
Math 812T, Spherical Law of Sines Activity

The law of sines planar triangles just comes down to an area formula for triangles. For spherical triangles,
the law of sines comes down to a volume formula for tetrahedra.

A planar triangle with sides a, b and c and opposite angles A, B and C has area S = bc sin(A)/2. Thus
2S/(abc) = sin(A)/a. This is true for each side and its opposite angle, so sin(A)/a = sin(B)/b = sin(C)/c,
since each ratio is just 2S/(abc). This is the planar law of sines.

We can mimic this to obtain a spherical law of sines. In the following diagram, we will eventually be
thinking of A as the center of a sphere, with points B, C and D on that sphere, but for the moment just
think of ABCD as defining any tetrahedron. Let b be the length of side AB, c the length of side AC and
d the length of side AD. Let β be the measure of the angle ∠CAD, γ the measure of the angle ∠BAD,
and δ the measure of the angle ∠BAC. Let BE be an altitude, of length h, and let ∠EFB be the dihedral
angle for planes ABD and ACD; let φ be its measure.

Step 1: Express the volume V = h(Area(4ADC))/3 of the tetrahedron in terms of angles on the tetra-
hedron and lengths of edges.

Answer: The base 4ACD has area cd sin(β)/2, and h = b sin(γ) sin(φ), so the tetrahedron has volume
V = (h/3)cd sin(β)/2 = bcd sin(β) sin(γ) sin(φ)/6.

Step 2: Use your expression from Step 1 to find an expression for sin(φ)/ sin(δ).

Answer: We have V = bcd sin(β) sin(γ) sin(φ)/6 which gives 6V/(bcd sin(β) sin(γ)) = sin(φ) so

sin(φ)
sin(δ)

=
6V

bcd sin(β) sin(γ) sin(δ)
.

Step 3: If B, C and D are on a sphere of radius 1 with center A, and if B′, C ′ and D′ are the angles of
the spherical triangle at the vertices B, C and D, whose opposite sides are β, γ and δ, explain why

sin(B′)
sin(β)

=
sin(C ′)
sin(γ)

=
sin(D′)
sin(δ)

.

This is the spherical law of sines.

Answer: The dihedral angle φ is just D′, so

sin(D′)
sin(δ)

=
sin(φ)
sin(δ)

=
6V

bcd sin(β) sin(γ) sin(δ)
=

6V
sin(β) sin(γ) sin(δ)

.

The same holds at each vertex: the sine of the angle divided by the sine of the opposite side equals
6V

sin(β) sin(γ) sin(δ) . Since the ratios all equal the same ting, they all equal each other.




