Solution Keys

Note: The homework you turn in must contain each
problem statement in its entirety and followed by its
solution, as demonstrated in the first problem below.
Others below are sketches, outlines, or hints for solu-
tions.

[#1.3] Prove 13+ 23 + ...+ n3 = (1+2+---+n)?
for all natural numbers n.

Proof: Notice first that 1 +2+---+n = % So
we only need to show 12 +23 + ... +n3 = ”2(14“)2.

By induction, we have 13 = forn =1. So
the identity holds for n = 1. Assume it holds for n.
Now consider the case for n + 1. By the induction
assumption, we have 13 +23 + ... +n3 + (n+1)3 =
2 2 2
RS 4 (1) = (n+ D25 (0t D] = (nt
1)2 n’+dn+4 _ (n+1)?(n+2)?
1 1

12(1+1)2
1

, which is the case for n +
1. This completes the proof. [J

[#1.4 (a) Let S, =14+34+5+---+(2n—1). Then
S1 = 1,8 = 4,53 = 9, suggesting S, = n?. (b)
Assume S, = n® Then S(,41) =S, +2(n+1)—1=
n? 4+ 2n + 1 by the assumption and simplification,
which equals (n + 1)? by complete squaring. Hence,
by induction we have shown that S, = n? for all
n € N.

[#1.6 *] Modelled after Example 2 page 3.
[#1.12%] (a) Notice first that for all n € N,

n | . n _ ! _

0 > = Gmooy = L n | = A=y = b
nl=nn—-1)---2-1=nn—!=n(n-1)(n-2),

n _ n! _ n _ n! _ n(n-1)

1) T T—1 =™\ 9 ) = 2@ma2r = 2 -

With those identities, you can check the cases for
n = 1,2,3 directly. Also, notice that there are
n + 1 terms in the binomial expansion (a + b)™. (b)

n n _ n! n! B
)T el ) T Aeen T DGy P

cause k! = k(k—1)l,(n—(k=1))!=(n+1-k) =
(n+1—k)(n —k)!, the common denominator is
E(k — D!n+1—k)(n — k)! = klln +1— k)l

(i)

nl[(n+1—k)+k]

Simplify the addition then as follows:

(1)

n!(n+1—k)+nlk

El(n+1—Fk)! Enti—k)!
n4)  _ _(nyip  _ [ n+l ~
k!?nflfk)! = k!(;«klfk)! = ( k ) (c) Use in-
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duction. More precisely, the expansion for n = 1
trivially. Assume the expansion for n. Then consider
the case for n + 1: (a + b)"*! = (a +b)"(a + b) =

[<3>an+(?)an1b+...<z>bn] (a +b),

by the assumption. Expand further, collect like terms
a1, a"b,...,a*b" F p»*t1. You will find with ex-
ceptions for the 1st and last terms, the coefficient for

S G

for k =1,2,...,n. For a™t! "1, their coefficients

remaintobe(ﬁ)ZW%ﬁ:(ngl):

ny\ _  a ([ n+l\
13< n > — 0l(n—0)! — n+1 =1L

[#2.2, 2.4, 2.5] They are all similar. Follow Exam-
ples 2-6 of §2.

[#3.3]
(—a)(=b) = (=a)(=b) + 0 (by A3)
= (—a)(=b) + (ab+ (—ab)) (A4)
= [(—a)(=b) + (—ab)] + ab (A2, A1)
= [(—a)(=b) + (—a)b)] + ab (Thm 3.1(iii))
= (—a)[(=b) +b)] + ab (DL)
= (—a)0+ ab = ab (A4, A3)

[#3.5] (a) First it is obvious that —|b] < b < ||
because either |b| = b or |b| = —b which implies for
the former case that |b] = b > 0 > —|b| and that
—|b] = b < 0 < |b| for the latter case. Therefore,
together with |b| < a it implies —a < —[b| < b < |b] <
a as required. Conversely, if —a < b < a, then we
must have |b| = b < a if b > 0 using the right part of
the inequality b < a, or |b| = —b < a if b < 0 using the
left part of the inequality —a < b= —b < a. (b) By
(a) we only need to show —|a—b| < |a| —[b] < |a—b].
For the right part, we have |a| = |a—b+b| < |a—b|+|b]
by the triangle inequality. Hence, |a| — |b] < |a — b].
This is true for all a,b. Exchanging a,b, we have
[b| — |a| < |b—a| =|— (b—a)| = |a — b|] which is the
same as —|a — b| < |a| — |b|, showing the left part of
the inequality.

