired inequality.

Exercise 12. Use the calculus facts that

b1
/—dac<oo7 p<l1
o ¥

and o 1
/a Edw<oo, p>1 (a>0).

Otherwise the improper integrals diverge. Thus z” € L?[0,1] if » > —1/2 and
z" € L2[0,00] if r < —1/2 and r > —1/2, which is impossible.

Exercise 13. We have

00 /2
. 4 .
cosx = g bpsin2nz, b, = — cos x sin 2nx dx.
™ Jo
n=1

Also,
oo
sinz = E b, sinnzx

n=1
clearly forces by = 1 and b,, = 0 for n > 1. Therefore the Fourier series of sin x
on [0, 7] is just a single term, sinz.

3.3 Classical Fourier Series
Exercise 1. Since f is an even function, b, = 0 for all n. We have

T 1 /2
ag = — f(x)dx:—/ dr =1,

T a0 —7/2
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and forn =1,2,3,...,
1 [ 2
ap = —/ sinnx de = — sin(nw/2)
T nw

Thus the Fourier series is

1 21
3 + - nz::l - sin(nm/2) cosnx

—l—i—z cosx—lcosi’)x-i-
T2 3 ’

A plot of a two-term and a four-term approximation is shown in the figure.

Exercise 3. Because the function is even, b,, = 0. Then

1 T
aoz—/ 22de = 27%/3
i

—T

and

1 [" 4(—-1)"™
an:—/ 22 cosnz dr = ( 2) .
n

3

—T

So the Fourier series is

2 > 4(—1)"
%+,;) (n2) COSNX.

2 must converge to f(0) = 0 at x = 0 since f

is piecewise smooth and continuous there. This gives

This series expansion of f(x) =z

2 o= 4(=1)"
0= 3" Z n2
n=0
which implies the result.
The frequency spectrum is
272 4 >
= T = n= "5, n=1L
Yo 302 Y )
Exercise 7. This problem suits itself for a computer algebra program to cal-
culate the integrals. We find ag = 1 and a,, = 0 for n > 1. Then we find
1 0 1 27
by, = — (x + 1) sin(nz/2)dx + —/ xsin(nz/2)dx
271— J, P 27T 0
1 -1+ (=1)"+4n(-1)"*!
7r n '




3.3 Classical Fourier Series 39

Note that b, = —4/nw if n is even and b, = (=2 + 47)/n7 if n is odd. So the
Fourier series is

> T n+1
%Z :4( V" Gn(na/2).

l\JI»—A

A five-term approximation is shown in the figure.

Exercise 10. Because cos ax is even we have b,, = 0 for all n. Next

1 (7 2sinarm
ag = — cosar dr =
T am

—T

and, using a table of integrals or a software program, for n > 1,

T
ap = — cos ax cosnx dx
a —T

()
2a(=1)"

= (a2 2) sin ar.

Therefore the Fourier series is

sinar = 2a(-1)"
cosax = + Z ————sinan cosnz.
am (a2 — n?)

Substitute x = 0 to get the series for cscan.

n=1

Exercise 11. Here f(z) is odd so a,, = 0 for all n. Then

101 1 ("1
bnz—/ ——sinnz dx—l——/ —sinnx dx
2 ™ 0 2

L
1
=—(1—-(=1)").
(1 (-1)")
Therefore 5
bo————, k=1,2,3,....
T2k — 1)’ T
The Fourier series is
2
——sin(2k — 1)x.
k:1oo(2k_ r sin( )

Plots of partial sums show overshoot near the discontinuity (Gibbs phe-
nomenon).






4

Partial Differential Equations on Bounded
Domains

4.1 Overview of Separation of Variables

Exercise 2. The solution is
oo
—n2t .
u(z,t) = E ane sin nz,
n=1

where o 5
R innzdr = —— ((—1)" — 2).
a ﬂA/QSIan x mr(( )" — cos(nm/2))
Thus

2 2 2 2 5
u(z,t) = e tsine — Ze Msin 2z 4+ —e Y sin3x + —e H'sinbr 4+ - .
s s 3m o
Exercise 3. The solution is given by formula (4.14) in the text, where the
coefficients are given by (4.15) and (4.16). Since G(z) = 0 we have ¢, = 0.
Then
92 w/2 9 T
dn:—/ xsinna:dx—i——/ (m — x) sinnzx dx.
™ Jo ™ Jr)2
Using the antiderivative formula [z sinnz dz = (1/n?)sinnz — (z/n) cosnz
we integrate to get
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Exercise 4. Substituting v = y(z)g(t) into the PDE and boundary conditions
gives the SLP
=y =Xy, y(0)=y(1)=0
and, for g, the equation
g"+ kg + Mg =0.
The SLP has eigenvalues and eigenfunctions

Ao =272, yn(z) =sinnrz, n=1,2,....

The g equation is a linear equation with constant coefficients; the characteristic
equations is
m? 4+ km+ 2\ =0,
which has roots
k2 — 4¢?n2nw2?).

By assumption k£ < 2me, and therefore the roots are complex for all n. Thus the
solution to the equation is (see the Appendix in the text on ordinary differential
equations)

gn(t) = e ¥ (a, cos(mpt) + b, sin(m,t)),

1
my, = 5\/ 4¢?n2w? — k2).

Then we form the linear combination

where

Z e " (ay, cos(mpt) + by, sin(m,t)) sin(nrz).
Now apply the initial conditions. We have

u(zx,0) g an sin(nmx)

and thus L
n= / f(z)sinnrz d.
0

The initial condition u; = 0 at ¢t = 0 yields
= Z(bnmn — kay,) sin(nnz).
n=1

Therefore
bp,m,, — ka, =0,

or

b, = ka,

= / f(z)sinnmz d.

My,
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4.2 Sturm—Liouville Problems

Exercise 1. Substituting u(x,t) = g(t)y(z) into the PDE

gives
g (t)y(x) = %(p(w)g(t)y’(x)) —q(z)g(t)y(z)
Dividing by g(t)y(z) gives
9 _ ) —q
g y

Setting these equal to —A gives the two differential equations for g and y.

