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Abstract—Nested codes have been employed in a large numberon a separation of channel and network coding for non-ecgodi
of communication applications as a specific case of superpsn  discrete-input fading channels. In these applicationsegeire

codes, for example to implement binning schemes in the presee 0 5 hcodes to be better in threshold and/or in error-froam t
of noise, in joint network-channel coding, or in physical-hyer the global code

secrecy. Whereas nested lattice codes have been proposecergly ; .
for continuous-input channels, in this paper we focus on the [N this paper we focus on array-code type constructions [8],
construction of nested linear codes for joint channel-neterk [9] and propose an algebraic design of nested linear codes
coding problems based on algebraic protograph LDPC codesnl pased on protograph LDPC codes [10], [11]. In particular,
particular, over the past few years several constructions focodes in [12], [13] a lifting technique based on voltage graphs has

have been proposed that are based on random lifts of suitably b d which has b h t id | irth
chosen base graphs. More recently, an algebraic analog ofigh °P€€N Proposed which has been shown 1o provide a large gir

approach was introduced using the theory of voltage graphsin ~ Of the code graph and thus a good error-floor performance.
this paper we illustrate how these methods can be used in the In contrast to previous approaches based on concatenaled an

construction of nested codes from algebraic lifts of graphs random LDGM codes [5], [14] and also to constructions based

on random LDPC codes we show that the advantage of the

above algebraic constructions in the error floor regime also
Nested codes have been widely used to implement binniggrries over to the nested code setting.

schemes based on coset codes in the presence of noise for

numerous scenarios, for example for the noisy Wyner-Ziv

problem [1] and the dual Gel'fand-Pinsker problem [2]. If\- Nested codes

particular, for the case with continuous-input channetming ConsiderM different information vectors, of length K,

schemes based on nested lattice codes have been propésed, ..., M, which we want to encode jointly in such a way

in [3]. Recently, in [4] the authors consider discrete-inpuhat each information vector is associated with a codeword

channels and present compound LDGM/LDPC constructiofrem a different subcode. The overall codeweri$ generated

which are optimal under ML decoding. by multiplying the concatenation of all information vector
While nested codes in these contexts are related to jowith a generator matrixz of the global code according to

source-channel coding problems, the class of algebrateaes

|I. INTRODUCTION

Il. PRELIMINARIES

codes we will address in this paper are defined based on G

a joint channel and network codingcenario. Such nested 7 — [Z-lT, ZQT ,,,iﬂ] L = [ilT, ZQT ,,,Z'MG =

codes have been originally proposed in [5] for the genezdliz

broadcast relay problem, where a relay node broaddssts Gum

packets to several destination nodes, which already knaveso i1 Gi @iy Go@® - Bin, Gu, (1)

of the packetsa priori. A related concept was used in [6]

in the context of two-way relaying. The idea is that instea : . . . .
of information words, codewords of different subcod&s ¢/N s associated W'th.th.e corresponding |nfolrmat|on vef:tor
’ Zeg and & represents a bitwise XOR. The goal is now to find

1 < ¢ < N, are algebraically superimposed via a bitwis . : .
XOR. In contrast to nested codes for the joint source-cHanrgeeneral systematic design strategies where the subcaues, a

coding scenario described above, here each subcode and combination of subcodes, and the global catidave good

n .
. oo L thiréshold and/or error floor properties.
arbitrary combination of the subcodes is intended to form Aeor the sake of simplicity we focus oAf = 2 and the

goodchannelcode. In particular, this also holds for the "nea[)inary case in the following. Our aim is to design an LDPC

comblngtlon of all subcodes, the glqbal .CO@E.It h_as been_ code such that its generator matéixsatisfies (1), wheréf €
shown in [7] for a broadcast scenario with side informatio (N—K1—K2)x N ; .
gdl} represents a corresponding parity check

that such a construction is able to outperform a scheme bamatrix. If G is not rank deficient, the null space of of

. . . T _
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here each of the subcodéswith generatoiG, of rate Ry =



