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1. The general polynomial-ideal.

The object of this note is to discover the limiting relations which must
exist between the terms of the series Dy, Dy, ..., Dy, ... where D, is the
number of linearly independent homogeneous polynomials of degree I (or of
degrees less than or equal to /in the case of non-homogeneous polynomials)
belonging to some actual modular system, the system being either perfectly
general or else general of its kind. A modular system (or in modern nomen-
clature a polynomial-ideal) is defined to be any aggregate of polynomials in 7
variables such that the sum of any two, and also the product of any one
by a constant® or any of the variables z,, x, ..., x., belongs to the ideal
or aggregate.

The converse and more important question is that of finding the actual
values of Dy, Dy, D,, ... for a given polynomial-ideal, that is, an ideal
-defined by the stated conditions which its members individually and collec-
tively have to satisfy. But with few exceptions, some of which will be
noted later, no general answer can be found to this converse question. In
a classical memoir, Hilbertt has shown that when [ is large enough D,
becomes a polynomial in {; and Ostrowski; has employed Hilbert’s process

* The domain of the coefficients is supposed to consist of all elements of a corpus, but
restricted in general to rational integral functions of any parameters that may be included,
A constant means any element of this domain.

{ D. Hilbert, ** Uber die Theorie der algebraischen Formen ', Math. Annalen, 36 (1890),
473 ff.  He shows that the number H; complementary to D), is expressed, when ! is large
enough, by a polynomial in ! of degree equal to the number of dimensions of the spread of the
ideal. This polynomial x(I) will be called the Hilbert function.

7 A. Ostrowski, ¢ Uber ein algebraisches ﬁbertragungsprinzip", Abh. Math. Seminar d.
Hamburgischen Universitit, 1 (1922), Hefte 3 and 4, 281 7.

22



5382 F. S. Macauvray [March 11,

for expressing in a neat form the generating function Dy+D,z+ D,yz*+ ...,
which, if known, gives the value of D, for all, not merely large, values of I.

Polynomial-ideals are of two kinds: (i) H-ideals, or ideals of homo-
geneous polynomials, and (ii) non-H-ideals, or ideals of non-homogeneous
polynomials. Under (i) we shall specially consider a p.p.-ideal*, that is,
an ideal of power products or an ideal of which no polynomial is a member
unless each of its terms separately is a member. An H-ideal M is a more
general kind of ideal than the non-H-ideal M(z, = 1), owing to the fact that
the most important point of the H-ideal, viz. the point (0, 0, ..., 0), is
obliteratedt by putting 2, =1. 1f, however, M and M(z,=1) have
the same D series Dy, D,, D,, ... they are said to be equivalent. To
every non-H-ideal in n variables there is an equivalent H-ideal in n4-1
variables (but not vice versa) got simply by making all the members of the
non-H-ideal homogeneous by the insertion of an additional variable z,.

Again, the members of an ideal are of two kinds: (1) principal and
(i) derived. In an H-ideal, if all the members (principal and derived) of
degree ! are multiplied by x,, ,, ..., z. we get all the derived members of
degree 41 (which can be reduced to a linearly independent set) ; and any
other set of members of degree I4-1, linearly independent of one another
and of the derived members, may be taken as principal members of degree
{+1. By Hilbert’s theorem (loc. cit.) the total number of linearly in-
dependent principal members is finite, ¢.e. any polynomial-ideal M defined
as above has a finite basis (F,, Fy, ..., F}) in terms of which any member
F of M is linearly expressible, viz. F=A4,F,+A4,F,4...+ A4, F;, where
4y, 4q, ..., 4; are polynomials.

The Hilbert number H, complementary to D, is the number of
independent linear relations satisfied by the coeflicients of the general
member of the ideal of degree !. The linear relations themselves are
called the ideal-equations for degree I of the ideal.

It is not seldom convenient to express results in terms of Hy, H;, H,, ...
rather than Dy, D,, D,, .... This can always be done, since D;4 H, is the
number of p.p.’s of degree [ in the case of an H-ideal and the number of
p-p-’s of degrees < I in the case of a non-H-ideal. The generating func-
tion of the series Dy+H,, D,+H,, ... for an H-ideal is (1—x)~", viz.

(DA (+n—1)
Di+H, = 12, ..., (n—1

# The contraction p.p. for power product will be used throughout the paper.

+ On this account the theory of H-ideals is completely mutilated if we pay regard only to
the ratios of the variables, thus contrasting with the case of homogeneous coordinates in
Geometry.



1926.] THE THEORY OF MODULAR SYSTEMS. 538

We shall denote* this number D,+ H, by (I+1),-,, and regard it as a function
of | with n a constant. It is to be noticed that ({), is zero when !=0, and is 1

when l=.1 ; also that (), ecan be expressed as a binomial coefficient (H_?L— 1) ,

though this notation is clearly inconvenient since it does not dissociate 1
from n. We have D;+H; = ({+1), for a non-H-ideal.

The p.p.’s of degree ! can be written in a definite order (which we shall
call their ascending order) according to the rule that z'z!*...z" comes
before zi'zi2...x% if the first of the indices p,, ps, ..., p. which differs
from the corresponding index in gy, qy, ..., ¢» 18 greater than it. Taking
(&y, Zoy ..., 2.) to stand for all p.p.’s of degree I expanded in ascending
order, we have

(@1 oen, ) =2k, BN (@, oony Ty oeny TN (@, oeny TP, L, (Zgy ..y 2,

of which the part as far as z}(z,, .... z,)"” comprises the p.p.’s
2V (2yy Zay ..oy )", The p.p. zi'zh:...zlzls (p, > 0) is the last p.p. in
a2 (@, ..., 2)" and is followed by the first p.p. in z'... 2!
(Bpsy -oey T)HY, iz, Tit o a2l Again (g, £y, .., ) or (1,2, .., Za)
is equal to

2 1
1, (zg, oo Za)y, &gy ooy TS5 eery (By, Zgy ooey L)

Corresponding to any given H-ideal M, after subjecting the variables to
. a general homogeneous linear substitution, we can deduce two correspond-
ing p.p.-ideals P, P', each of which has the same D series D,, D,, D,, ...
as M. The first, P,.ié the ideal whosec members of any degree I consist of
the first D, p.p.’s ini (zy, &3, ..., ). It will be shown immediately that
all the p.p.’s of degree I+1 which can be derived from the first N p.p.’s
in (2, g ..., ,)' consist of the first Q(N) p.p.’s in (z,, Zy, ..., @),
where Q(N) is a certain function of N. Hence, in order to prove that the
aggregate of p.p.’s P as described above constitutes an ideal, it must be
shown that the relation Dy, > QD) holds for any H-ideal M. The
proof is given in §II of the paper, and its truth will be assumed here.