Exercise 2. When A\ = 0 the ODE is —y” = 0 which gives y(z) = ax + b.
But '(0) = a =0 and y(I) = al+b =0, and so a = b = 0 and so zero is
not an eigenvalue. When A\ = —k? < 0 then the ODE has general solution
y(z) = ae*® +be~** which are exponentials. If y = 0 at = 0 and = = [, then
it is not difficult to show a = b = 0, which means that there are no negative
eigenvalues. If A = k% > 0 then y(z) = asinkz +bcoskx. Then y'(0) = 0 forces
a = 0 and then y(I) = bcoskl = 0. But the cosine function vanishes at /2
plus a multiple of =, i.e.,

kl =V =7/24nm

for n = 0,1,2,.... This gives the desired eigenvalues and eigenfunctions as
stated in the problem.

Exercise 3. The problem is

—y" =Xy, y(0)+y'(0)=0, y(1) = 0.

If A\ =0 then y(x) = ax + b and the boundary conditions force b = —a. Thus
eigenfunctions are
y(z) = a(l —z).
If A < 0 then y(x) = acoshkz + bsinhkz where A = —k2. The boundary
conditions give
a+bk =0, acoshk+ bsinhk = 0.

Thus sinhk — kcoshk = 0 or £k = tanh k which has no nonzero roots. Thus
there are no negative eigenvalues.
If A = k? > 0 then y(z) = acoskz + bsinkz. The boundary conditions
imply
a+bk=0, acosk+bsink=0.
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Thus k = tan k which has infinity many positive roots k,, (note that the graphs
of k and tan k cross infinitely many times). So there are infinitely many positive
eigenvalues given by \,, = k2.

Exercise 4. The SLP is
—y" =Xy, y(0)+2y'(0) =0, 3y(2) +2y'(2) = 0.

If A = 0 then y(x) = ax + b. The boundary conditions give b + 2a = 0 and
8a 4+ 3b = 0 which imply @ = b = 0. So zero is not an eigenvalue. Since this
problem is a regular SLP we know by the fundamental theorem that there are
infinitely many positive eigenvalues.

If A\ = —k% <0, then y(x) = acosh kx + bsinh kz. The boundary conditions
force the two equations

a+ 20k =0, (3cosh2k + 2ksinh 2k)a + (3 sinh 2k + 2k cosh 2k) = 0.

This is a homogeneous linear system for a¢ and b and it will have a nonzero
solution when the determinant of the coefficient matrix is zero, i.e.,

4k
tan2k = ————.
S Y2
This equation has nonzero solutions at k =~ +0.42. Therefore there is one
negative eigenvalue A\ ~ —0.422 = —0.176. (This nonlinear equation for k can
be solved graphically using a calculator, or using a computer algebra package,

or using the solver routine on a calculator).

Exercise 5. When A = 0 the ODE is y’ = 0, giving y(z) = Az + B. Now
apply the boundary conditions to get

B—aA=0, Al+B+bA=0.

This homogeneous system has a nonzero solution for A and B if and only if
a+ b = —abl. (Note that the determinant of the coefficient matrix must be
7€ero).

Exercise 7. Multiply the equation by y and integrate from x = 0 to x = [ to

get
! ! !
—/ yy”dw—l—/ qudx:)\/ y3de.
0 0 0

Integrate the first integral by parts; the boundary term will be zero from the
boundary conditions; then solve for A to get

L )2de + ) qyPde

A
Ilyl[?
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Clearly (note y(z) # 0) the second integral in the numerator and the integral in
the denominator are positive ,and thus A > 0. y(z) cannot be constant because
the boundary conditions would force that constant to be zero.

Exercise 9. When A\ = 0 the ODE is —y” = 0 which gives y(z) = az + b.
The boundary conditions force a = 0 but do not determine b. Thus A = 0 is
an eigenvalue with corresponding constant eigenfunctions. When A\ = —k? < 0
then the ODE has general solution y(z) = ae**4-be~**, which are exponentials.
Easily, exponential functions cannot satisfy periodic boundary conditions, so
there are no negative eigenvalues. If A\ = k? > 0 then y(z) = asin kz + b cos kx.
Then y'(x) = ak cos kx — bk sin kz. Applying the boundary conditions

b=asinkl+bcoskl, a=acoskl—bsinkl.
We can rewrite this system as a homogeneous system

asinkl 4+ b(coskl —1) =0
a(coskl —1) —bsinkl = 0.

A homogeneous system will have a nontrivial solution when the determinant
of the coefficient matrix is zero, which is in this case reduces to the equation

coskl = 0.
Therefore kI must be a multiple of 27, or
A= 2nm/1)?, n=1,2,3,....
The corresponding eigenfunctions are

Yn(x) = ap sin(2nmx/l) + by, cos(2nma/1).

Exercise 10. Letting c(x,t) = y(x)g(t) leads to the periodic boundary value
problem

—y" =Xy, y(0)=y(2l), y'(0) =y'(2)

and the differential equation
g' = ADg,

which has solution
g(t) = e P

The eigenvalues and eigenfunctions are found exactly as in the solution of
Exercise 4, Section 3.4, with [ replaced by 2. They are

Ao =0,\, =n?7?/1?, n=1,2,...
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and
yo(x) =1, yn(x) = ancos(nma/l) + by sin(nrz/l), n=1,2,....

Thus we form

clz,t) = ap/2 + Z e~ T D/ (an cos(nmx/l) + by sin(nmwx/1).

n=1

Now the initial condition gives

c(x,0) = f(x) =ao/2 + Z(an cos(nma/l) + by, sin(nwz/l),

n=1

which is the Fourier series for f. Thus the coefficients are given by

1 /2
anzj/ If(x)cos(nmz/l)dx, n=0,1,2,...
0

and )
1
bnzj/ Uf(z)sin(nmz/l)de, n=12,....
0

Exercise 11. The operator on the left side of the equation has variable coeffi-
cients and the ODE cannot be solved analytically in terms of simple functions.