Likewise, the columns of the parity check matricég,
H, associated withG;, G2 each form a basis for their null
spaces of dimensionsV — K;) and (N — K3), respectively. :
A necessary condition to prever¥ from having a rank -
smaller thankK; + K5 is that H;, H> cannot have more than
(N — K; — K») linear independent parity check equations
in common. Based on these considerations, we propose the 123)
following design strategy. First, randomly generate a iwatr L)
M e {0, 1}NXN of full rank IV, according to a given row Fig. 1. A permutation voltage grapfi is shown on the left and its derived

and column degree distribution. This matrix is then pamtiid 9raphg on the right, where serves as a protograph fGt The darker edges
. . correspond to the connections between the clouds of vertiwgdent with
into three submatrices

the nontrivial labeled edges.

MXN) — [ (NxEz) pp(NxE) M?ENX(N*KI*K”)}T_ G, called the(right) derived graphis a |G|-degree lift ofG
(2) and has vertex sét x G and edge sek' x G, where if (u, v)
Next, the individual parity check matrices for the nestel§ & positively oriented edge @@ with voltageb, then(u, a) is
code are obtained as connected tdv, ab) in G*. Alternatively, another construction
takes the voltage group to be the symmetric gréiipon n

o f(NX(N—EK 1 —K2)T » :
H = [M; R elements and has map the positively-oriented edges®into

H(N=K)xN) _ {MNXKZ M(NX(N—Kl—K2)):|T Sy. This yields apermutation voltage graphrhepermutation
! ! 3 ’ derived graphG® is a degree: lift (instead ofn!) with vertices
HQ((N—Kz)XN) _ |:M2]V><K1 MéNx(N—Kl—Kz))}T' V x{l,...,n} and edgesE x {1,...,n}. If 7 € S, is a
permutation voltage on the edge= (u,v) of G, then there

Thus, bothH; and H, are guaranteed to have a null spacs an edge from(u, i) to (v, 7 (7)) in G* for i = 1,2,... n.
of dimensiong N — K;) and (N — K5), respectively, and? We will represent each vertefo,i) and each edgée, ) in
has(N — K; — K») parity check equations that are satisfiethe derived graph by; ande;, respectively. In both cases, the
by C; andCs. labeled base graph (i.e. voltage graph) algebraicallyrohétes
Proposition 1. The nested code property {&) holds also if & specific lift of thg graph. Fig..ll shows a pelrmutation vadtag
M and thus one or more of the matricés, H,, and H, are _grath = K> 3 with two nontrivial permutanon_voltages on
(row) rank deficient. For a rank deficit of the check matrix 1S €dges to the groups, and the corresponding degree 3
H the rate loss for the global codis given asAR < r/N. Permutation derived graph.

] - . Henceforth, derived (lifted) graphs will be denoted Gy
Proof: Denote the rank Qeflcn fOT the matricéd;, Mo since the voltage assignmentshould be clear from context.
asr; > 0, ro > 0, respectively. This means th&t; has

In this paper we will focus on permutation voltage graphs for
now a rank of at leasf; + r» + r1, and G, a rank of at pap P ge grap

least K5 + r + ro, resp., which leads to an overall rank Ofde5|gn|ng nested codes.

at leastK; + Ko + r + r1 + o for the generator matrix. I1l. NESTED CODES FROM PROTOGRAPHS
Since both subcodes have at méét— K; — K> — r check
equations in common the row rank 6f must not be smaller
than K; + K> + r to ensure the nested code property whic
is satisfied for anyr; > 0, ro > 0. By settingR} + R}, =
(K14 K> +r)/N whereR} and R}, denote the new rates for
the subcode€; and C., a rate loss ofAR < r/N for the
codeC is obtained.

We now describe a simple method to construct nested
Flodes from protographs in which the base Tanner graphs
corresponding to small parity-check matricHs, Ho, and H
are lifted to obtain Tanner graphs with corresponding parit
check matricesd;, H,, and H. The simplicity of our method
is that it involves just one lifting of the base gragh,

Note that an extension of the above design strategy/ to- corresponding ta/.