The second p.p.-ideal, P’, is obtained thus: write the D, members of
the H-ideal M of degree ! so that their terms are in ascending order, and
modify them linearly by means of one another so that no two members
begin with the same term. The p.p.’s with which they begin are then the

* We prefer ([+1),-1 to (I).-1 because, in the latter case, (1), could not be zero unless 1
took a negative value. Later on we call ! in theAnotation ()u-1 a digit, and we find it con-
venient to exclude the digit 0.
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D, p.p.’s of P’ of degree I. These D; p.p.’s evidently satisfy the test for
an ideal, viz. that the D,,; members include all those that can be derived
from the D, members. This proves the existence of a p.p.-tdeal having
the same D series Dy, Dy, Dy, ... as that of any given H-ideal M. 1t
was only in order to demonstrate this that we have introduced P’ here.
The relation Di,1 > Q(Dy), which we wish to prove for any H-ideal, has
now only to be proved for any p.p.-ideal. In what follows we shall only
consider P, until we come to the proof of Diyi > Q(D) in § II.

The general H-ideal. Let M be any H-ideal, and D,, D,, D,, ... its
D series. In place of M we take the corresponding p.p.-ideal P having
the same D series. Let 2Mz!...alra% be the last of the D; p.p.'s of P of
degres [, where r < n—1 and p, > 1, and any (or all) of py, Py, .y Pr-1y P
may be zero. Then the D; p.p.’s of P are

ey, ..., 20
aNah (@, ..., @) g gl (@, L, 2 T
where the last set differs from the others in having p, in place of p,+1,
po+1, ..., in the 1st, 2nd, ..., sets. Also the derived p.p.’s of degree
141, obtained by multiplying the D, p.p.’s by (z,, ..., %.), are
al ¥ (zy, ..., 2,

RV AR (OIS U Uy U 2 SO ST ) Ld U Eo Lo
which consist of all the p.p.’s of (z,, Ty, ..., z.)'*! from the first z*! up to
Zih ... 2l-xP*l. Hence, assuming that D; has neither of its extreme values
0 and (I41),-1, and putting

l—py =1, l—p—pa=1 ..., l—py—...—p, =1, —1,
we have the result:
If Dl = (ll)‘ll—]+(12)n—2+"-+(ZT)1L—1'7 l > ll > lr > 1; " > r > Or
then (1421 = D1 = Do i+l +Dacet ..+ G+ Daes
The excluded cases, which present no difficulty, are: (1) if D, =0, then

(42n-1> Diyr = 0; and (i) if D, = ({41, then Dy = (14921,
It can be easily proved that the above form for D; is unique, s.e. if D, is
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known, and 0 < D; < (I41),-,, the positive integers (or digits) I, b, ..., I,
have unique values.

We denote the number (a))n—14(@n-2+F ...+ @)n-r, @y > a5... > a, > 1,
n>r>0, by (a,, ay, ..., @)p—1. Also, if (a;, a, ..., a),-y = N, we denote

(a1+1, a2+1) A a‘r+1)ﬂ—1 by Q(N)’ or Q‘n—l(N)y
and (@—1, ag—1, ..., &y—Du_s by Q-'V), or Q=1,(),

in which it is to be understood that if a,—1, a,.1—1, ... are zeros they
are not to be written. Thus Q(N) and Q~1(N) are functions of N; and, if
Q'(N) = N,, N is only equal to Q(N,) if the digits a,, a,, ..., @ of N
contain no units; in fact, when Q~'(N) = N,, then N is equal to Q(N,)
increased by the number of units in the digits of N.

What we have proved is that (without exception) there is an H-ideal
having Dy, Dy, Dy, ... as its D series, provided that

(l+2)u—] > Dl+l > Q(Dl)

is true for all values of I, defining Q(0) to be equal to 0; and that there is
no such H-ideal unless these relations are satisfied. In the case of the p.p.-
ideal P the D,.; p.p.’s consist of the first (D) p.p.’s in (z,, Z,, ..., z.)'*},
which are derived members, followed by the next D, —Q(D) p.p.’s in
the same, which are principal members. P is determinate tf we know
its D series. It is to be noticed that the limits of D;,, depend only on
the values of I and D,, and not on the values of Dy, Dy, ..., D,_;. This
might have been foreseen independently.

The general non-H-ideal. The D, members of a non-H-ideal in =
variables consist of D,_; members of degree << 1—1, and D,—D,_; (or AD)
members of actual degree ! which are linearly independent, not only in
respect to their terms as a whole, but in respect to their terms of highest
degree I If we reject all terms of degree <<l in the AD, members
(=01, 2, ...) we obtain the members of an H-ideal whose D
series is ADy, AD,, AD,, .... Conversely, if we take any H-ideal, and
merely change the origin, it becomes a non-H-ideal such that the D, of
the H-ideal is equal to the AD, of the non-H-ideal. Hence the conditions
for a non-H-ideal are the same as those for an H-ideal if D; is replaced by
ADy; i.e. the necessary and sufticient conditions that Dy, D;, D,, ..., may
be the D series of some actual non-H-ideal are that the relations

(142)n-1 > ADiyy > Q(ADY)
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should be true for all values of .. The higher limit of D,,, depends only
on the values of ! and D, and the lower limit, viz. D;+Q(D;—D,_,), on
the values of D;, D;_,.

The Hilbert function. From the above we can find an expression for
the Hilbert function x(I) of the general H-ideal, together with the restrie-
tions to which its coefficients must be subject, which neither Hilbert nor
Ostrowski finds. x(I) is the polynomial in I to which H; becomes equal
when [ is large enough. Hilbert expresses it in the form

x)=a (n—-)l‘——l) +0 <n—')l'-—2> Footk

in terms of binomial coefficients, while Ostrowski adopts the preferable
form
X(l) = a(l+ 1)l1~1‘—l+b(l+ 1)11—r—2+...+k-

In both forms a (the order of the ideal) has the same positive integral
value, and b, ¢, ..., k are integers, positive or negative; » is the rank of
the ideal, and n—»—1 the dimensions.*

Since, by Hilbert’s theorem, any polynomial-ideal has a finite basis,
4.¢. only a finite number of principal members, it follows that the p.p.-ideal
P corresponding to any given H-ideal M has a last principal member.
Let this be z%rxi7! ... x5z, where 7, a,, a, are all greater than zero, and
s is generally equal to n—1, but may be less (or the last principal member
might possibly be ). Then the last p.p. of P of degree

1> a+t...4acta, is a¥ ... gl o
and we have (from above, where .D; was first calculated),
D=1, ..., r—1 times, l—a,, l—a,—a,41, ..., I—to—...— @+ 1)u_;
=1 ..., 7—1 times, l—a, I—b, ..., =Ky, 1 <a < b ... <k
Also H4+D,=(1+4+1)a0=( 1, ..., r—1 times),;+(1+1),_,.
By subtraction, when [ is large enough (viz. I—k > a.),