Exercise 12. This problem models the transverse vibrations of a string of
length ! when the left end is fixed (attached) and the right end experience no
force; however, the right end can move vertically. Initially the string is displaced
by f(z) and it is not given an initial velocity.

Substituting v = y(z)g(t) into the PDE and boundary conditions gives the
SLP

=y =Xy, y(0)=y'(1)=0
and, for g, the equation
g"+ A g =0.
The SLP has eigenvalues and eigenfunctions
A= (2n+ D)1 /1)?%, yu(z) =sin((2n + D)7wx/l), n=0,1,2,...,

and the equation for g has general solution

gn(t) = apn sin((2n + 1)wet /1) + by, cos((2n + 1)wet/1).

Then we form

u(z,t) = Z(an sin((2n + 1)wct /1) + by, cos((2n + 1)wet /1)) sin((2n + 1)wx/1).

n=0
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Applying the initial conditions,
(o)
u(z,t) = f(x) = an sin((2n + 1)wx /1),
n=0
which yields

b 1
"= sin((2n + /D[P

!
/0 f(z)sin((2n + V)mzx/1).

And -
u(z,0) =0= Z anchp sin((2n 4+ V)wz/1),

n=0

which gives a,, = 0. Therefore the solution is

u(z,t) = Z by cos((2n + D)met/1)) sin((2n + 1)7x/1).

n=0

Exercise 13. The flux at x = 0 is ¢(0,t) = —u,(0,t) = —aou(0,t) > 0, so
there is heat flow into the bar and therefore adsorption. At x = 1 we have
o(1,t) = —u,(1,t) = aju(l,t) > 0, and therefore heat is flowing out of the bar,
which is radiation. The right side of the inequality ag 4+ a1 > —aga; is positive,
so the positive constant a1, which measures radiation, must greatly exceed the
negative constant ag, which measures adsorption.

In this problem substituting u = y(x)g(t) leads to the Sturm-Liouville prob-
lem

—y" =Xy, ¥(0)—aoy(0) =0, y'(1) +ary(1) =0
and the differential equation
g =Ag.
There are no nonpositive eigenvalues. If we take A = k2 > 0 then the solutions
are
y(z) = acoskx + bsin kx.

Applying the two boundary conditions leads to the nonlinear equation

(ap + a1)k
k= -——".
tan 2 — aoay

To determine the roots k, and thus the eigenvalues A = k2, we can graph both
sides of this equation to observe that there are infinitely many intersections
occurring at k,,, and thus there are infinitely many eigenvalues \,, = k2. The
eigenfunctions are

a
yn(x) = coskpx + 0 gin kn,x.
n
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So the solution has the form

mn

o0
u(z,t) = Z cne”‘it(cos knz + Z—O sin k).
n=1

The ¢,, are then the Fourier coefficients

If ap = —1/4 and a1 = 4 then

3.75k

tank = k2—-|—]_

From a graphing calculator, the first four roots are approximately k3 =
1.08, ko = 3.85, k3 = 6.81, ky = 9.82.

4.3 Generalization and Singular Problems

Exercise 1. (a) Yes (divide by 22). (b) No.

Exercise 2. Multiply by y and then integrate. Then integrate the first term
by parts and apply the boundary conditions.

Exercise 3. Rewrite the equation as
ny// + xy’ + )\y — 07

which is a Cauchy-Euler equation. The roots of the characteristic equation are
m = £\, where A = k2 > 0. So the general solution is y(z) = A cos(kInz) +
Bsin(kInx). (Note that a simple energy argument shows the eigenvalues are
positive.) Now, y(1) = 0 forces A = 0, and y(b) = Bsin(kInb) = 0. Therefore,
klnb = nm, n = 1,2,3.... Thus the eigenvalues are A\, = nxw/Inb and the
eigenfunctions are y,(x) =sinnw, n=1,2,3,....

Exercise 4. Multiplying the differential equation by y and integrating from

r=1tox =m gives
—/ y(ny')/dx:)\/ y2dx
1 1

or, upon integrating the left side by parts,

—a¥y' |7 —/ 22(y)dx = )\/ yid.
1 1
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The boundary term vanishes because of the boundary conditions. Therefore,
because both integrals are nonnegative we have A > 0. If A = 0 then 3y’ =const=
0 (by the boundary conditions). So A # 0 and the eigenvalues are therefore
positive.

If A = k% > 0, then the ODE becomes

22y 4+ 2z + K2y =0,

which is a Cauchy-Euler equation (see the Appendix on differential equations
in the text). This can be solved to determine eigenvalues

nrt\2 1
- ()
Inm * 4

with corresponding eigenfunctions

Exercise 7. Letting u = ¢(t)y(z) and substituting into the equation and
boundary conditions gives g’ = A\g and the Sturm-Liouville problem

1

1
Ly = A — (1) =0.
Y @Y y(0) =y() =0
The weight function is 1/c(x)?.

Exercise 8. We have p(z)uy = ug,. Putting u = Y (x)g(t) gives, upon sepa-
rating variables,
=y = p(x)Ay, y(0) =y(1) =0.
We have
—yf = p@)Aryr, yr(0) =ys(1) = 0.
Integrating from x = 0 to x = s gives

S

—wwﬂwﬂmzAﬁAp@wﬂwm.

Now integrate from s =0 to s = 1 to get

y}(O) = )‘f/o /08 p(x)ys(x)dxds
= /\f/ (1—z)p(z)yy(x)de.

0

The last step follows by interchanging the order of integration. If p(z) =, hog

is a constant, then )
yf(o)

T - 2@y

Po
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Exercise 9. From Exercise 2 in Section 4.6 we have the solution

2 = 1 2 8
u(z,t) = - nz::l W(l —e R </0 f(r)sinnr dr) sin nz.

Therefore
4 2 > . . 1 —n?kt
U) = ulr/2.t) = | (;;smnrsmmw/mmu—e >> fryr.

We want to recover f(z) if we know U(t). This problem is not stable, as the
following example shows. Let

w(z,t) =m 321 — e ™ sinma, flz) = J/msinma.

