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CHAPTER 2

Partial Differential Equations on Unbounded
Domains

1. Cauchy Problem for the Heat Equation

Exercise 1a. Making the transformation r = (z — y)/v4kt we have

1
1 2
u(x,t) = e~ (@=y)7/4kt g
( ) /,1 \/47T]€t Y

2
—e " dr

(z4+1)/V4kt VT
_ %(erf (G + 1)/VARE) = erf (2 —1)/VaRE))

/(.’L‘—l)/\/m 1

Exercise 1b. We have

< 1 2
u(z,t) = ———e (@Y /ARty
(@) /0 Varkt Y

Now complete the square in the exponent of e and write it as

(x —y)? 2?2 — 2y + y? + 4kty
BT T
= —%ﬂ tkt—z
Then make the substitution in the integral
_y+2kt—x
ViRt

Then

u(z,t) = ekt_‘”/ e dr
(2kt—x)/V/4kt

ekt— (1 —erf ((th - x)/\/M))

$i-

N | =

Exercise 2. We have

fu(z, 1)] < /R Gz — v, )]|é(w)ldy < M /R Gla—y.t)dy = M

3
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Exercise 3. Use

erf(z) = %/Oze_rzdr
_ 2 [
= \/E/o (1—=r4--)dr
2

Gl
3

7
This gives

Ly

2 m/t

w(zo, t)

Exercise 4. The verification is straightforward. We guess the Green’s function in
two dimensions to be

9(z,y,t) = Gz, 1)G(y,1)
1 6—m2/4kt 1 6—y2/4kt
4kt 4kt
G R ILL.
Akt
where G is the Green’s function in one dimension. Thus g is the temperature
distribution caused by a point source at (x,y) = (0,0) at t = 0. This guess gives
the correct expression. Then, by superposition, we have the solution

1 ()24 (y—1)2
oy t) = [ e O ¢ yagay
R2 2T t

Exercise 6. Using the substitution r = x/v4kt we get
/G( t)d ! / dr =1
r,t)dr=— [ e r=
R VT Jr

Exercise 7. Verification is straightforward. The result does not contradict the
theorem because the initial condition is not bounded.

2. Cauchy Problem for the Wave Equation

Exercise 1. Applying the initial conditions to the general solution gives the two
equations

F(z) +G(x) = f(z), —cF'(x)+ G (2) = g()

We must solve these to determine the arbitrary functions F' and G. Integrate the
second equation to get

—cF(z) + ¢G(x) = /03? g(s)ds +C

Now we have two linear equations for F' and G that we can solve simultaneously.
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Exercise 2. Using d’Alembert’s formula we obtain

( t) B 1 /erct dS
W= o ), 1102582

1
= 2—C2arctan(s/2) rhet

r—ct

= %(arctan((x + ct)/2) — arctan((z — ct)/2))

Exercise 4. Let u = F(x — ct). Then u,(0,t) = F'(—ct) = s(t). Then

F(t)z/o s(=r/c)dr + K
Then

t—z/c
wa) =2 [ sy + K

Exercise 5. Letting u = U/p we have
uw = Un/p, u,=U,/p—U/p?
and
Upp = Upp/p = 2U,/p* +2U/p°
Substituting these quantities into the wave equation gives
Un = *U,,
which is the ordinary wave equation with general solution
Ulp,t) = F(p—ct)+G(p+ct)
Then 1
ulp,t) = ~(F(p —ct) + G(p + ct))

As a spherical wave propagates outward in space its energy is spread out over a
larger volume, and therefore it seems reasonable that its amplitude decreases.

Exercise 6. The exact solution is, by d’Alembert’s formula,

1 1
u(z,t) = 5(67”70“ + e loFetly 4 %(sin(x + ct) — sin(x — ct))

Exercise 7. Use the fact that u is has the same value along a characteristic.

Exercise 8. Write
vz/ H(s,t)u(zx,s)ds
R

where

h(s, 1) = o=/ (at(k/e)

N )
which is the heat kernel with k replaced by k/c?. Thus H satisfies

k

Hy— % Hyp =0
C
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Then, we have

Uy — kUgy = /R(Ht(s,t)u(x, s) — kH(s,t)ug(z,s))ds

/R(Ht(s,t)u(x, s) — (k/c2)H(s,t)uss(x, s))ds

where, in the last step, we used the fact that u satisfies the wave equation. Now
integrate the second term in the last expression by parts twice. The generated
boundary terms will vanish since H and Hy go to zero as |s| — co. Then we get

Uy — kUgy = / (Hy(s,t)u(z, s) — (k/c*)Hys (s, t)u(w, s))ds = 0
R

3. Well-Posed Problems

Exercise 1. Consider the two problems

Ut +Uge = 0, zER, >0
u(z,0) = f(z), z€R

If f(z) = 1 the solution is u(x,t) = 1. If f(z) = 1+ n~!sinnz, which is a small
change in initial data, then the solution is

1
u(z,t) =1+ — et sinna
n

which is a large change in the solution. So the solution does not depend continuously
on the initial data.