X(l) = (l+1)rt—r'_(l_a, l'—b, cony l_k)n—r, 1 < a < b e < k,+

* It is usual to say that an H-ideal of rank r has n~7r-1, not n—7, dimensions, thus
excluding the origin (0,0, ..., 0), or treating it as a vertex of projection outside the (n—1)-space
corresponding to the ratios of the variables.

t+ With the exception that x(!) = (I+1)u-r—(l—a+ 1)u—» when the last principal member
of P is zf 23", a (or as) is the order as before.
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which is a polynomial in ! of degree n—»—1. This seems to be the
simplest form in which to leave x(J), and shows its restrictions. It can be
brought easily to the Ostrowski form, but not easily to the Hilbert form.
The rank of a polynomial-ideal is defined as the least number » such
that all members of the ideal can be made to vanish by making » of the
variables functions of the remaining n—» (regarded as arbitrary para-
meters). The p.p.-ideal P above has z}, z}, ..., 2 A\ = a,+... 4a.+a,)
as members, and all its members vanish when %, z,, ..., z, vanish. Heunce
the rank of P is », and its spread is (z,, &y, ..., £,). There is no am-
biguity about the rank of an H-ideal as there is about the dimensions.

II. Proof of the main theorem.

Note.—This proof of the theorem which has been assumed earlier is given only to place it
on record. It is too long and complicated to provide any but the most tedious reading.

It is required to prove that the relation D;yy > @,.-1(D)) holds for any
H-ideal in n variables; and, as we have already seen (p. 584), it is sufficient
to prove it for any p.p.-ideal. Any given integer N > 0 can be expressed
uniquely in the form

N= (al)n—1+(a2)n—2+---+(al')n—r = (ab gy «vey Ar)p—1
in the scale of n—1 with not more than n—1 digits a, > ay... > a, > 1.

Qnaa(N) = (a;+1, ..., @+ Dumy, and QLN =(ay—1, ..., &,—1)0cy

if @,>1, while @;2,(N) = (a,—1, ..., a@y—1)»—y if a, > 1 and a4, ..., @,
are units (the notation excludes a zero digit). @Q(N) and @~'(N) are both
defined as 0 if N = 0; also Q~*(N) is defined as 0 if it has no digits, as is
the case with Q;1;(N) when N <n. Q(N), @ (N) will be understood to
be Qu_1(N), @»2:1(N) unless a scale different from n—1 is indicated by
the context.

If N=(a, a, ..., @)u-1, we have

N+Q YN+ Q7 XN)+... = (ay, Agy -y i)y

and N—Q '(N) = (a;, dg, ..., @r)u—2, though this is not in its proper form
if r=n—L

Before proceeding to the proof proper we must prove some properties
of Q(N) and @~*(N), especially such as relate to the increase of @(N) as N
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increases. The increase in Q(N) is nmever less than the increase in N,
and the increase Q(IN+1)—Q(N) in Q(N) due to an increase of 1 in N is
n—¢(> 1), where r is the number of digits in N. There are two cases:
(1) » <n—1, in which case

N+1=(a, ay ..., ar, 1)y_y and QIN+1)—QN) = p_p_1 = n—7;
and (i) » = n—1 and the last p digits of N equal, in which case
N = (a'l; seey an—p—l, a'z-p)n—l- N+1 = (al, evey a/n—-p—l, an-—p+1)n—1y

&nd Q(N+1)'—'Q(N) (an p+ 2)} J((an—p",'l)p,‘p =1.

Lenma L—The wncrease Q(N+ID—QN) i Q(N) for a given in-
crease I in N has the following properties: () if N = 0 1t ¢s greater than
Sfor any value of N> 0; (ii) of N+I = (a),—1 ¢t ts as small as for any
less value of N ; (iii) if N = (a),-1 ot ts as great as for any greater value
of N.

All this is true in scale 1; for, when N = 0, Q,(N+1)—Q,(N) =I+1;
and, when N >0, ,(N+I)— Ql(N) = 1. We assume it true for all
scales up to n—2 and prove it true for scale n—1.

Suppose first that N and N+1I are both in the limited range (a),-1 to
(a+1),-1. Divide this range into n—1 smaller ones of which the p' is
(@)y-1 to (a’*),-1, and the last one (@™ Y),_; to (@”).-1 is a single step,
(@")p-1 being an improper form of (a+41),_,. @(N) increases along the
range N = (@"),-1 to (@"*),_; of extent (a),_p—1 in exacily the same way
as along the range N = (@*~!, a—1),_, to (a").-1, that is, a range of the
same extent at the end of the previous range (a’~Y,-1 to (a”),-,, and
therefore also of any preceding range. The reason is that any number N
in the range (@"),-1-to (@”*Y),_, short of the end number is (a”, b, ...),—y,
where b << a—1, and to this corresponds the number (@', a—1, D, ...)1
in the previous range with the same number of digits, and at the same
distance from the end of the range. We express this fact by the symbol

3

~, meaning ‘‘is equivalent as regards increase in Q(N)”. Thus
(@1 to (@ )uy ~ (@Y, a—1), 1 0 (@)ss
~{a?"% (@a—1)*} -1 to (@™, -1 ~ ete.
~ {a, (@—=1"} -1 to (@Du-r.

Again (a%),_1 to (@?*"),_, in scale n—1 ~ 0 to (a),_,-1 in sczle n—p—1.
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Hence, for an interval I < (a),-,-1 in the range (a?),_ to (a?*"),_;,
QN+I)—@(N) is greater when N = (a’),_; than anywhere else, and as
small when N+I = (a’*'),-, as anywhere else; since this is true of the
range 0 to (a),—p-1 in scale n—p—1.

Let the interval I (or BC in the figure) be placed anywhere on the range
(@n-1 t0 (@+1),_1, B (or N) being between 4,, 4,., {or (a?);_i, (@P*Y), !,
and C (or N+1I) between 4, 4,,;. When the interval I, or BC, moves
up or down the range, let B be at B, .1, ..., B, when Cis at 4,41, ..., 4,,;
and let C be at C,, ..., C, when Bisat 4,, ..., 4,. We have to compare
(@)u-1 (Ia”)u-ln (Ia")n-l | I(a"") (v (f!"") (a"-1)

[ | [} [} I + : | : 1
4, 4 ¢ 4, B A,.1 B,., 4,C 4, Auoy A

)
-I-
|

the values of Q(IN+1I)—Q(N) for the several I intervals
4,0y, 4,0y, ..., 4,C,, BC, Byi1A4 441, -.., Bada,
which values may be denoted by
R4,C)) ..., R(BO), ..., R(B,A4,).
Now I(BC)—R(By+144+1) = R(BB,+1))—R(CA4441).

