
M901-2008 Assignment 7: Due Monday November 17

Instructions: Do any three of the following problems.

(1) Let F = k(α) where α is algebraic over a field k. For any intermediate field E, let fα,E(x) be the
monic irreducible polynomial for α over E. Note that fα,E is a factor in F [x] = k(α)[x] of fα,k(x).
We thus have a map E 7→ fα,E from intermediate fields to factors of fα,k. In the proof of the
Theorem of the Primitive Element, we saw that the coefficients of fα,E generate E over k, and thus
the map is injective. Show that the map need not be bijective.

(2) (a) Let F/K be a finite Galois extension of fields with Galois group G = AutKF . Let H < G and
let E = FH . Prove that AutKE = NG(H)/H.

(b) Let α ∈ C be a root of x5 − 4x + 2 and let E = Q(α). Determine AutQE.

(3) Suppose E and F are intermediate fields of of some extension field L of K, and that E/K is a finite
dimensional Galois extension. The compositum EF is defined to be E(F ) or, equivalently, F (E)
(i.e., the smallest subfield of L containing both E and F ). Prove that EF/F is Galois and that its
Galois group G(EF/F ) is isomorphic to a subgroup of G(E/K).

(4) Suppose E/k is a finite extension and S is the separable closure of k in E (i.e., all elements of E
separable over k). Prove that E/k is simple if and only if E/S is simple. (This problem is taken
from the ’93 Comp.)

(5) Let F be a field and σ an automorphism of F . Let k be the subfield of F consisting of all the
elements fixed by σ. Prove that all finite extensions of k contained in F are cyclic (i.e., Galois with
cyclic Galois group). (This problem is taken from the ’91 Comp.)

(6) Let L be the splitting field of f(x) = (x3 − 2)(x2 − 2) over K = Q. Find G(L/K) and generators
for all the intermediate fields of L/K.
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