This pair satisfies the model. If m is sufficiently large, thenu(z, ¢) is uniformly
small; yet f(0) is large. So a small error in measuring U (t) will result in a large
change in f(z).

4.4 Laplace’s Equation

Exercise 1. Substituting u(z,y) = ¢(x)¥(y) we obtain the Sturm-Liouville
problem

—¢" =\p, x€(0,0); $(0)=p()=0

and the differential equation
" — Xp = 0.
The SLP has eigenvalues and eigenfunctions
A = 0?7212, ¢ (x) = sin(nmz/l),
and the solution to the ¥—equation is
¥n(y) = ay, cosh(nmy/l) + by, sinh(nwy/1).

Therefore
u(z,y) = Z(an cosh(nmy/l) + by, sinh(nwy/1)) sin(nwz /).
n=1
Now we apply the boundary conditions:

u(z,0) = Z ap sin(nwz/l) =0,
n=1
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S0 a,, = 0. Therefore

u(z,1) = G(z) = Z by, sinh(nm /1)) sin(nmx/l).

n=1
Thus
by, sinh(nn/l) = / G(z)sin(nmz/l)dx

which determines the coefficients b,,.

Exercise 2. This problem models the steady state temperatures in a rectangu-
lar plate that is insulated on both sides, whose temperature is zero on the top,
and whose temperature is f(z) along the bottom. Letting u = ¢g(y)¢(z) and
substituting into the PDE and boundary conditions gives the Sturm-Liouville
problem

—¢" =Xp, ¢'(0)=¢(a) =0

and the differential equation
g’ —Xg=0.
The eigenvalues and eigenfunctions are Ao = 0, ¢(x) = 1 and
n=n?n?/a®,  ¢n(x) = cos(nmx/a), n=1,2,3,....

The solution to the g equation is, corresponding to the zero eigenvalue, go(y) =
coy + dp, and corresponding to the positive eigenvalues,

gn(y) = cp sinh(nmy/a) + d,, cosh(nmy/a).

Thus we form the linear combination

u(z,y) = coy + do + Z(C" sinh(nmy/a) + dy, cosh(nmy/a)) cos(nmz/a).

n=1

Now apply the boundary conditions on y to compute the coefficients:

u(z,0) = f(z) =do + Z d,, cos(nmz/a),

n=1

_ é/oaf(x)dx, d, :z/oaf(x) cos(nmz/a)d

u(z,b) =0=cob+do+ Z(C” sinh(nmb/a) + dy, cosh(nmwb/a)) cos(nmz/a).

n=1

which gives

Next
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Therefore
cosh(nmb/a)

co=—do/b, en =~ sinh(nmb/a)

Exercise 3. The general solution is given in the text. Here
f(0) =4+ 3sin6.
The right side is its Fourier series, so the Fourier coefficients are given by

ao
— =4, Rb1 =3
2 b 1 b

with all the other Fourier coefficients identically zero. So the solution is

u(r,0) =4+ 3—£ sin 0.

Exercise 5. The exterior Poisson formula applies but the integral is difficult.
In this simple case assume a separable solution of the form wu(r, ) = Ar~" cos#.
Substitute into the radial form of the equation to get n = 1 (to get bounded
solutions). Apply the boundary condition to get A = 1. Therefore

1
u(r,0) = -~ cos 6.

Exercise 6. Substituting u(r,0) = ¢g(0)y(r) into the PDE and boundary con-
ditions gives the Sturm-Liouville problem

—g"=Xg, g(0)=g(r/2)=0
and the differential equation
2y +ry + Ay =0.

This SLP has been solved many times in the text and in the problems. The
eigenvalues and eigenfunctions are

Ap =402 gn(0) =sin(2n0), n=1,2,....

The y equation is a Cauchy-Euler equation and has bounded solution

Yn(r) = 2",

Form

u(r,0) = Z b, ™ sin(2n).

n=1
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Then the boundary condition at r = R gives
u(R,0) = f(6) = by R sin(2n).
n=1

Hence the coefficients are
1 /2

Exercise 7. Substituting u(r,0) = ¢g(0)y(r) into the PDE and boundary con-
ditions gives the Sturm-Liouville problem

—¢" =g, 9(0)=g'(7/2) =0
and the differential equation
ry" +ry + My = 0.
The eigenvalues and eigenfunctions are
A= (2n+1)2%, g.(0) =sin((2n+1)0), n=0,1,2,....

The y equation is a Cauchy-Euler equation and has bounded solution

Yn (7”) _ r2n+1

Form

u(r,0) = i br?" T sin((2n + 1)0).

n=1

Then the boundary condition at r = R gives

u(R,0) = f(0) = f: b, R sin((2n + 1)9).

n=1

Hence the coefficients are

1 /2 .
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Exercise 10. Let w = u + v where u satisfies the Neumann problem and v
satisfies the boundary condition n - Vv = 0. Then
E(w) = E(u+v)
1
== / (Vu-Vu+2Vu-Vo+ Vo - Vu)dV — (hu — hv)dA
2Ja a0

1
:E(u)—|—/Vu-VvdV—|——/Vv-VvdV— hv dA
fo) 2 Ja Ele)

1
:E(u)—|—/ vVu-ndA—/vAudV—i——/Vv-VvdV— hv dA
00 17 2 Je 090

1
:E(u)—|—/ vhdA+—/Vv-VvdV— hv dA
00 2Jo 00

:E(u)+%/ Vo - VodV
2
So E(u) < E(w).

Exercise 11. Integrate the partial differential equation over a region {2 and
then use the divergence theorem to get

/ fav :/ AudV :/ gradu - ndA = hdA.
[0 2 on o0

In a steady heat flow context, for example, this states that net rate that heat is
produced by sources in the region must equal the rate that heat leaves through
the boundary.