But, if B,y isin d,4,,1, B(BB,.1) 1s as great as the It of an interval
equal to BB, ending at Ay, ov at Ay, t.6. R(BBy41) > R(C4441). If,
however, B, is beyond 4,,, then

R(BBq+1) B R(BA;o+l)+R(Ap+qu+l):

and R(BA4,,1) is equal to the R of an interval equal to B4, at the end
of.OAqH, and R(4p+1B,+1) is greater than the R of an interval equal to
Ap1Bg41 at the beginning of C4 41, t.e. R(BB,;1) > R(C4,41). Inany
case R(BC) > R(B,+14,+1).

Similarly we can prove that

R(BC) > R(B11+1Aq+l) > cee > R(BnAn);
and by the same reasoning we have
R(4,C) > R(4,Cy) > ... > R(4,Cp) > R(BO).

We can proceed now to the unlimited range 0 to (@),-1, where a is as
high as we please. Since

(@) to (@, a), in scale n ~ 0 to (a),—; in scale n—1,
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and, for the range in scale n, Q(N+I)—@Q(N) is greater when N = (a),
than anywhere else, and as small when N+41 = (a, a). as anywhere else,
80 in the range O to (@), in scale n—1, Q(N+I)—Q(N) is greater when
N = 0 than for any value of N > 0, and is as small when N+1 = (@),
as for any less value of N. This proves (i) and (ii).

To prove (iii) we have to repeat some of the reasoning. Let B (or N)
be between (&),-1, (A+1)u-1, and C (or N+1I) between (k)u-1, (k4 1)n_;.
Take C’ so that HC' = BC = 1. We have to prove first that

E(HC') > R(BO),

and this has been proved already when C is in the range (h).-1 to
(h+1)n_1. So we assume C beyond (h+41)n_y, t.e. ¥ > h+1. Then

R(HC"—E(BC) = R(HB)—R(C'0).

(R)u-1
! ‘.

'
H B cC E ¢

If C'is in HK, R(C'C) = R(C'K)+R(KC), and RE(KC) is equal to the B
of an interval equal to KC beginning at H, since

(Bu=1 to (A41)yo1 ~ (K)u-1 to (k, 4-1)uoy,

and R(C'K) < the R of the remaining part of the interval HB, by (ii).
Hence R(C'C) < R(HB), ie. RHCY > R(BC). 1t (' is beyond K,
R(HB) is equal to the R of an interval equal to HB or C'C beginning
at K (by the equivalence above), which is greater than R(C'C); t.e.
R(HC'Y> R(BC). In any case R(HC') > R(BC). Similarly, by taking N
at (h—1)u—1, —2)u_1, ..., (@)1 successively, the value of Q(N-I)— Q(N)
is as great when N is at (a),— as when N is at B. This proves (iii).
There must clearly be many properties of a similar kind. By (i) we

have Q(I)—Q(0) > Q(N+I)—Q(N), or QIN,+Np < Q(N)+Q (N, when

neither N, nor Nj is zero.
Lemya IL.—(@1) If N, < (@4+1)sy, Ny < (@+1noy,
and N,+N,=(a+1),-1+ R, where R> 0,

then QNY+Q(Np) > Qla+1)1+Q(R).
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ll) If Nl a,+1),. 1y Q (Ng) (CL @1y +vny ap)n-h Nx> (a'h --wa/p)u-h
and. N,+Ny,= (a+1)..1+R, where B >

then QIND+Q(N) > Q(a+1), 1+ Q(R).

The theorem is divided into two parts according as N, << (¢+41),-; or
(@+1),-1 < Ny < (@+2).-1, because we shall need to use them in this
way ; but both might be combined more clearly under one heading, viz.

Nl = (blv b.z, teey bp)n—l < (a+1)u—17 Q_I(N2) < (a; bly seey bp)u—l-

The other condition imposed, N,+ N, > (a+1),.1, i8 not essential. If
N;+N, < (a+1),-1 we should take N;+ N, = R, and obtain

QNI+ Q(N) > QN+ Ny,

which hag just been proved above.

(1) Since N, L (@+1),-1, (a+1),.1—N, = N,—R, where both sides
are positive; also N; < (@+1),-1. Hence, by I (i),

Q(a"l"l)n-l_Q(Nz) < Q(Nl)_Q(R):
or Q(N1)+Q(Ng) Q(a/+1)n 1+Q(R)

(i) The property is true for scale 1 (since N, =a+1 and N, = R)
and can be proved by induction for scale n—1. Imagine N, or
(a+1, a;+1, ..., ay+1, 19,3, to remain fixed while N;,, B increase
together. We have to prove that

QE)—QN) < @(N)—Qa+1)..1.
When N, = (a,41),-1, we have
B =+t @+1, .o, ap+1, 19,0 = (@, +1, 0,41, ..., ap+1, 19,4,
QR—QWNY = Qusla+1, ..., ap+1, 19,y = QN —Q(a+1),_y.

And as Q(R)—Q(N,) is as great when N, = (a;+1),-1 as for any greater
value of N, {I (ii1)!},

QR —Q(N) < Q(N)—Q(a+1),-1 when N; > (a;+1)._1.



542 F. S. Macauray [March 11,

"It remains to prove the same when N, <(@;+1p. Pub
Ny = (@)u-1+NNy,
Ny = (a+1ur+N;, |
Ni+Nj = (@, + 1.2+ R
Then N> (@, ..., Gplice,  Qula(NY) = (ay, Gy, ..., Gplacs,
N} < (a,+1),_5, and R' >0;

so that the conditions are satisfied for applying the theorem to Nj, N3, R’
in scale n—2; 7.e. we have

Qu-2(B)—Qu-s(N) < Qu-o(N)— Qu-s(a;+1).—s.
But, by adding the three equations above, we have
N,+Ny— (@41, = (@a-1-H @+ 1o+ 12,
or R =(a,+ 1.1+ R, where R' < N;<(a;42)._2;
hence QR) = (@41 +Qu_s(R);
similarly for Q(N,), Q(N,). Hence
QR)—Q(NY = (a4 2)u1— (@4 D1+ Que(R) — Qu_o(NY)
L @+ 22+ Qua(No) = Qus(@+ s
< Qu-o (V) < QIN)—Q(a+1),1. Q.E.D.

Lenya IIL—If there are s numbers Ny, Ny, ..., N such that
N, < (@+Du, Q7N Ny, ... Q7HN) K Ny,
and Ni+No+...4+N.=(@+1ua+...+(@+t—1) 1+ R,
where 0 R <(@+t)n-1,
then
QIND + QN +...+Q(Ny) > Qla+Du1+...+ Q@+ t— D1+ Q(R).

This has been-proved for two numbers in Lemma 1T with less restriec-
tive conditions as regards Ny, N,. We assume the property for p numbers
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and prove it for p+1. Put

N1+N2+ .ee +Np =(@a+uw1+...+ (a/+tp—1)n-1+R7n

where 0 g Rp < (a+tp)u-1° '
Now N, < @+1u, Q@Q7'N) KN, <@+ Ducy,
therefore Ny < (@42, N3 <(@+8)u-s, ete.