[#3.6] (a) [a+b+c|=la+ (b+c)| <|a|+ b+ <
la| + |b| + ||, using the triangle inequality twice in a
roll. (b) Follow the hint.
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[#3.7*] (a) Same as 3.5(a) changing < to < in the
argument. Alternatively, it is a special case of 3.5(a).
More precisely, for |b| < a, we cannot have b = a
if b > 0 nor b = —a since —a < —|b| = b. Thus,
|b| < aiff —a <b<awithb#a,—aiff —a <b<a.
(b) By (a), la—bl < c <= —c<a—-b < ¢c =
b—c < a<b+ec (c) Same as (b), changing <
to < in the argument. Alternative, consider the two
cases |a — b|] < ¢ and |a — b| = ¢ separately. For the
former, l[a — b < ¢ = b—c < a < b+ c by (b),
= b—c<a<b+c Conversely, |a—b| < ¢ implies
a — b # ¢,—c, which together with b —c<a <b+c
implies b—c< a<b+4+c¢= |a—b| <cby (b). For
the latter case that |a —b| = ¢, either a—b = ¢ or —c¢,
implying a = b+c or b—c¢, implying b—c < a < b+c.
Conversely, b—c<a<b4+c= —c<a—-b<ec
Together with the case definition |a — b| = ¢ we have
the trivial conclusion |a — b| < c.

[#3.8*%] Assume instead that a > b. Then b <
27Ya +b) < a because 2b = b(1+1) = b+b <
a+b<a+a=2a Letb =21(a+b) >b Then
by the hypothesis we have a < by = 271(a +b) —
2a =2-27Ya+b) =a+b— a < b, contradicting
the assumption that a > b.

[#4.5] Since s <m =supSforall s € Sandme S,
therefore by definition m = max .S.

[#4.6] (a) Since S # 0, Isp € S s.t. Inf S < 59 <
supS. (b) S must be a one-point set S = {a} for
some a € R.

[#4.7*] (a) Vs € S C T, inf T < s by a part of the
definition of inf T". This implies inf T is a lower bound
of §. By inf S, we must have inf 7" < inf .S. You then
show similarly that sup S < supT. The part inf .S <
sup S is from #4.6. (b) Since S, T C SUT, by (a),
sup S,supT < sup(SUT) and max{sup S,supT'} <
sup(S UT). One the other hand, Va € SsupT, ei-
ther a¢ € S or a € T, which implies either a <
supS or a < supT <= a < max{supS,supT}.
Therefore, max{sup S,sup7'} is an upper bound of
SUT. Because sup(SUT) is the least upper bound,
sup(SUT) < max{sup S,supT'}. Together the estab-
lished inequality max{sup S,supT} < sup(SUT) we
have the equality max{sup S,sup T} = sup(SUT).
[#4.10*%] By Archimedean Property, 3k € N s.t.
ka > 1 since a > 0,1 > 0. Thus a > % since
k > 0. Use the property for same pair 1,a, Im €
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Z

= m = m-1 > a. Let n = maxk,m, then
% < % <a<m<n.

[#4.11] Tt suffices to show there is an infinite se-
quence a < ay < ag < +++ < @y -+ < b with a, € Q.
Construct the sequence by induction. By the dense-
ness of Q, da; € Q = a < a1 < b. Assuming a,, is
constructed such that a < a1 < as < ...a, <, then
applying the same denseness property to the pair
an, < b to have some a,4+1 € Q with a, < ap41 <.
This completes the proof.

[#4.12] By the denseness property of Q in R, we
have for this pair a — V2 < b—+/2 a rational r € Q
such that a—v2 < r < b—\/§, whichis a < r+v2 <
b. Since 7 € Q,v2 € I, we must « = r + v/2I for
otherwise V2 =z —r € Q would be a contradiction.
[#4.16*] By the way set A :== {r € Q : r < a} is
defined, we concluded right away that a is an upper
bound of A: sup A < a. If a # sup A4, then we must
have sup A < a. By the denseness property of Q,
there is a r € Q such that sup A < r < a. By defi-
nition of A, this r € A contradicting the implication
that a < sup A.