Exercise 2. Integrating twice, the general solution to ug, = 0 is
u(z,y) = F(z) + G(y)

where F' and G are arbitrary functions. Note that the equation is hyperbolic and
therefore we expect the problem to be an evolution problem where data is carried
forward from one boundary to another; so a boundary value problem should not
be well-posed since the boundary data may be incompatible. To observe this, note
that

u(z,0) = F(z) + G(0) = f(z). u(x,1)=F(z)+G(1) = g(z)

where f and g are data imposed along y = 0 and y = 1, respectively. But these
last equations imply that f and g differ by a constant, which may not be true.



4. SEMI-INFINITE DOMAINS 7

Exercise 3. We subtract the two solutions given by d’Alembert’s formula, take
the absolute value, and use the triangle inequality to get

w2 < GIfa—et) — e —ct)| + g If (ot et) — fla )

1 x+ct

oo | 1g ) = g)lds

1 1 x+ct
< =0+ =01+ — dad
s 5 1-|-2 1+2C/w70t 2dS
— Gyt L by(2et)
- 1 %2 2(4C
< 614+ Tds

4. Semi-Infinite Domains

Exercise 2. We have

u(z,t) = /OOO(G(x —y,t) — Gz +y,t))dy =erf (x/@)

Exercise 3. For z > ¢t we use d’Alembert’s formula to get
1
u(z,t) = 5(@ —ct)e” @ 4 (x4 ct)e”@FeD)
For 0 < z < ¢t we have from (2.29) in the text

1
U,(J?,t) = 5((.23 + ct)e—(m-l-ct) _ (Ct _ x)e—(ct—m))

Exercise 4. Letting w(z,t) = u(x,t) — 1 we get the problem
Wy = kWgz, w(0,t)=0, t>0, ;w(z,0)=-1, >0

Now we can apply the result of the text to get
[ee]
w(z,t) = / (Glx —y,t) — Gz +y,t))(—1)dy = —erf (z/V4kt)
0

Then
u(z,t) =1 —erf (x/V4kt)

Exercise 5. The problem is

up = kugy, ©>0,t>0
u(z,0) = 7000, x>0
u(0,t) =0, t>0

From Exercise 2 we know the temperature is

9 [T/VaAkL
u(z,t) = 7000 erf (x/vV4kt) = 7000%/0 e " dr
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The geothermal gradient at the current time t. is
7000

=3.7x107*
Vrkt,

ux(oa tc) =

Solving for ¢ gives
t, = 1.624 x 10'® sec =5.15 x 10® yrs

This gives a very low estimate; the age of the earth is thought to be about 15 billion
years.

There are many ways to estimate the amount of heat lost. One method is as
follows. At t = 0 the total amount of heat was

4
/ peu dV = 7000pc§7rR3 = 29321 pcR?
S

where S is the sphere of radius R = 4000 miles and density p and specific heat
c. The amount of heat leaked out can be calculated by integrating the geothermal
gradient up to the present day t.. Thus, the amount leaked out is approximately

1
vkt

te te
(47 R?) /0 ~Ku,(0,t)dt = —47R?pck(7000) /0 dt

= —pcR*(1.06 x 10*?)

So the ratio of the heat lost to the total heat is
pcR%(1.06 x 1012) 362 x 107

20321pck® R = 5.6%

Exercise 6. Follow the suggested steps. Exercise 7. The left side of the equation

is the flux through the surface. The first term on the right is Newton’s law of
cooling and the second term is the radiation heating.

5. Sources and Duhamel’s Principle

Exercise 1. The solution is

1 t pxtc(t—T)
u(z,t) = —// sin sds

2¢ 0 Jax—c(t—71)

1

= —sinz - F(sin(m —ct) + sin(z + ct))
c c

Exercise 2. The solution is
t [e%e]
u(z,t) :/ / Gz —y,t — 7)siny dydr
0 —00

where G is the heat kernel.

