M417 Homework 3 Solutions Spring 2004

(1) (a) For any subsets Cy,C2 C A, show that f(Cq UC2) = f(Cy) U f(C3): We must show that any
element of f(C; U Cs) is an element of f(Cy) U f(Cs), and vice versa. So let y € f(Cy U Cy).
Then y = f(x) for some x € C; UCy. If ¢ € Cy, then y € f(C1) C f(Cy UCy), and if z € Cs,
then y € f(Cy) C f(Cy UCy). This shows that f(Cy U Cy) C f(Cy) U f(Cz). To see that
f(C) U f(Cq) C f(CLUCY), let y € f(C1)U f(Cz). Then either y € f(C1) C f(C1 UCs) or
y € f(C2) C f(C1UCy). Hence y € f(C1UCh), so f(C1) U f(C2) C f(C1UCs). Since each of
f(C1) U f(Cy) and f(Cy U Cs) contains the other, we have f(Cy)U f(Cs) = f(Cy U Cy).

Here’s an alternative proof: f(Cy UCy) = {f(z) : z € C1UCy} = {f(x) : z € C1} U {f(x) : z € Ca} =
F(C) U f(Cy).

(b) For any subsets D1, Dy C B, show that f=1(D;UDy) = f~1(D1) U f~Y(Dy): if x € f~1(D; U Dy),
then f(x) € Dy U Dy, so either f(x) € Dy (and hence x € f~1(D;)), or f(z) € Dy (and hence
x € f7H(D2)). Thus x € f~Y(D1)U f~*(Da), so f~1(D1 U Dy) C f~H(D1) U f~(Dz). On
the other hand, if x € f~1(D;) U f~1(D2), then either € f~*(D;) (and hence f(x) € Dy C
Dy UDy) or x € f~1(Dy) (and hence f(z) € Dy C Dy U Ds). Thus z € f~1(D; U D3), so
YD) U f~Y(Dy) C f~Y(D1UD,). Thus each of f~1(D1)U f~1(Dg) and f~1(D; U D3) contains
the other, so f~1(D1) U f~1(Ds) = f~1(D1 U D»).

Here’s an alternative proof: f=1(D;UDy) = {z: f(x) € DyU Dy} = {z: f(z) € Di}U{z: f(x) € Dy} =
FHDY) U fTH(D2).

(2) For any subsets C,Cy C A, show that f(Cy N Ce) C f(Cy) N f(Cs). Give an example to show that
f(C1NC) = f(C1) N f(Cs) can fail: sets C; and Cy can be found to make this fail whenever f is not
injective. Say a # b, but f(a) = f(b). Take C; = {a}, Co = {b}. Then f(C1 NCs) = f(0) = 0, but
f(C1) N f(C2) = {f(a)}. To see that f(C1NC2) C f(C1) N f(C2), let y € f(C1NC2). Then y = f(z)
for some 2z € C1NCs. Since z is in both Cy and Cs, y is in both f(Cy) and f(Cs), soy € f(C1) N f(Ca),
hence f(C1NCa) C f(C1) N f(Cy).

Here’s an alternative proof: Since C1NCe C C, certainly, f(C1NCy) C f(C1). Similarly, f(C1NCy) C f(Cs),
so f(C1NCy) C f(C1) N f(Cq), as we wanted to show.

(3) For any subsets D1, Dy C B, show that f~1(D; N Dy) = f~Y(D1) N f~1(Dy): if x € f~1(D1 N Dy),
then f(z) € Dy N Dy, so f(x) is in both Dy and D, hence z is in both f=1(D;) and f~1(Ds), so
z € f~H(Dy)N f~Y(Ds), which shows f~1(D1NDy) C f~HD1)Nf~1(Dy). Tosee f~1(Dy)Nf~1(Dy) C
Y D1iNDy), let x € f~Y(Dy)N f~1(Ds). Then f(x) is in both Dy and Ds; i.e., f(z) € D1 N Da, so
x € f~H(DiNDy). Thus f~H(D1)Nf~H(D2) C f~1(D1NDs), hence f~H(DiND2) = f~1(D1)Nf~(D2).

Here’s an alternative proof: f=1(D; N Dy) = {x: f(x) € D1 N Do} ={z: f(z) € D1} N{z: f(z) € Dy} =
fHDY) N fH(Da).

(4) Show that C' C f~1(f(C)) for every subset C C A, and that equality always holds if and only if f is
injective: let z € C. Then y = f(z) € f(C), so z € f~1(f(C)), hence C C f~1(f(C)).

Now we show that C' = f=1(f(C)) for every subset C C A if and only if f is injective: If f is not
injective, then we can find a # b where f(a) = f(b), hence {a,b} C f~1(f({a})), so C = f71(f(C)) fails for
C = {a}. This shows that if C = f~!(f(C)) always holds, then f is injective. Conversely, if f is injective,
let z € f~1(f(C)). Then f(z) € f(C), so f(x) = f(a) for some a € C. Hence x = a € C, which means
F71H(f(C)) c C. We already know that C C f=1(f(C)), so this means C' = f~1(f(C)).

(5) Show that f(f~1(D)) C D for every subset D C B, and that equahty always holds if and only if f is
surJectlve let y € f(f~Y(D)). Then y = f(x) for some x € f~1(D), so y = f(x) € D, which shows that

f(f~H(D)) c D.

Now we show that f(f~1(D)) = D for every subset D C B if and only if f is surjective: If f is not
surjective, then there is ay € B—f(A). Taking D = {y}, we see that f (D) = 0, hence f(f~1(D)) = 0 # D.
This shows that if f(f~1(D)) = D always holds, then f must be surjective. Now suppose f is surjective.
Let y € D. Surjectivity guarantees y = f(x) for some x, hence x € f~1(D), soy = f(z) € f(f~*(D)), which
shows that D C f(f~1(D)), and hence f(f~1(D)) = D.