Hence p > t,—1, .i.e. p>t,. Also Ny < (a+tp).-1; for if
N, > (a+tp)w-1, then N, > R,, and
Np-1 2 Q7' (Np) = (a+tp—1)uc1, Npoo > (@+6,— 2., ete.,
which is not consistent with
Nyt Npoa4... = RptF@tto—Durd.., > by
Now Q@ YN, < Np <(a+t,)u_1, therefore Ny < (a+t,+1).1.
There is no difficulty in extending the theorem so as to include the

number Np4y if Npu1 < (@+1tp).-1 by applying either I (i) or else II (i).
So take Np+1 > (@+1%p)u—1. In this case

Ryt Nps1 = @ttpastBoss, @+ tptFDucy > Npit > @+t
Put Q7 Npsd) = @t ty—1, ay, @y, - Jucr.
Then Ni+Ny+...4+Np = Q@ P(Npr)+ Q7 PH (Npr)+... +Q 7 (Npsd),
ie. (@t+tp—Di—(@atBp > @ttp—1, ay, g, .. )n

—(a+t,—p—1, a,—p, ...)
ie. ‘ By > (@, G - Yucr,

since (@ > (a+t,—p—1, a;—p, .. u, (tp < P).

Thus all the conditions in II (ii) as regards N,;, Ny, a+1, R are satisfied
for B, N1, a+t, Ry, and we have

QEBp)+QNp+1) = Qattp)u-1+Q(EBy41).
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By adding this to the relation

Q(N1)+Q(N2)++Q(Np) > Q(a’+1)ll—l+'"+Q(a’+tp—1)ﬂ—1+Q(Rp)v

: Q.E.D.
the property is extended from p to p+1 numbers.

We can extend the limit of N, ., to (@+£,),-1 if this should be higher
than the limit given by Q~1(N,.1) < N,.

We have now to prove that whatever N p.p.’s of degree I in n variables
are taken the derived p.p.’s of degree I+41 cannot be less in number than
@u-1(N). If n =2 the N p.p.’s would have to be chosen successively in
order that the number of derived p.p.’s might be as small as possible, and
the number would then be N-+41, which is @,(N). We assume the
theorem for » variables z,, z,, ..., z, and proceed to prove it true for n+1
variables z,, 2, #3, ..., z.. Let the N p.p.’s consist of N, p.p.'s z}™°8S,,
Nes1 p.p.’s 5% Sus1, and so on, up to N, p.p.’s z}-'S,, whers S, denotes
a collection of N, p.p.’s of degree p in the n variables z,, z,, ..., z, and
N=N.+Nua+...+N, = EN,,.

The derived p.p.’s consist of

zh*18,, 2 %S, .y 2l7041S,, and 25708, ..., 27708,

where OS, denotes the collection of p.p.’s derived from S, by multiplying
S, by O or (z,, x5, ..., .,). Arranged according to powers of z, they are

Su Sa+1 Su+2 Sb
08, OSu41 ... 08,-, OS.

All these p.p.’s are to be counted, except that those which are repeated
in any pair S,1, OS, are to be counted only once. The first step in
reducing the total number of derived p.p.’s to a minimum is therefore to
choose the p.p.’s S, so that the number of p.p.’s in OS, may be a
minimum, and at the same time may coincide with the p.p.’s in S, as far
as possible. Both these conditions are fulfilled by choosing the p.p.’s S,
(p=a, ..., b) to be the first N, p.p.’sin (;, Xy, ..., z,)?, for then the number
of p.p.’sin OS, is a minimum (assuming the theorem for » variables) and equal
to @(NV,), and the greater of OS,, Sy:1 includes the less. Hence, so long as
the numbers Ny, ..., N, are fixed the least possible total number of derived
p-p.’s is the sum of the higher numbers in the b—a+2 pairs

Nu Na+1 Nu+2 s Nb 0
0 QWNo) QWar) ... QNp) QN

We have now to consider how we may change the numbers N, ..., N,



1926. ] THE THEORY OF MODULAR SYSTEMS. 545

(keeping ZN,, or N unchanged) so that the total derived number (or sum
of higher numbers in the b—a+2 pairs) may not increase at any time;
and prove that it can be brought by such a process to Q.(N). This
amounts to proving that the original N p.p.’s have at least @,(IN) derived
p.p.’s of the next higher degree.

If Nyoyw < Q71(N,), increase N,_, up to the old Q~'(N,), and diminish
N, by a like amount to give the new N,. This changes the three end
pairs; the higher of the first pair N,.), Q(Ny_o) is increased at most by
the increase in N,_y, for @ (N,-2) has not been changed; the higher of the
next pair has not been increased, for N, has been decreased and the new
@(No-1) is not greater than the old N,; and the higher of the last pair
has been decreased by at least the decrease in N,. Hence this change
does not increase the total derived number. Going downwards from N,_,,
let N, be the next number such that N, < @~'(N,4). Increase N, up to
Q@ '(N,.1) and diminish N, by a like amoun$ (or N, to zero, and then N,_,
by the remaining amount). This again does not increase the total derived
number, and leaves all the relations N, > @ '(N,41), ¢ > p, intact. Hence
we may assume that N, > Q@ '(V,41) throughout. This reduces the
system of numbers to some sort of ordering.

Take @, so that (@;+ 11> No > (@)n-1.
Then, since Q7 (Naw1) < No < (@34 1y
we have Noyi < (@i+2)u-1, Nurs < (a;+8)u-1, .... Let Nuyp be the first
of the numbers N, Ny, ..., such that Nqip < (@341
Put Neyy = (@14 Q)1+ Niyypy ¢ =0 to p—1, where Ng,, is the
number in scale 7#—2 with the same digits as N,., omitting the first
a,+q. Compare the system of pairs
Nu Na+1 Na+2 Nb : 0
0 QNo QWut) ... QWNp-) QN
with the substituted system '
(aq)n—l (a1+1)n—1 (a1+p—1)u_1 Nu.+p Na+p+l N, 0
0 (¢, +Dua ... (a1+p_1)n—l (@ +p)n-1 Q(Na+p) Q(Nb—l) Q(Nh)

in which N,., < (a;+p).1 by hypothesis. Here we have diminished
SER. 2. VOL. 26, N0, 1603, 2N
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the whole number N by N;.+N',¢+1¥|-...+Nf',+,,_1. or N', and the total
derived number by the sum of the higher numbers in the pairs

- N;; Nc:+l ven Nr:.{.p—.] 0
O Qu-Q(NE) Qn—?(Nc;-Hl—?) Q’L—-Z(N(’t+]l-l)s

that is by a number > @Q(N'), assuming the theorem for = variables.
This comes by observing that