Exercise 3. The problem

wi(x,t,7) + cwy(x,t,7) =0, w(x,0,7)= f(x,7)
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has solution (see Chapter 1)
w(z,t,7) = flx —ct,T)

Therefore, by Duhamel’s principle, the solution to the original problem is

u(x,t):/o flea—c(t —7),7)dr

Applying this formula when f(z,t) = ze™

u(z,t) = /0 (x —2(t—71))e "dr

This integral can be calculated using integration by parts or a computer algebra
program. We get

u(z,t) = —(x —2t)(e " —1) — 2te " +2(1 — e ")

and ¢ = 2 gives

6. Laplace Transforms

Exercise 4. Using integration by parts, we have

([ 1) = [ ([ sorir)
([ o) s

—é/o f(r)dr-e 5| —|—§/0 f(t)e stat
(s)

1
—F(s
s

Exercise 5. Since H = 0 for z < a we have

LH{t—a)f(t—a) = /00 f(t—a)e stdt
= /0 h F(r)e =T dr = e7* F(s)

where we used the substitution 7 =t — a, dr = dt.

Exercise 8. The model is
U = Ugg, x>0,1>0
u(z,0) =ug, x>0
—uz(0,t) = —u(0,1)
Taking the Laplace transform of the PDE we get
Uzz — sU = —ug
The bounded solution is

Uz, s) = a(s)e ™V + al
s
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The radiation boundary condition gives

—a(s)v/s = als) + =

o _ o w
BT

Therefore, in the transform domain

Uo —z+/s Uo
U - __ 0 =0
(z,5) s(1+ \/E)e S

Using a table of Laplace transforms we find

o) = v = o erge (=) —erge (V4 ) ]
where erfe(z) = 1 — erf(2).

Exercise 10. Taking the Laplace transform of the PDE gives, using the initial

conditions,
2

s g
Upe — U =——
2 sc2
The general solution is
U(z,s) = A(s)e*”/C + B(s)e”/c + %
s

To maintain boundedness, set B(s) = 0. Now U(0,s) = 0 gives A(s) = —g/s>.

Thus g g

— _J —sz/ 2

U(z,s) = 3¢ SIC 4 3

is the solution in the transform domain. Now, from a table or computer algebra
program,

L (?13) — L, L)) = Hit - a)f(t - a)

2 )
Therefore ( Jo)?
1 t—ax/c
—1 —xs/c _
L (s_?’e /“) —H(t—x/c)#
Hence ) )
t t—
u(z,t) = 97 —gH(t - x/c)%

Exercise 11. Taking the Laplace transform of the PDE while using the initial
condition gives, for U = U(z,y, s),

Uyy —pU =0
The bounded solution of this equation is
U = a(z,s)e vV*
The boundary condition at y = 0 gives sU(z,0,s) = —U,(z,0,s) or a = —a,, or
a(z,s) = f(s)e™™*
The boundary condition at = u = 0 forces f(s) = 1/s. Therefore

1
U({E, Y, S) = gefa:sefy\/g



7. FOURIER TRANSFORMS 11

From the table of transforms

u(z,y,t) =1 —erf((y —2)/Vit)

Exercise 13. Taking the Laplace transform of the PDE gives, using the initial
conditions,

52

The general solution is

Ulz,s) = A(s)e™*/¢ + B(s)e*/¢

To maintain boundedness, set B(s) = 0. Now The boundary condition at x = 0
gives U(0, s) = G(s) which forces A(s) = G(s). Thus

Ulz,s) = G(s)e™*/¢
Therefore, using Exercise 4, we get
u(z,t) = H(t —x/c)g(t —x/c)
7. Fourier Transforms
Exercise 1. The convolution is calculated from
Txe® = / (y — a:)e_yZdy

— 0o

Exercise 2. From the definition we have

1 & :
f—l(e—alil)) — o e—a\ﬁ\e—m&dg
T J_co
1 /0 , 1 [ ,
= — e“ge_mgdf—i——/ e~ e ¢
27 J_ o 2 Jo
1 /0 , 1 [ ,
- 6a£7lm€d£+—/ 67a£7lm€d£
27T — oo 27T 0
1 1 ) 1 1 .
- (a—iz)€ |0 - (—a—iz)€ |oo
27Ta—ia:6 |7°°+27r—a—ixe 0
_a 1
T ma?+ a2

Exercise 3a. Using the definition of the Fourier transform

arF (=€) = / - w(z)e "9 dy = F(u)(€)

— 00
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Exercise 3b. From the definition,

(€ + a)

/ u(x)e! &I dy
—00

o . .
= / u(z)e' e dx

— 00

= Fleru)(e)

Exercise 3c. Use 3(a) or, from the definition,

F(u(x +a)) = / u(z + a)e*®dr = /00 u(y)e V=V dy = e 4(¢)

— 00 — 00

oo

Exercise 6. From the definition

) = / e e
0

= / el€=a)z gy
0

1 €—a)x |co
= Ee(g )z e
_ 1
 a—if
Exercise 7. Observe that
_ax? 1 d —ax?
ze —%%e
Then
a2 1 . 2
Fxe ") (=& F(e ).