Exercise 12. Take u = p~'w. (NOTE: there is a typographical error in the

exercise.) Then find u, and u,, and substitute into the PDE to reduce the
equation to w,, — k2w = 0. This has general solution w = crebP + cqe kP,

Exercise 13. Multiply both sides of the PDE by u and integrate over {2. We

obtain
/ uAu dV = c/ u2dV.
I7) I7)

Now use Green’s first identity to obtain

/ uVu-ndA—/Vu-VudV:c/ u?dV,
an Q o)

—/cMM—/wa&uw/ﬁw
[oX0] 2 (9]

The left side is negative and the right side is positive. Then both must be zero,

or
/U%V:O
2

or
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Hence u =0 in (2.
The uniqueness argument is standard. Let v and v be two solutions to the
boundary value problem

Au—cu=f, €2 n-Vu+au=g, x€af
Then the difference w = u — v satisfies the homogeneous problem

Aw—cw=0, z€? n-Vw+aw=0, z€adfl.
By the first part of the problem we know w = 0 and therefore u = v.

Exercise 14. Let w and v be two solutions and take u = w—v. Then Au—cu =
0 on {2 and n - gradu + au = 0 on Af2. Now use Exercise 13 to get u = 0, so
that w = v.

Exercise 15. Multiplying the equation Au = 0 by u, integrating over (2, and
then using Green’s identity gives

/uAude/ uVu-ndA—/Vu-VudeO.
Q 20 Q

Thus
/ Vu - VudV =0,
1)

which implies
Vu = 0.

Thus u = constant.

Exercise 16. Let v and w be two solutions and take u = v — w. To show
u = 0 we use an energy argument. Multiply the PDE by u and integrate to get
fQ uAu dV = 0. By Green’s first identity,

/ uVu-ndA—/ Vu - VudV = 0.
on Q
Using the boundary condition, we get
—/ au?dA — / Vu - VudV = 0.
o9 0
Both terms on the left are negative, which is a contradiction. So v = 0 on (2.

Exercise 18. Typographical error: the boundary condition should be du/dn =
sin 6. We have

/ fdV =0 and / sin? 8dA > 0,
0 o0

which contradicts the result of Exercise 11.

Exercise 19. The radial equation in spherical coordinates is p~2(p?u,), = 0
has solution u(p) = ¢1p~* + co. Apply the boundary conditions to determine
c1 and cs.



56 4. Partial Differential Equations on Bounded Domains

4.5 Cooling of a Sphere
Exercise 1. The problem is
2
-y — ;y’ =)y, y(0) bounded, y(7) = 0.

Making the transformation Y = py we get —Y” = \Y. If A\ = —k? < 0 then
Y = asinh kp + bcosh kp,

or
y = p '(asinh kp + bcosh kp).

For boundedness at p = 0 we set b = 0. Then y(7) = 0) forces sinh k7 = 0.
Thus k& = 0. Consequently, there are no negative eigenvalues.

Exercise 2. From the formula developed in the text the temperature at p = 0
is

(o] 1 5
O t) = 74 -1 n+1l = —n“kt
) =TS
where k£ = 5.58 inches-squared per hour.

Exercise 3. The boundary value problem is

up = k(upp + ;“p)y
up(R,t) = —hu(R,t), t>0,
u(p,0) = f(p), 0<p<R

Assume u = y(p)g(t). Then the PDE and boundary conditions separate into
the boundary value problem

v +2/p)y +Ay=0, y(R)=—hy(R), y bounded
and the differential equation
g— = —Mkg.

The latter has solution g(t) = exp(—Akt). One can show that the eigenvalues
are positive. So let A = p? and make the substitution Y = py, as in the text,
to obtain

Y" 4 p?Y =0.

This has solution
Y (p) = acospp + bsin pp.
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But Y (0) = 0 forces a = 0 (because y is bounded). Then the other boundary
condition forces p to satisfy the nonlinear equation

Rp
1—Rh

tan Rp =

If we graph both sides of this equation against p we note that there are infinitely
many intersections, giving infinitely many roots p,, n = 1,2,..., and therefore
infinitely many eigenvalues \,, = p2. The corresponding eigenfunctions are

yn(p) = p~ " sin(y/Anp).
Thus we have

u(p,t) = Z cne 2R p=Lsin(y/ A p).
n=1
The ¢, are found from the initial condition. We have
u(p,0) = f(p) =Y cup™ " sin(v/Anp).
n=1

Thus "
_ Jo_pf(p)sin(vVAnp)dp .
foR sin®(v/Xnp) pdp

mn

Exercise 4. Representing the Laplacian in spherical coordinates, the boundary
value problem for u = u(p, ¢), where p € (0,1) and ¢ € (0,7), is

2
Au = up, + —u, + (sin pug) = 0,
p

1
p?sin ¢
u(l,¢) = f(¢), 0<o<m.

Observe, by symmetry of the boundary condition, u cannot depend on the
angle 6. Now assume u = R(p)Y (¢). The PDE separates into two equations,

p’R" +2pR' — AR =0

and

ingY') = \Y.
sngCneY)
We transform the Y equation by changing the independent variable to x =
cos ¢. Then we get, using the chain rule,

1 d d

sin¢ do T T dr
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So the Y—equation becomes

d dy
dx(( x)da:> Yy <z <

By the given facts, this equation has bounded, orthogonal, solutions y,(x) =
P,(z) on [-1,1] when A = A\, = n(n+1),n=0,1,2,.... Here P,(x) are the
Legendre polynomials.

Now, the R—equation then becomes

p*R" +2pR —n(n+1)R=0

This is a Cauchy-Euler equation (see the Appendix in the text) with charac-
teristic equation
m(m—1)+m-—n(n+1)=0.

The roots are m = n, —(n + 1). Thus
Ry(p) = anp™

are the bounded solutions (the other root gives the solution p="~!, which is

unbounded at zero). Therefore we form
u(p,$) =Y anp" Pu(cos ¢)
n=0
or, equivalently,
u(p,z) = Z anp" Pp ().
n=0

Applying the boundary condition gives the coefficients. We have
o0
u(l,z) = f(arccosz) = Z an Py, (x).
n=0
By orthogonality we get

1 1
an = e / f(arccosx) P, (x)dx,
n -1

or

an = ﬁ /0 f(§)Pr(cos ¢) sin ¢ dop.

