Exam 1, Thursday, September 27, 2012

Do any 10 of the 14 problems. Each problem is worth 10 points. (For each True/False prob-
lem, answer T if it is true, and if it is false, answer F' and give an explicit counterexample.)

(1) True or False: Every subset of a topological space is either open or closed.
Solution: This is false. Let X be a set with at least 2 elements and give it the
indiscrete topology (so only X and & are open). If z € X, then {x} is neither open

nor closed. Alternatively, take the reals R with the standard topology. Then [0, 1)
is neither open nor closed.

(2) True or False: Let f: X — Y be a map of sets. Then f(f~1(C)) C C holds for all
subsets C' C Y.

Solution: This is true; see Problem 5 on Homework 1.

(3) True or False: If X is a topological space with the discrete topology and if | X| > 1,
then X is not connected.

Solution: True: since |X| > 1, X has two disjoint nonempty complementary
subsets U and V; for example, let U = {x} where x € X and let V' = U®. They are
both open hence they disconnect X.

(4) True or False: let X be an infinite set. The collection of finite subsets of X, together
with X and the empty set, comprises a topology on X.

Solution: False; an infinite union of finite subsets is not a finite subset, but unions
of open sets are supposed to be open.

(5) True or False: For any map f : X — Y of sets and for all subsets A, B C X, it is
true that f(AN B) = f(A)N f(B).

Solution: This is false; see Problem 4 on Homework 1.

(6) True or False: If X is a topological space, then there always is a metric on X which
gives rise to its topology.

Solution: This is false; see Problem 1 on Homework 2.

(7) True or False: If X and Y are topological spaces and if f : X — Y is a constant map
(which means that there is a point y € Y such that f(z) =y for all z € X), then f
Is continuous.

Solution: This is true; let y € Y be the point such that f(X) ={y}. HV CY is
open, then f1(V) =g ify ¢ V and f~1(V) = X if y € V. Thus the preimage of an
open set is always open.

(8) True or False: If X is a topological space, then X is both open and closed.

Solution: This is true; X is open by definition and X is closed since it’s the
complement of the empty set, which is open by definition.
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(10)
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True or False: If S is a subset of the reals R with the standard topology such that
C1(S) is connected, then S is connected.

Solution: This is false; let S = [0,1) U (1,2]. Then S is not connected but
CI(S) =[0,1] U [1,2] = [0, 2] is connected.

Consider the function f : R — R defined as

_Jax ifx#0,
f@_{l if 2= 0.

Assuming that R has the standard topology, find an open subset V' C R such that
f~Y(V) is not open.

Solution: Let V' = (0.5,1.5) (in particular, V is a small open neighborhood of
the image f(0) of the point z = 0 at which f is not continuous). Then f~1(V) =
(0.5,1.5) U {0}, but this is not open since f~'(V) does not contain an open neigh-
borhood of {0}.

Let X and Y be nonempty topological spaces such that X has the indiscrete topology
and Y has the discrete topology. Let f : X — Y be a map. If f is not constant (i.e.,
if |f(X)] > 1), prove that f: X — Y is not continuous.

Solution: Suppose that f is not constant. Thus there are two points a,b € X
with f(a) # f(b). Then {f(a)} is open but f~1({f(a)}) is neither empty nor all of
X, hence not open. Thus f is not continuous.

Let A = (0,1] € R. Find CI(A), Int(A) and Fr(A) if R has the standard topology.
You do not need to justify your answers.

Solution: We have CI(A) = [0, 1], Int(A) = (0,1) and Fr(A) = {0, 1}.

Let A = (0,1] ¢ R. Find CI(A), Int(A) and Fr(A) if R has the discrete topology.
You do not need to justify your answers.

Solution: We have CI(A) = A and Int(A) = A since A is both open and closed
(as is every subset in the discrete topology) and Fr(A) = @ (since Fr(A) = CI(A) N
Cl(A°) = AN A° = 2).

Let A= (0,1] C R. Find CI(A), Int(A) and Fr(A) if R has the indiscrete topology.
You do not need to justify your answers.

Solution: We have Cl(A) = R (since CI(A) is a closed set that contains A, but the
only closed sets are @ and R), Int(A) = & (since Int(A) is an open set contained in A
and the only open sets are @ and R), and Fr(A) = R (since Cl(A) = Int(A) U Fr(A)
by Problem 2 of Homework 3, hence here we have R = CI(A) = Int(A) U Fr(A) =
@UFr(A) =Fr(A)).