2 can be obtained in a straightforward way by modifying the V:(e sta(rjt Wit? Zsm?r:l bi%artite dbas_ehg:'jtragh;{ with d" Ie1;t d
partitioning and construction o¥/ in (2). vertices, denoted by the st andn right vertices, denote

by the setR. The matrix M is the incidence matrix of the
B. Voltage graphs graph@ys. Then left vertices are the variable nodes and the

An algebraic construction of specific covering spaces féight nodes are the constraint nodes (parity-check nodes) o
graphs was introduced by Gross and Tucker in the 1970s [1#)e base graph. We partition the set of right nodes Gy,
For a grapl’g = (Vg’Eg)’ a functiona called anordinary into three d|5j0|nt Subset§1,82 and T of Sizeskl,kQ and
voltage assignmentmaps the positively oriented edges té — k1 — k2, respectively, i.e.5; UT U S; = R. We define
elements from a chosen finite growp called the voltage the base graphs for the matrica$;, M, and M3 as follows:
group. Each edge ig has a positive and negative orientation, « Let G denote the induced subgraph®fin G,,;. Note that
and the negative orientation is assigned the inverse group ¢ is a bipartite graph wit left vertices of L and (n —
element. The base graphis called arordinary voltage graph k1 — ko) vertices of T. The corresponding parity-check
The values ofx on the edges are callegltages A new graph matrix of G is Ms. Lifting G by a degreen lift gives the



derived graphg with corresponding parity-check matrixelements fronZy, that has as it$s, ¢)th elementP; ; = bat
H for the codeC. The size ofH is m(n—k1 — ko) xmn. as follows:
o Let G; denote the induced subgraph 8§ U T in G,.

Note thatG; is a bipartite graph with left vertices of 1 a L

L and (n — ky) vertices of Sp U T. The corresponding p—| ab a® .. A"l

parity-check matrix ofG, is the matrix H;. Lifting G; : : -

by a degreen lift gives the derived graplg; with cor- A

responding parity-check matrikl; for the first subcode

Ci1. The size ofH; is m(n — k1) x mn. Let P’ be anyj x j submatrix ofP. Let G, be the complete

« Similarly, let G, denote the induced subgraph f U T bipartite graphi; ; onj variable node$vg, v1,...,v;—1} and
in Gyps. Note thatG, is a bipartite graph withn left j check nodegrg,r1,...,7r;—1}. Let f(-) denote a function
vertices of L and (n — k) vertices of S; U T. The mapping the elements 0,1, ...,m—1} to the set of permu-
corresponding parity-check matrix 6§ is the matrixH,. tations in the symmetric grouf,,, i.e., set of permutations on
Lifting G» by a degreen lift gives the derived grapli, ™ elements. Specifically, we lgt(z) denote the permutation
with corresponding parity-check matti, for the second that maps — z+i modm, fori =0, 1,...,m—1. We assign
subcode’,. The size ofH, is m(n — kz) x mn. the permutatiorf (P ;) for the edgers, v;) in Gas and lift the
« The lifts of each of the three grapBs, G, G can be done graph along with their permutation labeled edges by a degree
simultaneously by simply lifting the base gragh; by m lift. We choose three disjoint subsets, S,, andT" of the
a degreen lift in an appropriate way. set of check node$ry,71,...,r;—1} and obtain the induced
The blocklength of the lifted nested code & = nm and 9'@PNsG1, G2, andg, as described in Section 3. The resulting
the dimensions of the lifted subcodes akg > kym and derived (lifted) grapit,, also yields the lifted graphg,, g,
Ky > kom with equality if and only if &, and A, are not @nd g and the corresponding parity-check matridés, Ho,
rank deficient. This construction approach can be extend®yd!! of the nested code. In particular, the matikis the all-
to nested codes having more than two component codes iRNES Matrix of sizg x j. The corresponding incidence matrix
straightforward way. M_for the Ilft_ed grap_fQM is @ matrix _that is g x j array of
With the method outlined above, the design problem ép'ﬂ,ed |.dent|ty mat_rlc?s, with the sh|ft§ corrgsppndmghe
the nested codes reduces to finding a suitable assignmen?% s In the matrix”. For e>§am/ple, if the firsy columns
permutations (or, more generally, group elements) to tlyeed andj rows of P’ form the matrix ', then
of the base grapl§,;. Using random permutations is one

