Homework 4, due Thursday, September 20, 2012

Given sets X and Y, define the product X xY to be theset X xY = {(z,y) : z € X,y € Y},
and define the projection maps 7x : X XY — X and my : X XY — Y by nx((z,y)) ==
and 7y ((x,y)) =y for all (z,y) € X x Y.

Now assume 7y is a topology on X and 7y is a topology on Y. Let Bxyy be the collection
of all subsets of X x Y of the form U x V, where U C X is open in X (i.e., U € Tx) and
V CVYisopeninY (ie., V € Ty). Let Txyy be the collection of all unions of elements of

BXXY-

Then Txy is a topology on X x Y called the product topology, and Bxy is a basis

for TXXY

Do any 4 of the 6 problems. Each problem is worth 25 points. Solutions will be graded for
correctness, clarity and style.

(1)

Consider the function f: R — R defined as

2?2 if o #1,
fle) = {0 if o = 1.
Intuitively, we know that f is not continuous. Prove it by finding a closed subset
B C R such that f~'(B) is not closed and by finding an open subset V' C R such

that f=(V) is not open

Solution: Let B = [1,4]. Then f~(B) = [-2,—1] U (1,2] is not closed since
1 e Cl(f~%(B)) but 1 ¢ f~1(B). And let V = B¢ then V is open since B is closed.
Then f~1(V) = f~YB°) = (f1(B))* = (—o00,—2) U (—1,1] U (2,00) is not open,
since (f~1(V))e = ((f~%(B))%)¢ = f~'(B) is not closed.

Let X and Y be sets, and let A C X and B C Y be subsets. Prove that (rx) " '(A) =
A XY and (my)Y(B) = X x B.

Solution: By definition, (7x) *(A4) = {(z,y) € X x Y : nx((z,y)) € A}, but
{(z,y) € X xY : mx((z, y)) e At ={(z,y) e X xY :2 € A} = Ax Y. Similarly,
(my)~1(B) = {(z,y) € X x Y :@y((2,y)) € B}, but {(z,y) € X XY : 7wy ((z,y)) €
BY={(z,y) eX XY :ye B} =X x B.

Let X and Y be topological spaces with topologies 7x and 7y, respectively. Let
X XY have the product topology. Prove that mx and my are continuous.

Solution: Let U C X be open. Then (mx) Y(U) = U x Y is in Bxxy C Txxy,
hence is open. Thus 7y is continuous. Similarly, let V' C Y be open. Then
(ry)"H(V) = X x Vis in Bxxy C Tx«xy, hence is open. Thus 7y is continuous.

Let f: X — Y be a map of topological spaces. Let By be a basis for the topology on
Y. Prove that f is continuous if and only if f~!(V) is open in X for every V € By.

Solution: If f is continuous, then f~*(V) is open for every open subset V of Y.

But every element of By is an open subset of Y, so f~!(V) is open for every V € By.
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Conversely, assume that f~!(V) is open in X for every V € By. We must show
that f~1(W) is open for every open subset W of Y. But every open subset is a union
of basis elements, so given an open subset W C Y, we have W = U,;¢;V; for some
collection V;, i € I of basis elements. Now f~Y(W) = f~Y(UierVi) = User f~1(V;), s0
W is a union of open subsets of X hence open in X itself.

For any sets A, B and C, prove that (AUB)NC = (ANC)U(BNC) (i.e., intersection
distributes over union).

Solution: Let z € (AUB)NC. Then 2 € C and v € AU B, so either x € A
orxz € B. fx € A thenz € ANC C (ANC)U (BNC) while if x € B, then
reBNCC(ANC)U(BNC).

Now assume x € (ANC)U (BNC). Then either z € ANC orxz e BNC. If
reANC,thenx e ACAUBandz € C,sox € (AUB)NC. If x € BNC, then
re€ BCAUBandzeC,sox e (AUB)NC.

For any sets A, B and C, prove that (AN B)UC = (AU C)N(BUC) (i.e., union
distributes over intersection).

Solution: Let 2 € (ANB)UC. Thenz € Corz € ANB. If v € C, then
re AUCandx € BUC,soz e (AUC)N(BUC).

Now assume z € (AUC)N(BUC). Thenz € AUC and z € BUC. If z € C,
then x € (ANB)UC. If x is not in C, then z € A (sincex € AUC) and z € B
(sincex € BUC). Thusz €e ANBC (ANnB)UC.