Na+q = (a1+(I)u— 1 +N(I'.+:n Q(N(H»r/—l) = (Cl1+ Q)u—1+ Qu—‘z(N('Wq—l)’

so that the higher of the pair Ngy,, @(Nuy,-1) 1s greater than the higher
of the substituted pair (@;4¢).-1, (@;+¢).—1 by the higher of the pair
Novyy @Qu-o(Niiy-1). Note that

N'= No+...+ Nowpr <@+ Dot Har+p)u-e < (@ +pha-r.
Put
Nyt .. +N = (@ +p)ua+ @ +p+1), ...
+a,+t—1)u_1+R, 0<RB, < (@+bau,
or it is possible to have only R, on the right with 0 < R, <(a;+p)n-1.
Then, since

Na+7> < (a1+p)11—19 Q-](Nr(+',r+1) < Nal-)n seey Q_](Nh) < Nh—la

we have
Q@Narp)+ ...+ QW) = (s +p+ 1Dt @+ 1) -1+ Q (R,
Lemma III, and the total derived number of the substituted system above
{= @t a1+ QWes )+ ..+ QW)+ QN }
is equal to or greater than that of the system
@)n-1 @+Dpa .. (@+t—1a B, 0
0 (@ +Dnoy oo (Ft—1usy @+ QR

To this we add at the end the number N' << (a,4¢)._1 which was taken
away earlier; and according as R+ N'< (a;+8)u—1 or > (a;+1t)u-1 we
put B+N' = R’ or (a,+t)u-1+B', 0K R <(a,+1t),-1. In doing this
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we increase the total derived number by Q(N') at most (II, i), whereas we
decreased it in the earlier step by Q(N") at least. Finally if @, > 1 we
add on numbers (1),-1, (2).-1, ..., (@;—1)._1 at the beginning and subtract
their sum from the end, again with no increase to the total derived
number. We then have

N =Q)u-1+@uar+... +0) -1 +B, 0K R <(dy+1)u-,
= (0wt (by, b, ... 1, Where R = (by, by, ...)u1, 0y << b,
= (by, by, b3, .. )n;
and the final total derived number
= D1+ @aat... + 0+ 1)1+ Q)
= (0y+ Dt (0241, bg+1, .. )1 = QuV).

Hence the original total derived number > Q.(N). Q.E.D.

The final partitioning of N into (1)n_1, (2)u-1, ..., (0))u-1, B is such
that N,,1 = Q(N,) except for the remainder E. There is a still neater
partition such that N, =Q~'(N,.1) throughout, having the same total de-
rived number @,(N), but not having a remainder. If N = (b, b,, ..., b,).,
the last partial number is Ny, = (b;, by, ..., 0.)u-1, and the others are
Q7 YNy, ..., @ " IN,). It r =mn, the last digit b, in N,, though
irregular, becomes significant, because it does not disappear till we come
to @ "«(N,). The higher of the pair N,;1, Q(N,) is N,u1; so the
total derived number with this partition is

EN«»+Q(NM) = (bla ceey b)')1l,+(bl+1’ ten b"'+1)"‘1
= (b1+1, ceey br+1)n, = QIL(N)'

III. Special polynomial-ideals.

In this section we shall give a few results concerning some special
polynomial-ideals* and one or two particular examples.

'Ideal of rank m. An H-ideal of rank » in n variables is a point-ideal

* Some references to No. 19 of the ‘“Cambridge Tracts in Mathematics and Mathe-
matical Physics® (The algebraic theory of modular systems, Cambridge Univ. Press, 1916)
will be made under the reference letter (T).

282
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whose point is the origin (0,0, ..., 0). A non-H-ideal of rank = is
composed of a finite number of point-ideals, which may or may not have
the origin as one of its points. The conditions for the H-ideal are simply
“those already found, viz. D,y > Q(D;) with the addition that x () = 0, or
H, vanishes when ! > y (z.e. H; vanishes when [ is sufficiently great, the
lowest value of  for which this happens being denoted by y). The conditions
for the non-H-ideal are AD,,, > Q(AD) with Ax(l) =0, or x({) a constant.

To construet a non-H-ideal of rank n with any assigned D series
satisfying the necessary conditions above, take the p.p.-ideal P whose
D sevies is AD,, AD,, AD,, ..., t.e. the ideal P whose members of
any and every degree ! are the first AD; p.p.’s in (zy, &y, ..., )%, and in
every member z3'z}?... 2" of the basis of P change 2?1 =1, 2, ..., ) to
zy(z;—1)... (z;—p;+1). This will give the basis of the required non-
H-ideal. It will have precisely the same (finite) number of separate points
(@1 g2 ---» ¢,) as there are p.p.’s z{'z¥* :c1" which are not members of P.
Again, if in P we change z, %, ..., 2, to 2,+a;, 2,4y, ..., 2.+ a, we
obtain a non-H-point-ideal having the same assigned D series.

Ideal of the princepal class. This term was used by Kronecker,
though it seems to have gone out of use and no other term has replaced
it. It is not what is called a principal ideal (or ideal of rank 1 with a basis
(F) consisting of a single member) but an ideal of rank » with a basis
(I}, Fy, ..., F,) consisting of » members only. In an H-ideal (F}, I, ..., F,)
of rank » the generating function of the H series is

1—z(1—2M ... Q=21 —2)"",

where ), Iy, ..., I, are the degrees of F), Fy, ..., F,. This is proved in
(T., § 58) and was known previously.

There is no corresponding formula for a non-H-ideal unless its
equivalent H-ideal is also of the principal class. Thus the H-ideal
equivalent to (2%, my+2,7,) is (2}, =z, 73, myz,+x,x,), which is not of
the principal class.

Other H-ideals whose generating functions = H;z' can be found (and
written down like the formula above) are the p-th power (F, Fy, ..., F,)?
of an H-ideal of the principal class, and an H-ideal of rank k—p-+1 whose
basis consists of all the determinants of a matrix with % columuns and p
rows such that the differences of the degrees of the elements in any row
of the matrix are the same for every row. These ideals are perfect (T.,
3§ 50, 58, 89); and the generating function of a perfect ideal can always
be said to be known, as will be explained immediately,
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Unmized ideals and perfect ideals. An unmized ideal M of rank r
is one which includes all polynomials F as members for which a poly-
nomial ¢z, 4, ..., L) N Lpyr, ..., 7, exists such that

F¢(1’,-+1, ey xu,) = 0(1‘[)1

the variables xy, w,, ..., x, having been subjected to a general homogeneous
linear substitution beforehand. In other words an ideal 3 of rank »
is unmixed if (and only if) F¢(rrsr, ..., z.) = 0(M) always requires
F = 0(). 1If (after the preliminary substitution) we regard z,.1, ..., Tu
ag parameters and z;, z,, ..., . only as variables, ¢ may be regarded as a
constant (footnote p. 531).