avenue, however, we are interested in permutations that are ? ;a jaz ;aﬂ”
determined algebraically to obtain an algebraic consact MT = b o L :
In the following we focus on irregular constructions since _ , , o
Lj—1 I pi—1 I 2451 N LT

by starting from a regulafd,,d.) code C with variable
node degreel, and check node degrek the corresponding \yherer, denotes then x m identity matrix cyclically shifted

subcodes will be regula(d, + ¢,dc) codes withc > 0. 4 the |eft bys positions. In a more general array construction

For the binary-input AWGN channel this typically leads tqy g], the shifts in the above construction are chosen rarigo

subcodes with larger thresholds [16] than the cGdevhich  om the set{0,1,...,m —1}.

is not desired. By using irregular constructions for thetees The base graptGy may be viewed as a permutation

code we can keep a _certain fraction of degr_ee-twq VariaQ/'Sltage graph, and iytsn-degree lift G,y as a permutation

tnhoedzil:;ZOtQ(SsCOde to improve the threshold, in particular f%rerived graph, where the local voltage group consists of the
' permutations that map— z+:i modm, fori =0,...,m—1,

wherex can take values if0,1,...,m — 1}.
IV. LIFTED NESTED CODES USING COMMUTING

PERMUTATIONS . .
The constructed codes are quasi-cyclic and thus have an

In our first construction we combine a variant of thencoding complexity 0O (1) per symbol [17]. The codes have
algebraic construction of LDPC codes presented in [9] witherformance comparable to random LDPC codes for short to
the lifting technique described in Section Il to obtain enfy moderate blocklengths. However, at large block lengths, th
of quasi-cyclic nested codes. For an integerthe subset of random codes are expected to outperform this constructon a
integers of the se{0,1,2,...,m — 1} that are co-prime to the distance and girth of these codes are limited. Spedyfical
m forms a multiplicative grougZ;,. (If m is prime, then the whenever there is &, 3 subgraph in the base graph, the girth
set{0,1,...,m — 1} form a Galois field and all the non-zeroof the lifted nested codes is at most 12, and the distance is
elements in this set form a multiplicative group.) Letand limited by (j + 1)! for a column weightj parity-check matrix
b be two non-zero elements in this multiplicative group wit9], [13], [18]. These limitations motivate the use of non-
multiplicative orderso(a) = k and o(b) = j, respectively. commuting voltages in the construction in the next section
For 7 < k, we form the following; x k& matrix P with to help surpass these girth and distance limitations.



V. LIFTED NESTED CODES USING NONCOMMUTING of P are assigned the identity permutation. The Oth row and
PERMUTATIONS Oth column of P correspond to a spanning tree in the base

In our second construction we combine the algebraic co#taPh K. The groupG has one subgroup of orderof the
struction of LDPC codes presented in [12] with the liftingorm {1,¢,c* ..., c?~'} andp subgroups of ordey of the
technique described in Section 3 to obtain a family of nestéfm {1,¢'d, (c'd)?,..., (c'd)?~'}, for i = 0,1,...,p — L.
codes from lifts using nonabelian voltage groups. When tf@r the remaining entries i, we assign non-identity per-
permutations assigned are pairwise non-commuting and megttations, that are mostly chosen from distinct subgrodps o
the cycle structure and connectivity requirements asmedli G- If (j —1)(k — 1) < p + 1, (or in general, the number
in [12], the derived graphs for the nested code and its suxco@f €dges outside the spanning tree is at most 1), then
are connected and have improved girth and distance even wHgi€ are enough distinct subgroups from which to choose the
the base graph containsi, 3 subgraph. permutations. Finally, we ensure that the permutations@ho