[#5.2]

[#5.4%] Consider 2 cases separately. Case of m =
infS > —oo. Then Vs € S, m < s which im-
plies —s < —m. Thus —m is an upper bound
for —S. Moreover, if A is an upper bound of —S:
—s < AVs € S, then —A < sVs € S is an lower
bound of S, and —A < m = inf S follows. Thus
—m < A, and —m = sup(—S) by definition and
infS = m = —(—m) = —(sup(—S)) follows. For
the remaining case that inf S = —oo that S is not
bounded below, then —S cannot be bounded above
because M is an upper bound of —S iff —M is
a lower bound of S. Hence sup(—S) = oo, and
inf § = —o0 = —sup(—S9).

[#5.5] The argument is identical to 4.6(a).

[#7.2]

[#7.4%] (a) vV2/n — 0. (b) (1 +1/n)" — e. t,11 =
(t2 +2)/(2tn),t1 = 1. Then 1 < ¢, < 2, and ¢,
increasing. limt, =t exists, and t = /2.

[#8.2a,c] (a) Ve >01let N =1/e. Thenn > N =
lan —0| = an, =n/(n>+1) <n/n?>=1/n<1/N =e.
[#8.4] By assumption, Ve > 0,IN > 0 st. n >
N = |sp] < ¢/M,=> |sptn| = |snlltn] <
(e/M)M = € since [t,| < M for all n.
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[#8.8(a)*] (This is another example for how YOUR
hand-in homework should look like for this problem:
State the problem, followed by a formal declaration
“Proof” or “Solution” whichever applies.)

Prove the limit lim(vn? + 1 —n) = 0.

Proof: Ve > 0, let N = 1/e. Then for n > N we
have [vn?+1—-n—-0=vn2+1—-n=(vVn2+1-
n) - (Vg +l+n)/(Vi+rl+n) = (Vi2+ 1 —
n2)/(Vn2+1+n) = 1/(WVn2+1+n) < 1/n <
1/N = e. This proves lim(v/n? +1—n) = 0 by defi-
nition. [J

[#9.2b] By Theorems 9.2 and 9.3, lim(3y,, — x,) =
lim(3y, +(—1)x,) = 3-74+(—1)-3 = 18. By Theorem
9.6, im(3y, — @ /yn = 18/7.

[#9.4] (b) s1 = 1,8,41 = V/sp + 1. Assume lims,, =
s exists. Than lims,+; = lims, = s. By Example 5
of § and Theorem 9.3, s = lim s,,41 = lim/s,, + 1 =
Vlims, +1 = /s+ 1. Solving s we get s = (1 +
v/5)/2.

[#9.6a,b] (a) Plug in the “limit” to get a = 3a® =
a =0ora=1/3. (b) The limit does not exits be-
cause z, > 3"~ — oo by induction.

[#9.8]

[#9.10*] (a) By assumption, VM > 0,3N, s.t. n >
N = s, > M/k > 0 since k > 0 is a constant.
Therefore ks, > k(M/k) = M for all n > N,
showing ks, — oo by definition. (b) (=) VM <
0, AN, s.t.n > N = s, > —M since lim s,, = 4-0c0.
Hence we have —s,, < M showing lim(—s) = —oo by
definition. Similar argument applies to (<=). Also
for (c).

[#9.12%] (a) Let g = (1—L)/2 >0as L < 1. By as-
sumption 3Ny > 0 such that VYn > Ny, ||snt1|/|sn| —
L| < € <= L —¢ < |Sn+1|/|8n| < L+e¢ =
(14+L)/2. Let a = (1+L)/2. Then L < a < 1,
and |sn41|/Isn| < a for n > Ny. Repeatedly us-
ing this inequality for n,n — 1,...,n — (n — Ng) =
No >> Ny, we have |s,| < a|sn—1| < ala|sn—2|) <
s < a0 s, gy | = a0 sy, | Because Ny
is fixed and a™ — 0 as n — oo since 0 < a < 1, we
have Ve > 0,3IN s.t. n > N = a" < ea’*/|sy,| =
|s,| < a®Nolsn,| < e. (b) Let t, = 1/|s,|. Then
tnt1/tn = 1/(Snt1/8n) — 1/L < 1. By (a) limt, =
0 which is equivalent to s,, — oo by Theorem 9.10.
[#9.14] Follow the hints.
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[#9.16] Follow the instruction.
[#10.6*] (a) Ve > 0,let N = — 2 thenn > m > N
implies

|5n - 8m| = |sn — S8p—1+tSp—1—Sp—2+ - — Sm+1 + Sm+1 — 3m|

< |5n - 3n71| + |5n71 - 8ﬂ72| + -+ |3m+1 - 3m|

<277 == gy g (mAl) g
o l—27mm)

1—2-1
<2 m=D <9=N — ¢

(b) No. Conterexample: s, = > ,_,1/k — oo as
n — o0 hence, it cannot be Cauchy for every Cauchy
sequence must be bounded. However s,11 — s, =
1/(n+1) < 1/n satisfied.

