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Abstract— Over the past few years several constructions concept, originally coined in topological graph theory
of protograph codes have been proposed that are based on[4], may be observed in many well-known families of
random lifts of suitably chosen base graphs. More recently, codes whose underlying graph representations may be
an algebraic analog of this approach was introduced using . i ted It hs [5]. F | .
the theory of voltage graphs. The strength of the voltage In erpre ed as voltage graphs [5]. For exqmp ej QU§SI
graph framework is the ability to analyze the resulting de- Cyclic LDPC codes based on blocks of shifted-identity
rived graph algebraically, even when the voltages themsetg matrices, array codes, shortened array codes, quasécycli
are assigned randomly. Moreover, the theory of voltage repeat accumulate codes, and others fall into this category
graphs provides insight to designing lifts of graphs with 6], [71, [8], [9], [10], [11]. This algebraic characteritian

particular properties. In this paper we illustrate how the £ lifts i ful tool f V7 | h
properties of the derived graphs and the corresponding oF IS 1s a poweriul tool Tor analyzing several grap

codes relate to the voltage assignments. In particular, we Properties of the resulting lifts using the properties & th
present a construction of LDPC codes by giving an algebraic base graph. In this paper, we examine this relationship
method of choosing the permutation voltages and illustrate and provide guidelines for choosing voltage assignments
the usefulness of the proposed technique via simulation ;4 optain good codes. We outline an algebraic technique
results. e . .
of specifing the voltage assignments by restricting the

voltage assignments to a permutation group designed in
a special way. Our construction method, which may be

Codes on graphs, along with message passing decodepplied to any base graph or protograph, results in a
have been shown to achieve near-capacity performarfamily of codes having good properties.
on several communication channels and have replacedrhe paper is organized as follows. We introduce some
classical codes, such as Reed-Solomon codes, in mamngliminary definitions and notation in Section II. In
practical applications. While these codes and decodeyarticular, we review the terminology of ordinary and
have been shown to perform remarkably well by meapgrmutation voltage graphs. In Section Ill, we explain
of simulation, theoretical results that explain why or howhe relationship between the voltages in the base graph
they are good remain scarce. Much work has focused and the cycle structure and connectivity of the derived
understanding the asymptotic performance of ensembtggph. In Section 1V, we present a method for assigning
of these codes for block lengths tending to infinity. Fopermutation voltages to the edges of a base graph, which
practical implementation, the design of short to moderaggives an explicit construction of a family of codes. The
length codes with algebraic structure is desired. Sevethloices of permutations yields codes with improved girth
researchers have proposed structure-based constructmmg distance when compared to protograph codes of the
of these codes and each of these constructions has airsathe parameters that use random permutations, and codes
to optimize one or more properties in the resulting grapkhere the voltages are cyclic shifts. Simulation resuks ar
that intuitively improve the resulting code’s performanceresented in Section V to illustrate the usefulness of the
such as girth, expansion, diameter, stopping sets, or pspreposed approach. Finally, a discussion of ongoing work
docodewords. One area of recent interespistograph is outlined in Section VI.
LDPC codeswhich are codes based on graphs obtained
by taking random lifts of a suitably chosen base graph, or ~ !l- VOLTAGE GRAPHS ANDLDPC CODES
protograph[1], [2], [3]. Among other advantages of this The graph representation of a code plays a fundamental
modern approach, these codes can be represented effie in determining the code’s performance under iterative
ciently and perform well compared to randomly designedecoding algorithms. For instance, a binary low-density
codes with comparable parameters. parity-check (LDPC) code is defined by a sparse parity-

In this paper we consider codes designed from a voltheck matrixH or, equivalently, by the incidence graph
age graph viewpoint wherein specific lifts of graphs aref H, called the Tanner graph, which is bipartite. The
determined via “voltage assignments”, i.e., assignmer&ft and right vertices are called variable nodes and
of elements of a so-calledbltage groupto the edges of a check nodes, respectively. The set of codewords may be
base graph, thus making the lifting entirely algebraicsThtharacterized as the set of all binary assignments to the

I. INTRODUCTION



variable nodes such that at each check node, the modulo
two sum of the variable node assignments connected to
that check node is zero.