For an edgee, let e~ and et denote the negative andin P’ generate the grouf.
positive orientations, respectively, ef A walkin the ordinary ~ Let P’ be anyj x j sub-matrix of P. Then, following the
or permutation voltage grapfi may be represented by thedpproach in Section 4, the resulting derived (lifted) greph
sequence of oriented edges in the order they are traverged, ¥elds the lifted graph¢/;, G> andg and the corresponding
W =ef'e5?...eqn where eachy; is + or — andey, ..., e, parity-check matriced?,, H>, and H of the nested code. In
are edges iig. In this setting, thaet voltageof the walki¥ is ~ particular, the matrix\/ is the all-ones matrix of sizgx j. The
defined as the voltage group produge" )a(e5?) . .. a(el") corresponding incidence matri¥ for the lifted graphG,, is
of the voltages on the edges Hf in the order and direction @ matrix that is g x j array of permutation matrices, with the
of the walk. We now have the following theorem [15]. permutations corresponding to the entries in the ma#ix

, This construction and the one in Section 4 can be adapted
Th_eorem 2. LetC be a}k—cycle in the base graph of a Permu-q any base graph with check nodes and variable nodes,
tation voltage graph with net voltage and let(ci, ¢z, ..., ¢n) 1ot just a complete base graph, by simply replacing theemtri
be the cycle structure of. Then the pre-image af’ in the ., resn0nding to no edge connections with all zero matrices
derived graph hag; +cz+ -+ Cn components, including, |, g way, other degree distributions can be accommodated
for eachj =1,...,n, exactlye; kj-cycles. such as in the design example in Section 6. Other spanning

Here we distinguish betweenkacycle in a graph which is trees can be chosen for the identity permutations, acogisdin
a closed walk of lengtlt, and a cycle of a permutation whichFurthermore, the above construction can be extended in a
is a closed set of numbers in the cycle representation of thatural way even when the matrix/” is an j’ x j matrix
permutation. Theeycle structureof a permutation inS,, is a for i’ < j, thereby vyielding a rank deficient matrix/” as
vector (cy, . ..,c,) Wherec; denotes the number gfcycles described in Proposition 1. The design example in the next
in the cycle decomposition of the permutation. section uses such a matrix.

We choose permutation voltages that do not have fixed
points, and in fact, do not contain cycles of length3. This
allows our construction to surpass the girth 12 restricthuat We start with a base graph with 12 check nodes and
exists in the abelian case, provided that there are no shbgt variable nodes having the following check to variable
products of these voltages that yield permutations witHesyc incidence (or, base parity-check) matrix’:
of size < 3 in their decomposition. We also choose a voltage

VI. DESIGN EXAMPLE

) . . . i 0 O O O O 0O O 1 0 0 1 0 0 0 17
group where the only group element with fixed points is the ©o 0 0o 0o o 0 0 1 1 o 0 0o o 0 o 1
identity permutation. This eliminates fixed points in the ne © 1 0 1 0 0 1 0 0 0 1 0 0 1 0 1
voltages of all graph cycles that do not have the identity PR
permutation as a net voltage. Moreovérhas just one orbit 1 0 0o 1 0 1 0 0 0o 1 0 0 0o 1 o0 1

. A . . M =

when acting on{1,2,...,m} so we will assign permutations © 0 0 1 0o 1 0 0 1 0 1 1 0 0 1 0
to the base graph that generdieto meet the connectivity e
.. 1 0 0 0 0 0 0 1 0 0 1 0 1 1 1 0
condition [12]. oo 1 0 1 1 0 0 1 0 0 1 0 0 0 0
We adapt the approach from [12] to determine the permu- © 0 1 0 0 0o 0 0 0 0 1 0 1 0 0 1