By direct differentiation we get

P()(J?) = 1’ Pl(x) =T, PQ(x) = %(3322 - 1)7 PB(J?) - 2333 — 51‘
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Also the norms are given by
2 2
PP =2, [|Al* ==, [|P])? = =
IBIZ =2, P2 =2, 1Pl =2

When f(¢) = sin ¢ the first few Fourier coefficients are given by

apg = %, a] = as = 0, as = —0.49.
Therefore a two-term approximation is given by
m 0.49
u(p,¢) = = — ——p*(3cos’ ¢ — 1).

4

Exercise 5. To determine the temperature of the earth we must derive the
temperature formula for any radius R (the calculation in the text uses R = ).
The method is exactly the same, but now the eigenvalues are )\, = n’n?/R?
and the eigenfunctions are vy, = p~!sin(nmp/R), for n = 1,2,.... Then the
temperature is

2RTy o= (—1)7+!
u(p,t) = 2o 5~ D
n=1

eflamnkt

p~tsin(nmp/R).

n

Now we compute the geothermal gradient at the surface, which is u,(p,t) at
p = R. We obtain

2Ty ~—
UP(Ra t) - _?0 67n27r2kt/R2.

n=1

If G is the value of the geothermal gradient at the current time ¢ = ¢., then

RG _ S —n2n2kt./R>
My > e '

n=1

We must solve for t.. Notice that the sum has the form
oo
5 e
n=1

where a = 72kt./R%. We can make an approximation by noting that the sum
represents a Riemann sum approximation to the integral

o 2 1
/ e dr = 5\/7‘(/&.
0

So we use this value to approximate the sum, i.e.,

o0
Ze*"%Q’“c/RQ ~ B .
— 2V kmt,
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Solving for t. gives
T2
te = —0—.
© GZ%knm

Substituting the numbers in from Exercise 5 in Section 2.4 gives t. = 5.15(10)8

years. This is the same approximation we found earlier.

4.6 Diffusion in a Disk

Exercise 1. The differential equation is —(ry’)’ = Ary. Multiply both sides by
y and integrate over [0, R] to get

R R
/ —(ry") ydr = )\/ ry?dr.
0 0

Integrating the left hand side by parts gives

R R
—ryy’ |§/ r(y')2dr = )\/ ry?dr.
0 0

But, since y and %’ are assumed to be bounded, the boundary term vanishes.
The remaining integrals are nonnegative and so A > 0.

Exercise 2. Let y, A and w, u be two eigenpairs. Then —(ry’)’ = Ary and
—(rw’) = prw. Multiply the first of these equations by w and the second by
y, and then subtract and integrate to get

R R
/0 [—(ry")'w + (rw')'yldr = (A — ,u)/o ruwdr.

Now integrate both terms in the first integral on the left hand side by parts to
get

R R
(—ry'w + rw'y) |§ —|—/ (ry’w" — rw'y")dr = (A — ,u)/ ruwdr.
0 0
The left side of the equation is zero and so y and w are orthogonal with respect
to the weight function 7.

Exercise 3. We have

oo
u(r,t) = Z cne_o'zw"'t,]o(znr),
n=1
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where

B fol 5r4(1 — r)Jo (2, 7)dr
fol Jo(znr)2rdr

We have z; = 2.405, zo = 5.520, z3 = 8.654. Use a computer algebra program
to calculate a 3-term approximation.

Cn

4.7 Sources on Bounded Domains

Exercise 1. Use Duhamel’s principle to solve the problem

gt — gy = flx,t), O0<z<m t>0,
u(0,t) = u(m,t) =0, t>0,
u(z,0) =u(z,0) =0, O0<z<m.
Consider the problem for w = w(x,t,7), where 7 is a parameter:
Wy — Cwgy =0, 0<z<m, t>0,
w(0,t,7) = w(m, t,7) =0, ¢>0,
w(z,0,7) =0, w(z,0,7)=0, 0<z<m.

This problem was solved in Section 4.1 (see (4.14)—(4.14)). The solution is
w(z,t,7) = Z ¢n (7) sin net sin nz,
n=1

where 5 .
n = — y 3 d .
cn(T) ner s f(z,7)sinnz dz

So the solution to the original problem is
t
u(z,t) = / w(xz,t — 1, 7)dT.
0

Exercise 3. If f = f(x), and does not depend on ¢, then the solution can be
written

u(z,t) = %Ti (/OW f(r)sinnr dr) (</Ot e"Qk(tT)dT> sin nz.

But a straightforward integration gives

t
7n2k(t7‘r)d _ i 1 — —n?kt
/0 e T an( e ).
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Therefore

2 2 B
= Z —(1—e kY </ f(r)sinnr dr) sin nz.
™ 1 k 0

Taking the limit as t — oo gives

2 1
U(z) = limu(z,t) = u(x,t) = ;Zk—(/f slnnrdr)blnna:

Now consider the steady state problem
—kv" =z(r —z), v(0)=uv(r)=0.

This can be solved directly by integrating twice and using the boundary con-
ditions to determine the constants of integration. One obtains

v(x) = —ﬁ(%rw — 2t — 732).

To observe that the solution v(x) is the same as the limiting solution U(z)
we expand the right side of the v—equation in its Fourier sine series on [0, 7].
Then

o0
" .
—kv" = E Cp Sinnx,

where

s
Cn = —/ r(m —r)sinnrdr.
T Jo

Integrating the differential equation twice gives
—kv(z) + kv'(0 x—chn (sinnz — x).

Evaluating at « = 7 gives

oo
= Z cnn_2
n=1
Whence
o0
= Z cam 2 sin n,
n=1
or
v(z) = 2 i L </7r f(r)sinnr dr) sin nx
T kw — n2 \ /o ’

Hence v(z) = U(x).
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Exercise 4. Homogenize the boundary conditions by letting w(x,t) = u(z,t)—
Azx. Then the equation for w is wy = wy, with w(0,t) = w(l,t) = 0 and
w(x,0) = cos x— Ax. The w-problem is a straightforward separation of variables
problem with homogeneous equation and boundary conditions.