Several researchers have looked at constructing fami-
lies of LDPC codes by taking random lifts of a specially 1U Vz
chosen base graph, or “protograph”, yielding the so-
called “protograph codes” (See for example, [1], [2],
[3]). The idea exploited in these constructions is that the
properties of the base graph may reveal and influence
the properties of the graph lift, and therefore also of the
resulting codes. Indeed, random lifts of graphs have begg. 1. A voltage graph with voltage group = Z/5Z, and its derived
heavily studied (see, for example, [12], [13], [14]). Whilegraph.
these codes have exhibited good performance, we believe
that codes based on algebraically-designed lifts have the
potential to outperform these random constructions. The
properties of an algebraically-designed lift are deteedin
by the properties of the base graph so that, once the
relationship of the parameters like minimum distance, X3
stopping sets, and pseudodistance between the two graphs
is fully understood, preserving these properties can be
incorporated into the design. Furthermore, for a pro-
tograph code obtained using random permutations, the
voltage graph framework provides a tool to analyze the
resulting code properties by looking at its specific voltage

assignments. Ultimately, our goal is to obtain an algebraic
construction that provides structure suitable for coding; » 3y x u (1(23) v 2\ (1 2)(3)
while also retaining some of the desirable random-like y

characteristics of random lifts.
An algebraic construction of specific covering spacegy > A permutation voltage graph with voltage grosip, and its
for graphs was introduced by Gross and Tucker in therived graph.
1970s [4]. Given a graply = (Vg, Eg) where each
edge inG has a positive and negative orientation, a
function o, called anordinary voltage assignmentaps graph with vertex setVy x {1,...,n} and edge set
the positively oriented edges to elements from a chosély x {1,...,n}. If 7 € S,, is a permutation voltage
finite group G, called thevoltage group The negative on the edgee = (u,v) of G, then there is an edge
orientation of each edge is assigned a voltage that is hem (u,i) to (v,w(i)) in G* for i = 1,2,...,n. We
inverse element of the voltage assigned to its positiwgill represent each vertefw, i) and each edgée, i) in
orientation. The base gragh together with the function the derived graph by; ande;, respectively. The set of
«, is called anordinary voltage graphThe values ol vertices{v;|i = 1,2...,n} is called thefiber over v, or
on the edges are referred towadtages A new graphG®, cloudof v, in the derived graph, and similarly for edges.
called the(right) derived graphis a degreeG| lift of G The fibers contain precisely those elements in the pre-
and has vertex séfy x G and edge sefig x G, where, image of a vertex (or edge) under thatural projection
if (u,v) is a positively oriented edge i with voltage mappingp : G* — G. Note thatG® is a degreen lift
h € G, then there is an edge froffu, g) to (v,gh) in  of G rather than a degrelé| lift, as it would be if the
G« for eachg € G. Figure 1, which is taken from [4], assignment was an ordinary voltage assignment. Figure 2,
shows an ordinary voltage gragh (also referred to as also taken from [4], shows a permutation voltage graph
a “base graph”) with voltages assigned to its edges froghwith voltages assigned to the edges fréim and the
the additive group of integers modulo 5 (i.6:,= Z/5Z), corresponding derived gragt.
and the corresponding right-derived graph obtained fromFor an edge:, let e~ andet denote the negative and
this assignment. positive orientations, respectively, ef A walk in the
When the voltage group is a permutation group, (i.@rdinary or permutation voltage graph with voltage
a subgroup of the symmetric grouf), on n elements), assignmentx may be represented by the sequence of
the base graph may be interpreted agppe@mutation oriented edges in the order they are traversed, 1&.g=
voltage graphg, which gives an alternative type ofe<17leg2 ...e7» where eachy; is + or — andey,...,e,
derived graphSpecifically,G* is a permutation derived are edges irg. In this setting, theet voltageof the walk
W is defined as the voltage group product

1in [4], a permutation voltage graph has voltage gréip although
the voltages assigned need not generate the entire grotipisipaper,
we design the group that will be generated by the voltageigres: alef a(eg?) ... alesr)



of the voltages on the edges &V in the order and ‘
direction of the walk. A O_E_@Pz
For example, the walkV = d*e~d~c* in the voltage v
C

graph of Figure 1 has net voltage+ (—2) + (—0) +

the voltage graph of Figure 2 has net voltgde)(3) x _
(1)(23) % (123) — (1)(2)(3) Fig. 3. A theta graph and a dumbbell graph.

