THE  23  HILBERT  PROBLEMS
ÐÐ  The Paris ICM 1900  ÐÐ
ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
	#1. Cantor's Continuum Hypothesis.
		UNSOLVED.  Proved consistent with ZFC by Kurt Gðdel in 1938.
		Proved independent of ZFC by Paul Cohen in 1963.  It seems that ZFC does 
		not uniquely encompass Cantor's Theory of Sets. What can be done about this?!
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
	#2.	Find a direct "finitary" proof that the axioms for the real number 		system (equivalently, Peano's Axioms for the integers) are consistent.
    	UNSOLVED.  Hilbert's program "proof theory" (1904 - 1939) sought a "finitary" 		consistency proof (FCP) for Peano Arithmetic (P).  Jacques Herbrand [1908±1931] 		gave a FCP for part of P in 1931.  Gentzen [1909 - 1945] gave a non-finitary CP 		for all of P in 1936.  But Gðdel's 1931 Incompleteness Theorem [If an axiom 		system S contains P, then consistency of S cannot be proved within S itself] 		renders unlikely (but not impossible) a FCP for P.  Hilbert #2 got results!
		See J. R. Shoenfield,"Mathematical Logic", Addison-Wesley, p.214.
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
	#3.	The axiom of continuity is necessary in 3D euclidean geometry.
		SOLVED in 1900 by Max Dehn [1878 - 1952] by proving that a cube and a 		regular tetrahedron having the same volume are not equidecomposable. See 		Boltyanskii, "Equivalent and Equidecomposable Figures", Heath Pub. 1963. 
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
	#4.	The straight line as the shortest distance between two points.
		SOLVED in 1901 by Georg Hamel [1877 - 1954], in his doctoral thesis under 		Hilbert, Math. Ann. 57(1903), 213 - 264. Improvements by Paul Funk in Math. 		Ann. 101(1929), 226 - 237 and by Herbert Busemann in Trans. AMS 54(1943), 		171 - 184.  See Busemann,"Projective Geometry and Projective Metrics", Acad. Press 1953.
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
	#5.	Develop Lie Groups without the assumption of differentiability.
		SOLVED for compact groups in 1933 by von Neumann [1903±1957], and for the 		general case in 1952 by Andrew M. Gleason and independently by Deane 		Montgomery and Leo Zippin: Every locally euclidean topological group has a 		unique analytic structure in which the group operations are analytic.  See 		Montgomery and Zippin, "Topological Transformation Groups", Interscience 		1955 and W. M. Glushkov in Uspehi Mat. Nauk 12(1957) 3 - 41.  
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
	#6.	Give axiomatic foundations for probability and physical theories.
		Contributions by von Mises (1919) and Kolmogorov (1933) for probability; 		Hamel (1927) for mechanics; Caratheodory (1909) for thermodynamics; Hilbert 		and von Neumann (1926 - 1936) for quantum mechanics;Ðthe story continues!
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ 
	#7.	Irrationality and transcendence of certain real numbers.
		SOLVED in 1934 by A. O. Gelfond and independently in 1935 by Th. Schneider :  		If a and b are algebraic numbers with a not zero and b not 1, and if b is not a real 		rational number, then any value of ab is transcendental.  Many similar questions, 		such as the irrationality of e + pi remain unsolved. The irrationality of the 		Euler-Mascheroni Constant c = lim [Sum(1/k),1 to n, - log(n)], as n -> infinity, 		was only proved in the 1980's (See Mathematical Intelligencer). See I. Niven, 		"Irrational Numbers" and Alan Baker, "Transcendental Numbers".
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
	#8.	Prime Number Problems.  Many UNSOLVED questions here!  Riemann's 		Hypothesis! Goldbach's Conjecture!  Twin Primes!  See H. M. Edwards, 		"Riemann's Zeta Function", Academic Press, N.Y. 1974. 
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
	#9.	Generalize the Law of Quadratic Reciprocity for every number field.  		SOLVED in 1920 by Teiji Takagi [1875±1960] but more completely in 1927 by 		Emil Artin [1898±1962]. Class field theory.
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
#10.	Solvability of Diophantine Equations.  SOLVED in 1970 by Yuri Matiyasevich, 		building on earlier work of Gðdel (Incompleteness Theorem), Martin Davis 		(1953 -> ), Julia Robinson (1952 -> ), and others. See the article in the Amer. 
     	Math. Monthly 80(1973), 233 - 269; and several later articles in the same 		Monthly and in the Mathematical Intelligencer.
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
#11.	Solve quadratic forms over arbitrary algebraic number fields.  		SOLVED by Helmut Hasse [1898 - ?] 
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
#12.	Extend Kronecker's theorem on abelian fields to any algebraic field.  		SOLVED.
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
#13.	Prove the impossibility of the solution of the general equation of the
		7th degree by means of functions of only two variables.  SOLVED.
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
#14.	Prove the finiteness of certain complete systems of functions in the 		theory of algebraic invariants. SOLVED.
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
#15.	Make rigorous the enumerative calculus of Hermann Schubert 		[1848±1911].  SOLVED gradually.
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
#16.	Part 1: Develop the topology of algebraic curves and surfaces 
		begun by Harnack. (Real algebraic geometry.)
	  	 Part 2: Develop the theory of limit cycles begun by PoincarÝ. 
		NOT COMPLETELY SOLVED!
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
#17.	Positive Definite Forms as quotients of sums of squares.  
		SOLVED in 1927 by Emil Artin and Schreier. 
		See Jacobson, "Lectures in Abstract Algebra", vol. III, Chap 6.
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
#18.	Construction of space from congruent polyhedra.
		SOLVED. See Bieberbach, Math. Ann. 70(1911), 297±336, and 72(1912), 		400±412; Frobenius, Sitzgsber. Preuss. Akad. Wiss., Phys.-Math. Kl.(1911), 		654±665; and Karl Reinhardt, ib. (1928), 150±155.  
		But Roger Penrose has found non-periodic solutions!
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
#19.	Are the solutions of regular variational problems always analytic?  
		SOLVED partly in 1902 by George Lötkemeyer for his doctoral thesis under 		Hilbert, and in 1903 by E. Holmgren, with a more general solution in 1904 by S. 		N. Bernstein. Still object of active research.  In 1906 the terminology ``a priori 		estimates'' was introduced into the study of existence of solutions.  Enrico 		Bombieri spoke on this problem at the 1974 Hilbert Problem Symposium. 
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
#20.	Boundary Value Problems.   Lars Hormander, Jim Serrin, others.
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
#21.	Prove there exists a linear differential equation of the Fuchsian 
		class, with given singular points and given monodromic group.
		SOLVED partly in 1905 by Hilbert. More in 1957 by others.
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
#22.	Uniformization of analytic relations by means of automorphic functions.  		SOLVED in 1907 by Paul Koebe [1882 - 1945].  More in 1927. See Lester Ford, 		"Automorphic Functions", Chelsea 1951.
		ÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐÐ
#23.	Develop further the methods of the calculus of variations.
		The "Control Theory" developed 1950±1990 would have to be considered as part 		of this "solution" which continues today!
		********************************************************
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