Exercise 5. Refer to Remark 4.29. First find the solution of the steady-state
problem which is U”(z) = —Q, U(0) = 0, U(1) = 2ug. This is easily solved to
get

1 1
Uz) = —5332 + (2uo + §Q)x
Now take w(z,t) = u(x,t) — U(z). It is easily seen that w satisfies the problem

Wi = Wgy with w(0,t) = w(1,t) = 0 and w(x,0) = up(1 —cosmz) —U(z), which
is a standard separation of variables problem.

Exercise 6. Follow the steps in Remark 4.30.

Exercise 7. Again, use Remark 4.29; the nonhomogeneous equation has a
source term that depends only on z. The steady-state solution satisfies U (z) =
— 1 sin 37z, with U(0) = U(1) = 0. By integrating twice,
U(z) = —— sin3
= ——— sin 37z.

%) = gy, sin 3z
Take w(x,t) = u(x,t)—U(z). Then w satisfies a homogenous problem w; = wy,
with w(0,t) = w(1,t) = 0, and the initial condition is w(zx,0) = sin7z — U(z).
This is solved by separating variables.

Exercise 8. Typographical error: The boundary condition at R = Ry is u = u;.
Follow Example 4.31.

Exercise 9. Follow Example 4.32.

Exercise 10. The problem is
ur=Au+ f(r,t) 0<r <R, t>0,
u(R,t) =0, t>0,
u(r,0) =0, 0<r<R.
For w = w(r,t,7) we consider the problem
wy=Aw 0<r<R,t>0,
w(R,t,7) =0, t>0,
w(r,0,7) = f(r,7), 0<r<R.
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This is the model for heat flow in a disk of radius R; the solution is given by
equation (4.53) in Section 4.5 of the text. It is

w(r,t,7) ch e MM Jo(znr/R),

where 2, are the zeros of the Bessel function Jy, A\, = 22/R? and

cn(T —_— (r,7)Jo(znr/R)rdr.
Then
R
u(r,t) = / w(r,t —7,7)dT.
0

Exercise 11. The source term depends only on r, so take w(r t) = u(r,t) —
U(r), where U(r) is the steady-state solution to r ~*(rU") = — f(r), U(R) = uy.
We obtain

R 1 P
:/ —/ of(o)do dp+ up.
r PJo

Then w satisfies a homogeneous differential equation and boundary condition.

4.8 Poisson’s Equation

Exercise 1. u(r,0) = (1/v/2)rsiné.

Exercise 2. There is no 6 dependence in the problem, so take u = wu(r).
Substituting into the equation gives (ru')’ = —Ar. Integrating twice gives
u(r) = —%ArQ + ¢1Inr + cy. For boundedness, take ¢; = 0. Applying the
boundary condition at R gives co = 1 + AR?/4. Thus

1
u= Z(Rz—r2)+1.

Exercise 4. The solution depends only on r. Try u = U(r), where U is to be
determined.

Exercise 5. The solution depends only on 7. Try u = U(r), where U is to be
determined.

Exercise 8. Following the hint in the text we have

o0
= Z gn(y) sinnz,
n=1
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where we find
gn —1°gn = fu(y), gn(0) = gn(1) =0.

Here, the f,(y) are the Fourier coefficients of f(z,y). From the variation of
parameters formula

n —ny 2 Y :
(0) = 0™ b = 2 [Vsiun(e - ) )

Now ¢, (0) = 0 implies b = —a. So we can write

0(9) = 2asinhny = = [ sinbn(é — ) fu(€)dt

which gives, using g, (1) =0,

nsinhn

1 b
0= | sinbtats = )1

Thus the g, (y) are given by

_ 2sinhny Y

() = 22 [ sinh(n(s = D)fu(0d€ = 2 [ sinbon(e — ) (61

nsinhn
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Applications in The Life Sciences

5.1 Age-Structured Models

Exercise 1.Write

8
1— / fo—(r+0.03)a g, _ _ 4 (e—s(r+0.o3) _ 673(r+0.03))
3 r+0.03 ’

and use a software package or calculator to solve for r.

Exercise 2. First note that u(a,t) =0 for a > t + 9, since f(a) =0 for a > 4.
For (a) observe that the renewal equation (5.9) is

B(t) = /Ot BB(t —a)e™"da + /000 Bf(a—t)e "da.

The first integral becomes, upon changing variables to s =t — a,

/t BB(t - a)e_’)’(lda, _ /t ﬂB(s)e_’Y(t_S)dS'
0 0

The second integral is

o) t+5
/ Bf(a—t)e Vda = / Buge Ytda = Pugde .
0 t

For (b), differentiate (using Leibniz rule)

t
B(t) = / BB(s)e” ") ds 4+ Bugde
0
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to get

B'(t) = /0 BB(s)e " ds(—y) + BB(t) — vBugde " = (8 — 1) B(1).

For (c) note that the last equation is the differential equation for growth-decay
and has solution
B(t) = B(0)eP=7)t,

Therefore the solution from (5.7)—(5.8) is given by

0, a>t+4
u(a,t) = wuge ™, t<a<t+$§
B(0)elP—Mte=Fa 0 <a<t.

Finally, for part (d) we have, using part (c),
t t46
N(t) :/ u(a,t)da—l—/ u(a, t)da
0 t

t 46
:/ B(O)e(ﬁ_'y)te_ﬂ“da—k/ upe” "da
0 t

- %e(ﬁv)t(l _ e*ﬁt) + Suge .

Exercise 3. Integrate the PDE from a = 0 to a = oo to get
N(t) = - /OOO tada — m(N)N = B(t) — m(N)N.
To get an equation for B we differentiate the B(t) equation to get
B'(t) = /000 boe "urda = /000 boe " (—uq — m(N)u)da
= -—m(N)B(t) — /OOO boe " (uq)da
=-m(N)B(t) — {boe_'mu|8° + /000 bofye_”’“uda}

= —m(N)B(t) — b B(t) — vB(t).