The following theorem is taken from [4].

Theorem 2.1:Let W be a walk in a voltage grap8 . . )
with initial vertex v. Then for each vertex, in G for then a cycle wouldnevitablyresult in the derived graph

g€ G (orge{1,2,...,n} for the permutation voltage (i.e. r_ega_rdless of how_the voltages are assigned?_)to

graph case), there is a unique walk, in G that starts The _|neV|tabIe cycle will have Iengtﬁ(a_ +b+c¢)in

at v, and projects dowhto W', the first case, and Iengﬂ(al + ag) + 4b in the second .

case. A similar observation for the theta-graph case is

A walk is of lengthn is closedif it starts and ends shown in [15. Moreover, in [5] it is also shown that

at the same vertex, anblacktracklessf e; # e;1 for any such “inevitable cycle” in a derived graph specified

1 <4 <n—1. A backtrackless closed walk is said to bé&yy an abelian voltage assignment results from a base

taillessif e,, # e;. An useful consequence of the uniqugraph containing one of these two types of subgraphs.

walk theorem is as follows. Assumi& = ef'e5” ---ef»  This provides a full classification for the cycles that will

is closed, backtrackless, and tailless. TH&p, for any always occur in the derived graph when abelian voltages

g € G, is a cycle onG* if and only if the net voltage of are used (regardless of how they are assigned), due to the

W is the identity ofG. base graph structure. This suggests that noncommuting
\oltage graphs have been successfully used to obtaisitage assignments have a greater potential in yielding

many instances of graphs with extremal properties; séerived graphs with large girth.

e.g. [15], [16]. The result on inevitable cycles in [5] provides an

alternative short proof that the girth is always at most

. . . 12 for codes constructed using commuting permutation

While both ordinary and permutation voltage 9raphg,uices in arrays that contain a sub-array2of 3 non-

may _be used to repfese”t codes, we W!” re_stnct %Y%%&ro permutation matrices. This limitation of girth 12 was
attention to permutation voltage graphs in th'.s paF?etfriginally shown in[7] and later by various groups (see
These have the advantage of smaller degree lifts, si e example, [17]). In addition, many researchers have
the degrge pf the lift gssociated with permutatipns oted that tﬁe use of commut}ng permutation matrices,
length n is just " while the degre_e of an Ordlnarysuch as those arising from shifted identity matrices, leads
voltage graph using voltages frof, is nl. They also tErestrictions on the minimum distance of the associated

Il1. V OLTAGES AND CODE PROPERTIES

provide a natural algebraic analog to random protograe de. For example, MacKay and Davey [18] first proved
codes that use random permutations. Moreover, we WHlat a code based onja k array of commuting permuta-

also focus our investigation on the use of nonabell [bn matrices has distance at mdgt+1)!. Similar results

groups as voltage groups, since the use of abelian 9royPS more generalized arrays are giveri{8h [19, [20], [21]

has known limitations. After motivating the focus toand others. While the limitation on distance may be due

Ponabehanthgrtottﬁlps,dwc_e d(;scusshh_ow to ch(t)o§e Vglf%s art to the limitation on girth, having a large girth is
0 ensure that the derived graph 1S connected and Nag 4 tficient for having a large minimum distance. Inter-

good cycle structure. estingly, in [22] it is demonstrated that certain subgraphs
A. Abelian voltages similar® to the ones in Figure 3 have large girth and yet

We briefly summarize some known limitations ofmaY give rise to small minimum distance. Still, the tree
abelian voltage assignments. First,(anb, ¢)-theta graph bounds [23] on min_imum distanqe indicate a correlation
is a graph consisting of two vertices of degree three thgtween girth and distance, and in the case of cycle codes
are connected to each other by three disjoint nonemdﬁ'ﬂere every varlgble node has degree_ two, the distance is
pathsA, B, andC of lengthsa, b, andc, respectively. An exactly half the glrth. Th_us, the best_dlstance tha_t>a3 _