Let R, R,, R,, denote polynomials in x,,,, ..., £, only, and e, (= 1),
wy, Wy, ..., P.P.’S I &y, Ty, ..., £, only. Then it is shown (T., §§ 77-80)
that any given unmixed H-ideal M of rank 7 has a system of members

(A) Ro,+Baoy+EBee+... + B0, (=u+1, n4+2, ..., ©)

to which corresponds what is called an r-dimensional inverse system

®) Ro'— 3 R

P>u

aeyt G=1,2, ... w
where B and all the I, are unique, with H.C.F. equal to 1, the number
u, and the p.p.’s o, wy, ..., w, are fixed, and w, is any p.p. other than
Wy, Wy ..., w,. The relation R e,4+Rywy+...+ R, 0, = 0(M) requires
R1=R2= ZR,L:O

The members of (A) and (B) are to include not only those which are
written but also any and every linear combination of them with multiples
of type I or ¢, deprived of any factor R, that will divide out. When (A) and
(B) are complete in this sense the number of members of (A) of degree !
which are linearly independent as regards all the letters x;, x4, ..., Z. 18
D;; and the like number for (B) will be denoted by Gi. Thus G;, unlike
Dy, is not necessarily zero when [ is negative, since the negative powers. of
£y, &g, .-, £ in 8 member of (B) may overpower the positive powers of
L1, -0 Oy LBach member of (B) is a homogeneous infinite power series
in z;, T, ..., &u; for Rojl, B 07" are of the same degree, since Rw,, I w;
in (A) are of the same degree.

The H-ideal M is said to be perfect when (and only when) B =1, a
property which is not uncommon, the most important examples being
those which have been mentioned above. Assuming M perfect, if we put
Tpy1 = ... = &, = 0 in (B) we get the system inverse to the point-ideal
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Ma,\y=..=uz,=0), (T, §80), whose H series we may denote by
1, Ay, hgy ..., hy_y (y = 0 when !> vy). There are h, members actually
written in (B) of degree —p, which will be brought to degree ! by
multiplying each of them by any and every p.p. in 44, ..., z, of degree
{+p. In this way we can get all the G members of (B) of degree I,
and they are all linearly independent in z,, w,, ..., z,. Hence G, is the
coefficient of 2! in

A4z '+ hgz= 4. A Dy 27 (L —a) ",

while H, is the coefficient of 2* in
Utz 42+ ... 4 hyaa?™) (L—2) =",

These are then the generating functions of the G and H series for a
verfect H-ideal M of rank », where 1, 2y, Iy, ..., hy_y 18 the H series of
the point-ideal M(x,41 =...= 2, = 0). In non-perfect ideals the G and H
series are to a large extent independent; ideals with the same G series
may have very different H series. In perfect ideals they are dependent ;
and the dependence can be expressed by the relation

HL_X(l) = (""1)“_1.G—l-'n+o's

as may be shown from the above.

In an H-ideal of the principal class there is a further simplification, viz.
the series 1, Xy, kg, ..., by—1 reads the same forwards and backwards,
so that Gy = H,_,4,, where y—1=(0@—D+GL—D+...4+0—1),
L, b, ..., I, being the degrees of the members of the basis of the H-ideal.
"This, of course, may oceur for other perfect H-ideals.

Since 1, Ay, ..., h,—q is the H series of an H-point-ideal the conditions
that D,, D,,.D,, ... may be the D series of some actual perfect H-ideal of
rank 7 in n variables are A"""Dyyy > Q(A""Dy) with A""H; = 0 when
1>y

We give finally & very general and fundamental formula connecting
any two H-ideals which are mutually residual with respect to an H-ideal
of the principal class. Such ideals are necessarily unmixed and of the
same rank ; but they are perfectly general unmixed ideals.

1f M is any unmixed H-ideal of rank 7, and M is the ideal (F,, F,, ..., F,),
also of rank », where Fy, Fy, ..., F, are » members of M (of degrees
L, l ..., 1), then M and its residual, M’, with respect to M are mutually
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residnal with respect to 3 ; and the following relations hold between the
terms of the ¢ and H series of M, M', M :

Gl-—y+l+Hl' = Gl,-y+1+Hl = Gz—y 1= Hh

where y—1 = (,—1)4...4+(,—1). This follows from T., §86, though it
18 not stated there. 'T'he relations determine the G and H series of M’ if
the G and H series of M are known; for H, is known, viz. H, is the
coefficient of 2’ in (1—2zh)...Q1—a™ (1 —2)"".

Notes and Examples.

It may have been observed that we have only found the conditions
which govern the terms of the D series in the two cases of the general
ideal and a perfect ideal and some special cases of the latter. We have
not found them for the general unmixed ideal, primary ideal, the ideal
with uo multiple spread, and prime ideal. Each of these cases is more
difficult to solve than the previous one, and I doubt whether the solution
can be found for any of them, since there seems to be no law governing the
discontinuities which occur. In the rather important case of an H-point-
ideal whose inverse system is a principal system, the conditions are that
the latter half of its finite H series 1, Hj, ..., H,_; is the firsi half
reversed (T, § 70), while the conditions for the first half are only those
of the general H-ideul Dyyy > @(D)).

The only method that I know of, which can be called in any sense
general, for finding the value of D, for an ideal whose basis (F,, F,, ..., F})
is given is the following :—Find its rank », which is usually known, and,
if not known, is easy to find. If (F\, F,, ..., F}) is a non-H-ideal, change
it into its equivalent H-ideal. This may be difficult, but it is an essential
preliminary for werking purposes. Then modify the basis if necessary so
that its first » members (Fy, Fy, ..., F,) shall not belong to any ideal of
rank <7. The rest of the work will be sufficiently clear by taking
an example (Ex. i).

s

Ezample (). Find D, for the H-ideal (F,, F,, Fy, F,) of rank 2 :—
F|, = vy0y— vy, Fy = 130,10, — w10, wy+ 09204,

2 2 2
Fy = upvi— 0,04 0s,  Fy = gl —u,w, w4103,
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1y, vy, w,; being linear and u,, v,, w, quadratic homogeneous polynomials in
n variables.