1 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 4

tation voltage assignment to the edgesdf. We choose -

m = pq such thap andq are primeg < p, andq|(p—1). We  The first 10 rows correspond to the base parity-check matrix

construct the nonabelian growpof orderm = pg generated of the first subcod€; and the last 10 rows correspond to the

by elements: andd such that the order afis p, the order ofd  base parity-check matrix of the second subcGdeand rows

is ¢, anddc = ¢*d, wheres # 1(mod p) ands? = 1(modp). 3-10 correspond to the base parity-check matrix of the globa

Further, we construct the permutation group isomorphiG to codeC. Using the construction approaches given in Sections 4

to use as our permutation voltage group, which we will alsand 5, two groups, each of size = 305, are chosen. As a first

denote byG. step, al2 x 16 matrix M™ having all one entries is considered.
We form the followingj x &£ matrix P with j < k£ and entries In the first construction described in Section 4, the entries

in G as follow. All the entries odth row and thedth column M7™ are replaced with shifted identity matrices (each having



sizem x m) to obtain a lifted matrix}/” of size 3660 x 4880.

floor regime than those from the abelian group, whereas the

In the second construction, a non-commutative group ofrordandom constructions are penalized by a significant error flo
m = 305 is considered, and the entriesii” are replaced by due to the low girth of their code graphs.

mxm permutation matrices corresponding to the permutations
as shown in Section 5. r
For each case, a lifted matrix/’ corresponding to the

VII. CONCLUSIONS

In this paper, an algebraic construction of graph-based

matrix M'Y above is obtained by multiplying th@,j)th nested codes is introduced. The method relies on a protograp
block of shifted identity or permutation matrix in/7 by design and a lifting technique using algebraic voltage lgsap
the (4, )" entry in M’". The first 10 row blocks representand may be applied to other base graphs with other degree dis-
the parity check matrix of the first subcodg, the last 10 tributions for improved performance. The resulting codageh
row blocks represent the parity check matrix of the seco@mpact description, structure that is well-suited forcfical
subcodeC,, and the row blocks 3-10 represent the parityplementation in several applications, and a performéimate
check matrix of the global cod® C; andC, have block length is better than that of randomly designed codes.

N = 4880 and code rate?; = Ry = 0.375 (and thus exhibit
a rate loss) wheread has block lengthV = 4880 and code
rate R = 0.5. The choice ofM’ above yields the following
degree distributions and (exact) density evolution tho&dsh
(in E,/No) for the nested codes: a) Code A\, = &, A\ =
.M\ = 15,05 = 2,06 = 2, and density evolution threshold
0.914dB, where); (resp.p;) denotes the fraction of variable [3]
(resp. check) nodes of degréeand b) code<;,Co: Ao =
%,/_\3 = %,/_\4 = %,5\5 = %754 = %755 =
and density evolution thresholti688 dB.
Simulation results on the binary-input AWGN channel usin
belief propagation decoding are presented in Fig. 2 for th
lifted nested code given in above example. (All simulations
were run for a maximum of 50 decoding iterations. Thd6l
performance ofC, is almost identical to that of’; and
therefore not shown.) The protograph codes from this pager a[7]
compared with randomly designed protograph codes having
identical block lengths, code rates, and degree distohstin (8]

their parity-check matrices.
9]

(1]

(2]

2 =
10°P6 = 1o°

(4]

10 T T
—e—C, noncomm. perm. [10]
——C, comm. perm.
10-15 ------ ——C, random Hoo[11]
- ¢ -C1, noncomm. perm.
-v-C1, comm. perm.
102 v -« -C1, random [12]
x 13
% 10 3| [13]
[14]
107
[15]
10—57 ' [16]
10° | ‘ i
0 0.5 1 15 2 2.5
Eb/N0 [dB]

[18]
Fig. 2. BER versusE}, /Ny for the lifted nested codes with commuting and
noncommuting permutations.