(a1, a2; b)-dumbbell graphs a connected graph consist21aY code can attain using commuting permutations is 6.
ing of two disjoint cyclesA; and A, of lengthsa; > 1
andas > 1, that are connected by a path of length
b > 0. These are shown in Figure 3. In [5], it was shown While the use of nonabelian voltages seems a good
that if voltages were assigned from an abelian greup choice, it is not enough to ensure that the resulting
to a base grap@' Whereg contained either éa,b,c)— graph has Iarge glrth We now look at how the choice
theta graph or &1, az; b)-dumbbell graph as a subgraph©f voltages affects the cycle structure and connectivity

B. Cycle structure

2A walk W< in the derived graptg® projects down tolV if the SIf the graphs in Figure 3 are bipartite and have check nodes in
edges inW < are mapped onto the edgesldf by the natural projection the positions of the vertices of degree three, then thes¢hargraphs
mapping in the exact order and orientation1&f. identified in paper [22].



of the derived graph. We first briefly review some factef 7. Then the pre-image df’ in the derived graph has

about permutations. Consider the permutation c1 + ¢ + - -+ + ¢, components, including for each=
1 9 3456 7 1,...,n, exactlyc; closed walks of lengttt;.
g =
51 4 3 7 6 2 The proof of Theorem 3.3 follows the same argument as

which maps each element in the first row to the elemelft [4]- Note that even wheiV is a closed walk and not
below it on the second row. Any permutation has a unigiecessarily a single cycle, then the pre-imagéiomay
decomposition into a product of cyclic permutations, eadifivé & component that is a single cycle, which is also a
called acycle For examples above may be written in closed walk by definition. _ _
its cycle decomposition a8 572)(34)(6), which consists 10 determine the voltage assignments in our code
of one 4-cycle, one 2-cycle, and one 1-cycle (figed CONStruction, we will 9hoose permutation voltages thgt
point). The cycle structureof a permutation inS,, is a do not have fixed p0|_nts,'and in fact, do not contain
vector (ci,. .., c,) wherec; denotes the number of cycles of Ienthg 3. This v_wlll allow our construction to
cycles in the decomposition of the permutationj-gycle SUrpass th_e girth 12 restriction that exists in the abelian
of a permutationr will refer to a cyclic permutation of ~ €aSe, provided that there are no short products of these
elements in the cycle decompositionmafand should not voltages th_qt yield permutanons_ with small cycles in their
be confused with g-cycle in a graph which is a closegdeécomposition. Moreover, we will c?hoo.se avol_tage_group
path containing edges. (It should however be clear fronfVhere the only group element with fixed points is the
the context as to which cycle we are referring to.) identity permutation. This will eliminate fixed points in
The pre-image of each cycle in a permutation voltathe net voltages _of all graph cycles that do_ not have the
graph under the natural projection mapping consists ikentity permutat_lc_)n as a net voltage. We will also che_ck
a union of disjoint cycles in the derived graph. Théhat these conditions are met for all non-backtracking
following result from [4] explains how the length and cycles and closed walks of relatively short length.
number of these cycles in the derived graph is determingd connectivity

by_the_cyc_le _structure of the OEt voItag_e permutation. Last, we want to ensure that our selection of voltages
This will aid in our determination of suitable voltage

assignments. yields a derived graph that is connected. For any assign-

. ment o of edges inG to voltages in a grougs, it is
Theorem 3.1:[4] Let C be ak-cycle in the base graph : ) ;
of a permutation voltage graph with net voltage and possible to find for any spanning trée of G, a voltage

assignmenty’ of edges inG to G, where the edges of
let (c1, ca, - 'éc.") Ee éhe_ cy(;:le strr:J(;]ture of. Then the -"- 16 assigned the identity permutation undéand the
2;?;;2?1%?185 ir:rglhdemger]l\é? eg(r;p_ 1 astfz;é(;r Ccn resulting graphgG® and G are isomorphic [4], [24].
Licvoles k ' i Y¢  We will therefore focus on how to assign voltages to
J-cycles. the edges that lie outside of a chosen spanning tree, also