[#10.10%*] (a, b) are straightforward. (c) Assume
(8n) is not nonincreasing, then there is an n such
that s,e1 > sp <= (s +1)/3 > s, <= s, <
1/2 contradicting s, > 1/2 for all n. (d) Since (s,)
nonincreasing and bounded below by 1/2; lims,, =
so € R exists. Using a limit theorem on s,41 =
(s, +1)/3 we have sg = lim s, = lim(s,, +1)/3 =
(lims, +1)/3=(s0+1)/3 < so = 1/2.

[#11.8%] (a) Let Sy = {s, : n > N}. Then by
Ex.5.4, inf{s, : n > N} = —sup(—{s, : n > N}) =
—sup{—sy, : n > N}. Taking limit in NV — oo, then
by definition and a limit theorem we have liminf s,, =
limy oo inf{s, : n > N} = limy_oo(—sup{—s, :
n > N}) = —limy_sup{—s, : n > N} =
—limsup(—s,). (b) Obviously (—t;) is monotone
iff (¢x) is monotone. Then by a limit theorem
and (a) we have limy_oo(—tx) = —limp_ooty =
—(limsup(—s,)) = liminf s,

[#11.10%] (a) S = {1/n : n € N} U {0}. In fact,
the nth column subsequence converges to 1/n, and
every row subsequence converges to 0. So S D {1/n:
n € N} U {0}. Moreover, for any number a ¢ S,
there is a small eg > 0 such that the interval (a —
€0,a + €9) contains no points of the sequence (sy),
and therefore a cannot be a subsequential limit of
(sn), and S = {1/n : n € N} U {0} follows. (b) By
inspection, limsup s, = 1 = sup S,liminfs, = 0 =
inf S.

[#12.2] Since 0 < liminf|s,| < limsup|s,| for
any sequence, then limsup|s,| = 0 iff iminf |s,| =
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limsup |s,| = 0 iff lim|s,| = 0 iff lim s,, = 0.
[#12.4] Follow the hint.

[#12.6] Follow the hint.

[#12.8%] Because every sequence has a subsequence
converging to its limsup (Rmk: state known results
rather than theorem, corollary, or lemma numbers
from text, such as Corollary 11.4 in this case. Fol-
low this convention when you take exams), there is
a subsequence 1, = Sy, t,, of the product sequence
Tn i= Spty such that limy_,oo sy, tn, = limsup s,t,.
(This does not imply s,, or t,, convergent!). Be-
cause every bounded sequence has a converging sub-
sequence, and (s,,), (t,), hence (s, ), (t,, ) automat-
ically, are bounded, (s, ) has a converging subse-
quence (sy, ) to s € R (This does not imply (¢, )
converges). By the same result, (tnkl) has a converg-
ing subsequence (t,,, )tot € R. Now we have found

m

convergent subsequences (tn, ), (sn,, ). Because
- -

all subsequences of a convergent sequence converge

to the same limit, we have

lim s,, t

. = lim sy, t,, =limsup syt,.
m—00 m k:

nkl
m — 00

On the other hand, by the limit product theorem we
have

lim s,, t

. = lim Sn,
m—00 m

m—00

lim ¢,

Tk !
m m Mm— o0 m

< limsup s, limsupt,,.

The last inequality holds because lim sup of every se-
quence is the least upper bound of all the sequential
limits of the sequence, and the fact that both s,,t,
are nonnegative.