T2

Exercise 9. Take transforms of the PDE to get
iy = (—i€)*a + f(&.1)
Solving this as a linear, first order ODE in ¢ with £ as a parameter, we get

aE,t) = /O e~ (=7) {(¢ 7)dr

Taking the inverse Fourier transform, interchanging the order of integration, and
applying the convolution theorem gives

u(z,t) = /Ot Fl [e—mQ(t—T)f(g,T)} dr
_ /t F-1 [efgﬂ(tf‘r)} * f(x, 7)dr
0

e WA £y, 7)dydr

=
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Exercise 10. Proceeding exactly in the same way as in the derivation of (2.65) in
the text, but with k replaced by I, we obtain the solution

u(x,t) = 0t () dy

1 o0
— e
V 4t ~/—oo
where u(z,0) = f(z). Thus

1 o . 2 2
u(x,t) = etle—y)*/4t—y* g
Here, in the denominator, v/i denotes the root with the positive real part, that is

Vi=(1+14)/V2.

Exercise 11. Letting v = u, we have
Upa +Uyy =0, z€R, y>0; v(z,0)=g(x)

Hence

Then

y
JRCNE
Y1 yg(n) drde

u(z,y)

0 TJ-x (:C—T)2+y2

1 [ rY y
= - Y _ded
SN =
(

= T (e e () i
T J-—c
1 oo
= 5 gz = (& +y*)dr+C
Exercise 12. We have
u(z,y) = 2/l 7d7—
RO YRR
1 < <l — x) <l + x))
= — | arctan | —— | + arctan
™ Y Yy

Exercise 13. From the definition of the Fourier transform

Flug) = / Uy (1) dx

— 00

u(z, )e® | —if/ u(€,t)e % da

For the second derivative, integrate by parts twice and assume u and u, tend
to zero as x — £oo to get rid of the boundary terms.
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Exercise 14. In this case where f is a square wave signal,

e’ ] a 24i
ey = [ st [ ot =20
o —a 3
Exercise 15. Taking the Fourier transform of the PDE
Uy = Dugy — cug
gives
iy = —(DE* +ikc)a
which has general solution
(&, t) = (e P
The initial condition forces C(&) = ¢(&) which gives
(8, 1) = p(g)e” P
Using
1 2
F-l (e—Dg%) _ o—?/ADt
Van Dt
and
FH(a(é, t)e_mg) =u(z+a)
we have 1
]_._1 (e_igcte_D§2t) _ e—(m+1}t)2/4Dt
VAar Dt

Then, by convolution,

e—(m+vt)2/4Dt

u(z,t) = px JiDi

Exercise 16. (a) Substituting u = exp(i(kx — wt)) into the PDE wu; + ugpe = 0

gives —iw + (ik)® = 0 or w = —k>. Thus we have solutions of the form

u(z, t) = ei(km+k3t) _ eik(m+k2t)

The real part of a complex-valued solution is a real solution, so we have solutions

of the form
u(z,t) = cos[k(x + k*t)]

These are left traveling waves moving with speed k2. So the temporal frequency w
as well as the wave speed ¢ = k2 depends on the spatial frequency, or wave number,
k. Note that the wave length is proportional to 1/k. Thus, higher frequency waves

are propagated faster.
(b) Taking the Fourier transform of the PDE gives

iy = —(—i€)*a

This has solution

(e, t) = g(e)e

where qAS is the transform of the initial data. By the convolution theorem,

u(z,t) = ¢x) x FH (e
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To invert this transform we go to the definition of the inverse. We have

.3 1 o0 .3 .
]_-—1(6—1& t) o e te—zémdf
T
_ L= 3
= 3 /700 cos(&°t + &x)dE

S T L S N S
L A 3 (3113 ) (3t)1/3

- (%;BAi(QSMJ

where we made the substitution & = z/(3t)!/% to put the integrand in the form of
that in the Airy function. Consequently we have

et = 1/3/ o ((375?);1/3)@

Exercise 18. The problem is

utt202um:0, reR, t>0
u(z,0) = f(z), w(xz,0)=0, z€R
Taking Fourier transforms of the PDE yields
Ty + 2E%0 =
whose general solution is
0= A(€)eiet 1 B()e

From the initial conditions, @(&,0) = f(£) and 4:(£,0) = 0. Thus A(§) = B(§)
0.5f(€). Therefore

(€, 1) = 0.5F(€)(e° + e7)
Now we use the fact that
F7(f©)e) = flw —a)
to invert each term. Whence
u(z,t) = 0.5(f(z — ct) + f(x + ct))

Exercise 20. Notice the left side is a convolution. Take the transform of both
sides, use the convolution theorem, and solve for f. Then invert to get f.