It is worth noting that a similar result is also presenteg@lled theco-tree With such a voltage assignment, one
in [4] for the case of ordinary voltage graphs, with théan consider the group generated by the voltages assigned
important difference that the pre-image of a cycle in th® the co-tree. This grouiy’, called alocal voltage group
ordinary base graph will be a union of disjoint cycles als & subgroup of the original voltage group. Assughés
having the same length. To continue the example abo@@nnected. In [24] itis explained that the ordinary derived
if o = (1572)(34)(6) is the net voltage of &-cycle C  graphg® is connected if and only it = G. In [4],
in G that starts at, then the pre-image of the cyctg¢ a similar result is explained for a permutation derived
in G consists of one cycle of lengthk that contains graph, which involves the structure of the orbits when
verticesus, us, us, and uy, one cycle of lengtiek that the local group acts on the sgt, 2, ....n}. In particular,
contains verticesis and uy, and one cycle of lengtik the number of components in the derived graph is equal
that contains vertexg. Thus, since 6 is a fixed point of to the number of orbits under this action. Therefore, we
a cycle of length equal té occurs in the derived graph.will choose a permutation group whose action yields a
The cycle structure of is therefore(1,1,0,1,0,0,0). single orbit, and ensure that the voltages assigned to

Remark 3.2:A result similar to Theorem 3.1 wasthe co-tree generate this group. Note that with random
observed by Fan in [8]. permutations, it is possible that the resulting derived

_ graph is disconnected.
We can extend the previous theorem to closed walks,

instead of just cycles, and use the cycle structure of thk Guidelines for voltage assignments

net voltages on closed walks to reveal the closed walkIn this section, we look at the case where the permu-

structure in the derived graph. Since each closed walk tation voltage graph is the complete bipartite graphs

a graph contains a cycle, the length of the closed walks (or equivalently, thé2, 2, 2)-theta graph), and explain our

the base graph also affects the girth of the derived grapioltage assignment guidelines (See Figure 4.) While the
Theorem 3.3:Let W be a closed walk of lengtk in edges in the base graph may be arbitrarily oriented, our

the base graph of a permutation voltage graph with nebnvention is to orient edgé®m variable node$o check

voltager, and let(ci, ¢, ..., c,) be the cycle structure nodes. That is, it is a permutation voltage on an edge



To improve the girth we also use Theorem 3.3 to check
other closed walks in the base graph when choosing the
permutation voltages. For example, we consider the two
walks of length six in the grapi, ;3 with net voltages

cd=tem b delat.

Observe that there are no closed walks of length six
that start at a check node, and that the other closed walks
of length six in the graph have net voltages that already
appeared in the list for 4-cycle net voltages. Again, to
Fig. 4. The incidence graph ofZax 3 array with voltage assignments. surpass a girth of 12, Theorem 3.3 indicates that these

net voltages must not have 1 or 2 cycles in their cycle
. ) decompositions as permutations. Of course, this just gives
in the base graph, then the corresponding permutatigR ypper bound on the girth. Similarly, we can consider
matrix has a 1 in positiongr,y) whereo(y) = x, and  the closed walks of length 8 and length 12, and check

zeros elsewhere. Once the edge directions are establishggs none of them contain fixed points. The closed walks
we can assign permutation voltages from the edges dp length 8 are given below:

K,3 to elements inS,,, for m of our choice. We

will first choose a spanning tree and assign the identity ? (c™1)?
permutation element to each edge in the tree. Without d? (d=1)2
loss of generality, we choose the spanning tree consisting cd dtet
of the edges inkK, 3 that correspond to the first row and de c~1d-1
the first column in the 2 by 3 array af x m permutation cde™t ¢ ld7le
matrices that give the associated parity-check maitfix ded™! dlcd

We will therefore only assign nontrivial voltages,and

d, to two of the edges, and these elements will be chosenf©" cycles and closed walks of longer lengths, and in
so that they generate a nonabelian group of onder general, for protographs of any type, similar net voltages

The array form ofH is given below, whers is used and conditions may be enumerated. In summary, to sur-
to denote the identity element in the permutation grouB?‘Ss the girth limitations of earlier code constructions,
(1)(2)(3) - - - (m),and the corresponding voltage graph igermutation voltages should be chosen from a nonabelian

in Figure 4. group so that the above lists of net voltages do not have
short cycles in their cycle decompositions. Moreover, the

i i edges in the co-tree will be assigned generating voltages
H= { d ] to ensure connectivity. In the next section, we give a

method for choosing such voltages algebraically.
For the cycle condition given in Theorem 3.1, we
consider the net voltages of all cycles in the base graph. IV. CONSTRUCTION