We can observe from Fig. 2 that all subcodes perform better
than the corresponding (overall) codésFurther, the codes
obtained from the nonabelian group perform better in thererr

REFERENCES

A. D. Wyner and J. Ziv, “The rate-distortion function fspurce coding
with side information at the decoderlEEE Trans. Inf. Theoryvol.
IT-22, no. 1, pp. 1-10, Jan. 1976.

S. I. Gel'fand and M. S. Pinsker, “Coding for channel witandom
parameters,Problems Control Inform. Theory/Problemy Upravlen. Teor.
Inform,, vol. 9, no. 1, pp. 19-31, 1980.

R. Zamir, S. Shamai, and U. Erez, “Nested linear/lattmedes for
structured multiterminal binning,IEEE Trans. Inf. Theoryvol. 48,
no. 6, pp. 1250-1276, Jun. 2002.

M. J. Wainwright and E. Martinian, “Low-density graph dms that
are optimal for binning and coding with side informationEEE
Trans. Inf. Theoryvol. 55, no. 3, pp. 1061-1079, Mar. 2009.

] L. Xiao, T. E. Fuja, J. Kliewer, and D. J. Costello, Jr., flstwork coding

approach to cooperative diversityfEEE Trans. Inf. Theoryvol. 53,
no. 10, pp. 3714-3722, Oct. 2007.

C. Hausl and J. Hagenauer, “lterative network and chldeeoding
for the two-way relay channel,” ilEEE International Conference on
Communicationslistanbul, Turkey, Jun. 2006, pp. 1568-1573.

J. Kliewer, T. Dikaliotis, and T. Ho, “On the performancé joint and
separate channel and network coding in wireless fading arksy in
Proc. 2007 IEEE Info. Thry. WorkshpBergen, Norway, 2007, pp. 1-5.
J. L. Fan, “Array codes as low-density parity check cqtesProc. 2nd
Intl. Turbo Code SympBrest, France, Sep. 2000, pp. 543-546.

R. M. Tanner, D. Sridhara, A. Sridharan, T. E. Fuja, andJDCostello,
Jr., “LDPC block and convolutional codes based on circutaatrices,”
IEEE Trans. Inf. Theoryvol. 50, no. 11, pp. 2966—2984, Dec. 2004.
J. Thorpe, “Low-density parity-check LDPC codes consted from
protographs,” IPN Progress Report, Tech. Rep. 42-154, 2003.

D. Divsalar, S. Dolinar, J. Thorpe, and C. Jones, “Camging LDPC
codes from simple loop-free encoding modules,” vol. 1, $eldarea,
May 2005, pp. 658-662.

C. A. Kelley, “On codes obtained via algebraic lifts ofaghs,” in
Proc. 46th Annual Allerton Conf. Commun., Control, CompgytiMon-
ticello, IL, Sep. 2008, pp. 1254-1261.

C. A. Kelley and J. L. Walker, “LDPC codes from voltageaghs,” in
Proc. IEEE Intl. Symp. on Inform. Thegryul. 2008, pp. 792-796.

L. Xiao, T. E. Fuja, J. Kliewer, and D. J. Costello, JrAlgebraic
superposition of LDGM codes for cooperative diversity,"Rroc. IEEE
Intl. Symp. on Inform. Theory (ISITINice, France, Jun. 2007.

J. L. Gross and T. W. Tuckefopological Graph Theory New York:
Wiley, 1987.

A. Ashikhmin, G. Kramer, and S. ten Brink, “Extrinsic farma-
tion transfer functions: Model and erasure channel prasttiIEEE
Trans. Inf. Theoryvol. 50, no. 11, pp. 2657—2673, Nov. 2004.

Z. Li, L. Chen, L. Zeng, S. Lin, and W. H. Fong, “Efficienheoding
of quasi-cyclic low-density parity-check codesEEE Trans. Comm.
vol. 54, no. 1, pp. 71-81, Jan. 2006.

D. J. C. MacKay and M. C. Davey, “Evaluation of Gallagerdes for
short block length and high rate applications,” IMA workshop on
Codes, Systems, and Graphical Moddl999.