.The D, of (F), Fy, Fy, Fy) is the number of linearly independent
polynomials of (F,, Fy of degree I, that is the D; of (I, Fy), increased by
the number of polynomials 43F; of degree I of which no linear combina-
tion equals O(F,, F,), increased by the number of polynomials A,F, of
degree [ of which no linear combination equals O(F,, F,, Fy). To find the
first of these two increases we consider the equation

X3 Fy = O(F,, Fy)

where X;F; is to be of degree !, and X; of degree I—4. Now
Xy = 0(w,, w0,), since (F, Fy) = 0(w,, wy) and Fy 5= O(w,, wy). Also both
w, Fy and w,Fg = 0(F),, Fy). Hence it is not only necessary but
sufficient that X3 = O(w,, w,). Hence the number of lingarly independent
polynomials X; of degree {—4 is the D;_4 of (w,, wy); and the number of
the A4 (or 44Fy above) is the H;_, of (w,, w,), i.e. the coefficient of z*~* in
1—2)A—2z)(1—2z)~", or the coefficient of z! in z'(1—2)(1—2d)(1—=z)~".
It so happens that the second increase, the number of polynomials 4,, is
equally easily found in this example; for X,F, = O(F,, F,, Fy) gives
X, = 0(vy, vy), since (Fy, Fy, F3) = 0(v;, vy); so that the number of the
polynomials 4, equals that of the 4;. We can express the general result
symmetrically in the form:—the H; of (Fy, F,, ..., F}) of rank 7,
F,, F,, ..., F; being of degrees 1, b, ..., k, is H’—H{3D, — .. —HPY,,
where H” is the known H; of (F}, F,, ..., F,), and Hf‘i);,, is the H,_;, of
the ideal (X,) determined by X, F, = O(F,, Fy, ..., F,_)). In the example
(F\, F,, Fs, F,), H; is the coefficient of z! in

{l—2®)1—2%) —z!'Q—2)1—2Y)—u!(l—2)1—2) } 1—2) "

The solution would have been more difficult if the second member F, had
not been the one actually chosen, but one of the other two Fgy, F,.

Ezxample (1). Find the basis of the p.p.-ideal P corresponding to the
H-ideal (F,, F,), where Fy, &, are of degrees 2, 4 in 4 variables.

First find the last principal member z3’zs*z3* of P. The Hilbert
function (p. 586) 1s

(41— (—ay l—ag—ag+1),

= the coeﬁicient‘ of 2 in 1 —z)(1 —2aY)(1—x)~* = 8]—8,
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ve. ayl—3ay(ay—8)+a; = 81—8, so that a, = 8, ag = 12. The value of
@y (or @,) is zero as it generally is. Thus we have to go to degree 20
before obtaiuing the last member of the basis of P, viz. z3z}%.

To write down the basis of P we have to provide that the p.p.’s of P of
degree ! shall be the first D; p.p.’s of (z;, z,, 23, ,)', but we have only to
write down the principal members, that is, those members which are not
derivable from the D;,_, members of P of degree {—1. In this way we
find that the basis is

(@}, z 23, w2525, ..., T3LP).

Thus the last derived member of degree 5 is xz,z3z, (the last member of
degree 4 multiplied by z, or z,); this gives 28 derived members of degree
5, but as there should be 24 members in all, there is oune principal
member x, z; 22, the next after the last derived member z,23z,. The chief
interest of this example is that it shows the extraordinary height to which
the basis of P must ascend in general if P is to have the same D series
ns a given ideal.

Erampie (iii). As an example of the application of the formula of
p. 551 consider the H-ideal determined by a generators of the same system
on a quadric surface.

When ! is sufficiently high each generator supplies [+1 conditions for
a polynomial of degree I, independently of the conditions supplied by the
other generators, so that x () = a({41). But when [ is low enough the
conditions become those of containing the quadric surface; 2.e. H; is the
cosfficient of z* in (1—2%)(1—x)~, v.e. (14-1)* so long as this < a(l+1), or
so long as I < a—1; and is a(l+1) when ! > «. Hence the generating
function 14 H,z+ Hyz®*+ ... is

14222482224 .. . +a’z ' tala+ )z Fala+ 2z +. ..
or (142c+...+ 2z '—a—12)(1—x)"%

The degree of the least polynomial which contains the generators but
not the quadric is @, and its residual section with the quadric consists of a
generators of the other system. The residual section of a general
polynomial F,, of degree a+b (b > 0) through the a generators will be
an irredueible curve C of order a+20.

The inverse system (B) of p. 549 corresponding to the @ generators is

(B) S (a,zy4 Bz )" (y,zyt+Sx )@l a) "t G =1,2, ..., a),

JATY N
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where x, = wz,+Biz,, z, = yix,+0ixr, are the equations of the i-th
generator. These a members of (B) are all of degree zero, and quite
independent, because the generators have no points of intersection.
Hence G, = a(l4+1) when {>0 and G; =0 when 1 <0, ¢.e G, is the
coefficient of z' in @ (1—x)~% Applying the formula of p. 551, taking
M, D' to be the ideals which correspond to the generators and the curve
C, and M = (F,. F,.,), where F, is the quadric, we have

HII = FII_GI—7+1 = El_Gl—n—h
= coeflicient of 2! in (1 —z®(1—2z"*"1—z) ' —az**?(1—z)"2
= coeflicient of 2/ in (14224 ...+ 20+ '—a—12°+) (1 —2)" 2.

Similarly for G;. Thus H; = H,, and similarly G; = G;, when b =0;
this is as it should be, since M, M" are exactly alike when b = 0.

[Note added July, 1927, on the Hilbert function of a prime ideal.
There are many reasons for supposing that the Hilbert function x(I)
of a prime ideal having no point singularities (or the ‘‘postulation’ of
the corresponding irreducible non-singular ‘‘variety’ for hypersurfaces of
sufficiently high degree I) is expressible in terms of certain genera (so
called by analogy with the genus of a curve or surface). I suggest that
this formula is the following :

X(l) = (l+ l)m+}70(l)~m“1)1(l)m—1+])2(l)m-2- oo +(_ 1)"'_21»"

where m is the number of dimensions of the spread (or variety), and p,
is the arithmetic genus of the section of it, of + dimensions, made by m—1
general hyperplanes u; =ug=... =u,_;=0. Thus p, is the arith-
metic genus of the variety itself, and is further defined as follows : Pro-
ject the variety into (m+1)-space, preserving its order unchanged; it
will then have a double spread, in general of m—1 dimensions, not free
from singularities [unless the original variety is already in (m+-1)-space.
in which case it will be already projected and have no double spread. ]
T.et Y(l) be the polynomial in ! to which the D, of the double spread
becomes equal when ! is large enough [i.e. \ is the function comple-
mentary to the Hilbert function of the double spread for (m+1)-space] ;
then p. = Y@,—m—1), and p;= A" Y (py—i—1), p,=a—1 (the
order of the variety less 1). If the D; of the double spread is actnally
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equal to Y () when | = pp—m—1, the variety and all its sections are
reqular; otherwise the variety is irreqular.

The evidence so far collected for the correctness of the formula is that
it is true (i) for a principal ideal (If), the consideration of which first
suggested the formula ; (i) for an H-ideal (F;, Fs) of the principal class;
(iii) for the intersection of three quadrics, and that of four quadrics;
(iv) when py = 0, as is evident, or p; = 0; (v) when m = 1 (Noether), or
m =2 (Severi). I was not aware that Severi had proved the last case
until Professor H. F. Baker drew my attention to it. It is the only case
among the above which includes any irregular varieties. The formula
requires further testing for irregular varieties for three or more dimen-
sions. |