There are six 4-cycles having the following net voltages: | this section we will present a method of assigning
c o1 permutation voltages to base graphs. We outline the
cd-1 de—1 m.ethod in the first §ub-section and illustrate the method
d g1 with two examples in the second.
We start with a complete graph gncheck nodes and
Note that each net voltage in the right column i% variable nodes and orient the edges from the variable
the inverse of the net voltage in the left column, andodes to the check nodes. The permutation assignments
therefore corresponds to the same 4-cycle in the bawil be to these positively oriented edges (while the
graph. The difference is simply the order in which th@egative direction of each edge will be assigned the
edges are traversed. For an assignment of voltages frisiverse permutation as a voltage.) The parity check matrix
a nonabelian group to give girth larger than 12 in thef the resulting LDPC code will be ax k array ofm xm
derived graph, Theorem 3.1 says that each of these permutation matrices that are determined by the method
voltages, when considered as permutations, must haveauilined next. The proposed voltage assignment method
cycles of length 1, 2 or 3 in its cycle decompositionnay be applied to other types of protographs as well in
For, if 7 was a net voltage with cycle decompositior straightforward manner.
containing a 3-cycle, then there would be a cycle of length
12 in the derived graph. Similarly, a 2-cycle or 1-cyclé" Method:
in the cycle decomposition of would mean there is a We present a voltage assignment scheme from the
cycle of length 8 or 4 in the derived graph, respectivelygdges of the complete bipartite grafih ;, to a nonabelian
There are no 6-cycles in the base graph that do not repgetupG. This scheme may be applied to any chosen base
edges, and not enough edges for cycles of sizg graph, and not just complete bipartite graphs. We list the



general steps of our construction, and then describe eacl8) Choosing the voltagesChoose the edges ifj

step in greater detail in the following subsections. corresponding to the first row and first column of the
1) Choose a nonabelian groGpof orderm, and label j x k array to be the chosen spanning tree, and assign
the elements of? from 1 to m. each of them to the identity permutationih This leaves

2) Let @ act on itself by left multiplication to obtain (7 — 1)(k — 1) nontrivial permutations to assign to the
an isomorphic groug?, whereP is a permutation remaining edges. Observe that the grdagontains one
group of orderm. That is, P is a subgroup o, cyclic subgrqup of ordep, namely the one generated by
and is a nonabelian group of order. P will be ¢ @ndp cyclic subgroups of ordeq, namely the ones
the permutation voltage group and has the desirafjénerated byd for i = 0.1,...,p — 1. Permutations

property that the only element i with a fixed chosen from the same cyclic subgroup will commute,
point is the identity permutation. therefore choose at most one element from each of these

3) Choose a spanning tree of the base graph and ass?&ﬁgroup; for the remaining edges. Note that for this to be
each edge in the tree the identity permutatiofor P0SSible{j —1)(k—1) should be at mosi-+1. Moreover, -
the remaining edges, choose the nontrivial voltag&i1C€ the identity permutation is the only element in
so that each belongs to a distinct cyclic subgroup With a fixed point, the Orbit-Counting Lemma (see
of the groupP, and, in addition, the generators oft-9- [26]) ensures thaP has just one orbit when acting

the group should be chosen among this set. on {1,2,...,55}. Thus, the nontrivial permutations we
choose should generateto ensure that the condition for

We now elaborate on each of these steps. We will UsBnnectivity is met. In addition, if one wants to achieve

the nonabelian group of order 6 to illustrate these steps, larger than 12, then > 3, since ifg = 3, there will
but not for our actual construction since it has elemerﬁgie permutations irf,’ With ord,erS which wiI,I therefore

with 2-cycles and 3-cycles in their cycle decompositiongyniain 3-cycles in their cycle decompositions. If a 4-
1) Choosing a nonabelian group: We choosen = cycle in the base graph contains a 3-cycle in its net

pg such thap andgq are primeg < p, andg|(p —1). We  yoltage decomposition, then the derived graph with have

construct the nonabelian grodp generated by elementsa 12-cycle. Thus, the smallest nonabelian group we can

c andd such that the order of is p, the order ofd is ¢, yse with these constraints has order= 55.