To obtain the next-to-last line we used integration by parts. In summary we
have the dynamical system

N’ = B —m(N)N,
B' = (b — 7 — m(N))B.
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In the phase plane the paths or integral curves are defined by
AB (b~ —m(N)B

dN B —-m(N)N

Observe that B = (by — )N is easily shown to be a solution to this equation.
It represents a straight line in the N B plane. The line B=0 is a horizontal
nullcline where the vector field points to the left. Another horizontal nullcline
is the vertical line N = N*, where N* is the root of m(IN) = (bgp—+). The point
P = (N*,(bp — v)N*) is an equilibrium that lies on the straight line solution
curve B = (by — ) N. The solution cannot oscillate since that it would require
it cross the straight line, violating uniqueness. On the straight line solution,
the direction is toward the point P.

Exercise 5. Let £ = a —t,7 = t. In these characteristic coordinates the PDE

becomes
c

R

Separating variable and integrating gives

U=(d—=&§—7)%(¢)

U, = U.

u(a,t) = (d—a)’p(a —1t),

which is the general solution. Now, for the region a > t we use the initial
condition to determine . We have

u(a,0) = (d—a)¢(a) = f(a),
which gives p(a) = f(a)(d — a)¢. Hence
u(a,t) =(d—a)fla—t)(d—a—1)"° a>t.
For the region a < t we use the boundary condition. to determine . Thus,
ul(0,t) = d°p(—t) = B(b),

o(t) = B(—t)d°.

Whence
u(a,t) =(d—a)’Bt—a)d™ ¢, 0<a<t.
Exercise 6. Using Taylor’s expansion to write

u(a + da,t + dt) = u(a,t) + ui(a, t)da + ut(a, t)dt + higher order terms.
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5.2 Traveling Wave Fronts

Exercise 1. The traveling wave equation can be written
1
—cU' = DU" - §(U2)’.
Integrating, we get
1
—cU = DU’ — 5U2 + A.

Using the boundary condition at z = 400 forces A = 0. Using the boundary
condition at z = —oo gives the wave speed ¢ = 1/2. Therefore

1
DU’ = ZU(WU ~1).

This DE has equilibria at U = 0, 1; the solution can be found by separating
variables or noting it is a Bernoulli equation (see the Appendix on Differential
Equations). The graph falls from left to right (decreasing), approaching 0 at
plus infinity and 1 at minus infinity.

Exercise 2. The traveling wave equation may be written
1 __ Tl 1 3y/
—cU' =U" — g(U ).

Integrating, we find that the constant of integration is zero from the z = +o00
boundary condition. Then

1
—cU =U"- U3
¢ 3

Applying the condition at z = —oco we get
1
—clU; = —§Ul3,
or
L3 1 2
—CUl + gUl = _gUl(SC - Ul ) =0.
Therefore U; = v/3c.

Exercise 3. To have constant states at infinity we must have F(0,v,) =0 =
F(u;,0) = 0. The traveling wave equations are

—cU' = DU" —~yU' — aF(U,V),
V! = —bF(U, V).
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Clearly we may write a single equation

—cU' = DU — AU’ — %V’.

Now we may integrate to get
—eU = DU’ —~U — %V+A.

The right boundary condition forces A = acwv,./b. The left boundary condition
then gives

ac
—cu; = —yu; + ?v,x

or

(v—ou = %vr > 0.

Therefore ¢ < .
Exercise 5. The traveling wave equation is
—c[1+0)U-mU? =U" -U".
Integrating gives
—c[(1+b)U—-mU?| =U"-U + A.

(From the boundary condition U(400) = 0 we get A = 0. Since U(—o0) = 1,

we get
1

- 1+b—m

The differential equation then simplifies to

c > 0.

U'=(1-c—cb)U+ emU?,

which is a Bernoulli equation. It is also separable.

5.3 Equilibria and Stability

Exercise 1. The equilibria are roots of
fw) =ru(l —u/K)— hu=u(r — %u— h) =0.
So the equilibria are

r—~h
T

ur =0, ug= K.
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To check stability we calculate f'(u1) =7 — 22w — h. Then f'(0) =r > 0, so
u1 = 0 is unstable. Next
r—nh 2rr—h

K):r—? " K—-—h=r—2r+2h—h=—-r+h.

f(

Therefore us is stable if » > h and unstable if » < h.

Exercise 2. Follow the steps indicated in the problem.

Exercise 3. The steady-state solution is u. = 3, v. = 2/9. The Jacobian

matrix is
( % y >
J = 4 .
-4 -9

Therefore, equation (5.36) becomes

(5 2o (2 0)- (3 20

Simplifying gives

2p_ 1 —
det(gn’+n1D 3 92 ):0.
-3 On+1n

Exercise 4. To obtain (a) just substitute u.(z) into the PDE and check the
boundary conditions. To get (b) substitute v = u.(z) + U(z,t) into the PDE
to obtain

Uy = !+ U + () + U, ))(1 = o) — U, 1),
or
Up =t + Ups + () (1 = te () — te(2)U 4+ U(1 — ue(x)) — U?(,t).
But ul + ue(z)(1 — ue(x)) = 0, and neglecting the nonlinear term gives
Up = Uge + (1 — 2ue(2))U,

which is the linearized perturbation equation. The boundary conditions are
U(+m/2) = 0. For part (c) assume that U = e?’g(x) and substitute to get

og=g"+ (1 —2u.(z))g,

or
y o, COST—5H o

1tcosz’ 79
with ¢ = 0 at « = £7/2. Finally, to prove (d), we proceed as in the hint. If

this BVP has a nontrivial solution, then it must be, say, positive somewhere
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in the interval. (The negative case can be treated similarly). So it must have a
positive maximum in the interval. At this maximum, g > 0, ¢” < 0. Therefore

cosr — 5
1 —i—cosa:g

So the left side of the DE is negative, so o < 0.