anddc = ¢*d, wheres # 1(mod p) and s? = 1(mod p)

(See e.g. [25].) We then label the elementgbfrom 1 B Examples

to m. Note that nonabelian groups do not exist for every We construct examples of codes using the nonabelian

m. In particular, the nonabelian group just described germutation group of order 55 as the permutation voltage

the only nonabelian group (up to isomorphism) for ordegroup for a2 x 3 array and & x 5 array. Note thain =

m = pq whereq|(p — 1), and ifq 1 (p — 1), then there is 5-11, thusp = 11 andg = 5. We start by constructing the

no nonabelian group of ordex;. groupG in step 1, with generatorsandd. We enumerate
Example: Letp = 3 andq = 2. Then the nonabelian the elements in terms af andd and label them. Then,

group G of order 6 is obtained by two generatorspf the action ofc on the groupG yields a permutation of

order 3 and? of order 2, with the relation that’d = dc. the numbered elements in the group. (Since it will be a

Then the elements of’ are {1,c,c?,d,cd,c?d = dc}. generator of the isomorphic permutation group, we will

Order the elements i as1 — 1,c¢+— 2,¢2 — 3,d — also call this permutatiod). Similarly we letd act on the

4,¢d — 5,c%d — 6. group G to give the other generator of the permutation
2) Obtaining the permutation group: A well-known group (a permutation we will also cadf). Our labeling

result in algebra is that any finite group is isomorphigives that the permutatiornsandd are, in cycle notation,

to a permutation group, where a permutation group is c:(1,2,3,4,5,6,7,8,9,10,11)-

defined as a subgroup of the symmetric gradijpon n

elements. Letting each element Gfact onG from the

left generates an element of the isomorphic permutation

(12, 16,17, 18, 19, 20, 21, 22, 23, 24, 25)-

(13,26, 27,28, 29, 30, 31, 32, 33, 34, 35)-

group P of orderm which is a subgroup of,,. In this (14, 36,37, 38, 39,40, 41, 42, 43, 44, 45)-
way, the desired permutation voltage grofpmay be (15,46, 47,48, 49,50, 51, 52, 53, 54, 55).
obtained.

For example, the action af on G vyields the set{c - d:(1,12,13,14,15)(2, 18, 34, 40, 49, 2)-
glg € G}y = {c,c?,1,cd, *d,d} = {2,3,1,5,6,4}. This (3,21,32,42,53)(4, 24, 30, 39, 46)-
means thatl — 2,2 +— 3,3 — 1,4 5,5+— 6,6 — 4, (5,16, 28, 44,50)(6, 19, 26, 38, 54)-
which corresponds to the permutatio23)(456). Simi- (7,22, 35, 43, 47)(8, 25, 33, 37, 51)-

larly it can be shown that the permutation corresponding
to the action ofl is (14)(26)(35), of ¢? is (132)(465), of

cd is (15)(24)(36) , of c2d is (16)(25)(34). Clearly, the
action ofi on G givesi, and corresponds to the identity Usingc andd as generators and the relatiohl = dc,
permutation(1)(2)(3)(4)(5)(6). Thus,P is the subgroup we obtain the nonabelian permutation groBpof order
of Sg containing these six permutations. 55.

(9,17, 31, 42, 55)(10, 20, 36, 48, 10)-
(11,23,27,41,52)



For the base grapi; 3, we just have two nontrivial performances of a) &2, 3)-regular LDPC code of same
voltages to assign (see Figure 4.) We assign the edgeck length designed randomly, bY2 3)-regular LDPC
oriented fromus to cs the voltager, and the edge orientedcode designed using the array or SFT-type construction of
from v3 to ¢y the voltaged. Thus, lettingi denote the [7], and c) a(2, 3)-regular LDPC code designed using the
identity permutation, the parity-check matrix has arrayoltage graph approach wherein the voltages are chosen

form randomly from the symmetric groupss. Clearly, the
o proposed construction that optimizes the cycle structure
{ L } in the derived graph substantially outperforms these other
iocd constructions. The proposed construction has a gain of

where the m x m permutation matrices areapproximately 1 dB compared to a randomly designed
given by the permutationsi, ¢, and d. For the graph, and a gain of more than 1 dB compared to the
base graphKss, we assign the nontrivial voltagesarray construction and a voltage construction that uses
e, 2d?,Pd, Sd3, d, Pd?, c*d*, and ®d? to obtain a randomly chosen permutations. Thus, the results indicate

parity-check matrix with the following array form: that using a voltage graph approach to construct lifts
algebraically is an effective way to optimize the propestie
ol i i of the derived graph for improving code performance.
i ¢ A Pd Sd Figure 6 shows the analogous performance 3f)-
i d Sl b SdP regular LDPC codes over the BIAWGNC under sum-

The nontrivial voltages were chosen from disting@roduct decoding. The figure shows that code proposed
cyclic subgroups and therefore do not commute. The cotfeSection 1V that is designed by assigning the edges of
defined by thek, 5 permutation voltage graph has blockd /3,5 to voltages from a permutation group of size 55
length165 and code rate 0.33. One can check that the negrforms better, by about 0.5 dB, than a corresponding
voltages of each 4-cycle in the base graph is a permutatiég®fde that is also designed using the voltage approach
with smallest cycle at least 5 in its permutation cycl¥herein the voltages are assigned randomly fr6gp.
decomposition. The cycle with net voltagehas cycles The block length of the codes are 275 and the code rate
of length 5 in its decomposition. Consequently, the préS approximately 0.40. An array or SFT-type construction
image of each 4-cycle in the derived graph contains cyclf & (3, 5)-regular LDPC code of comparable parameters
of length at leastd x 5 = 20, with some equal to has performance very similar to the proposed code in this
20. Since the corresponding code is a cycle code, tR@Se. Thus, the above results indicate that the proposed
distance is equal to half the girth. Thus, the distance §Pnstruction yields codes that perform at least as well, if
the coresponding code is 10. The code defined by tA8t better than, other structured constructions proposed
K3 5 permutation voltage graph with parity-check matrigarlier. In addition, we believe that when the relationship
above has block length 275 and code rate 0.4. Note thgtween distance and voltage assignments is determined,
no element in the permutation grodiphas a cycle of size it will be clearer how to choose even more effective
< 5in its cycle decomposition, except for the identityvoltages. In particular, in the above assignment, we chose
Thus the net voltage along any closed walk will not ha/&€ voltages so that the exponentcoéindd appearing in
fixed points or cycles of length less than 5 in the Cyc|gach row were distinct, and this gave a better code than
decomposition, unless the net voltage is the identity. THigen all the nontrivial voltages had the forehd, for
technique can be extended naturally to other arrays ahé {0,1,...10}.

other base graphs. Finally, due to the inherent algebraic structure intro-
duced in the construction, the codes proposed in Section
V. SIMULATION RESULTS IV have a succinct description that make them attractive

In this section, we examine the performance of theandidates for implementation in practical applications.
proposed codes and compare them with codes that are
either designed randomly or designed using the voltage
approach with randomly chosen permutation assignmentsWe presented a construction scheme for codes based

Figure 5 shows the performance(@f 3)-regular LDPC on permutation voltage graphs. This gives a family of
codes over the binary input additive white Gaussian noisedes that may be viewed as algebraic protograph codes.
channel (BIAWGNC) under sum-product decoding. Th&he construction specifies a permutation assignment from
figure shows the bit-error-rate (BER) performance asabase graph to a nonabelian group, and is designed to
function of the channel signal to noise ratio (SNR) of ansure that the resulting derived graph is connected and
voltage graph based LDPC code presented in Section h4s no short cycles. The examples in this paper use the
where the voltage graph is the complete bipartite graglomplete bipartite graph as a base graph, but the method
K> 3 on two left and three right vertices, respectively, anthay be applied to any base graph, such as those with
the corresponding derived graph is obtained by assigniogtimal degree distributions. This work is currently being
voltages toK» 3 to the permutation group of siz&. The extended in many ways. First, other nonabelian groups
block length of the resulting code is 165 and the code rateay be used in this construction with the same general
is approximately 0.33. Also shown in the figure are thmethod and are being investigated. This will allow for a

VI. CONCLUSIONS
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