A simpler, alternative proof by Kirsty: For any
n > N we have Sy = sup{s, : n > N} > s, >
0,7y = sup{t, : n > N} > t, > 0 = sut, <
SNTNy = sup{spt, : n > N} < SyTxn. By defi-
nition of limsup and the product limit theorem, we
have

limsup s,t, = lim {spt,:n > N}
N—oo
S lim SNTN = lim SN lim TN
N—oo N—oo N—oo
= limsup s, limsup ¢,,. 0

[#12.12%*] Following the hint, we have for any n >
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M > N,
51+"'+3n 81++SN SN+1+"'+sn
Op = — +
n n n
- N
§51+ +SN—|—n sup{s, : n > N}
M
(for s, > 0,n > M)
51+..._|_5N

7 +sup{s,:n >N}

(for =N < 1,n > N and s,, > 0)

n

(1)
Since it holds for all n > M, it holds for sup{o, :
n> M}

sl_l’_...SN
nn>Mp < ——F
sup{o, : n < 7

By definition and the fact that limits pre-
serve inequality relations we have limsupo, =
limyr— oo sup{o, : n > M} < limMHOO[Sl"'#sN +
sup{s, n > N} = sup{s, n > N}
Since this inequality holds for all N limsupo, <
lmy_ o sup{s, : n > N} = limsups,, follows. To
show liminf s, < liminfo,, we argue similarly as in

(7?) above as follows:

+ sup{s, : n > N}

51+...5n 51+...+SN SN+1+"'+57L
(j’n: = +

n n n

- N
inf{s, : n > N}(for s, > 0)

Y

N
I—Einf{sn:n>N}
N .
>1—M1nf{sn:n>N} (for s, > 0,n > M)

Taking the limits in the order of M — oo first and
N — oo afterwards gives rise to the required result.
[#14.4] (a) Use Comparison Test. 1/[n+ (—1)"]* <
1/(n—=1)* and Y02 ,1/(n—1)* = 32 1/n? con-
verges. (b) The partial sum s, = (V2 — V1) +
(VB=V2)+- -+ (Vn—vVn-1+(n+1-yn)=
vn+1—1 — oo. Diverges. (c) By Ratio Test,
|ant1/an] =1/(1+1/n)" — 1/e < 1 = converges.
[#14.6] Let B be an upper bound of (|b,|): |b,| <
BVn. By Cauchy criterion and the assumption that
> lan] < oo, we have Ve > 0,3N st. Vm > n >
N = Y0, 1 lak] < €/B. Hence Y )" .\ |agby| <
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B, 11 lax| < Be/B = e. This proves by Cauchy
criterion that > a,b, converges absolutely.

[#14.8] Use this inequality: (a+b)? = a®+2ab+b? >
ab and the Comparison Test.

[#14.12%*] Since every sequence has a converging
subsequence to its liminf, we have in this case a subse-
quence a,, such that |a,,| — liminf |a,| = 0. Thus,
w.lo.g., we assume |a,| — 0 as n — oco. We next
construct a subsequence a,, such that |a,,| < k%
(without specifying, it implies automatically that
n < ng < - < mng < ---.) We do this by in-
duction using the assumption that a, — 0. By def-
inition, for ¢ = 1/12 = 1, 3N st. n > N =
lan| = lan — 0] < € = 1/1%2. Define ny = N + 1.
Assume a,,,i = 1,2,...,k are found. Then to
construct ay,,,, we use again the assumption that
a, — 0. To this end, let ¢ = 1/(k + 1)2. Then
N st. n > N = |a,| < e = 1/(k + 1) Define
g1 = max{N + 1,ng + 1} then we have ni11 > ny
and |an, .| < 1/(k + 1)? as required. Hence by in-
duction (a,,) can be constructed with |a,, | < 1/k%.
Since > k% < oo converges, by the Comparison Test,
Y peq an, converges absolutely, and itself converges
as well.

[#14.14%] Let s,, be the nth partial sum of this series
Sa, = %Jr i + i + ---. Then s, is a monotone
increasing sequence. Notice that there are exactly

2F=1 terms of the form 2;” all together there are 1+

2422 4...281 = 28 _ 1 terms for all the terms
having the form 2—11 with i = 1,2,..., k. Hence the
(2% — 1)st partial sum is
k 27 1
o N e
i=1 j=1

Hence sor_q = k:/2 — 00, and s, — oo follows. It
is obvious that a,, < and then by the Comparison
Test we conclude that Z diverges as well.
[#15.4%*] (a) Either by Compamon/Integral or Com-
parison Test. By Comparison/Integral Test, we start
. . i 1 _ 1 .
off by noticing Tilosn 2 mlogn” fz) = TTogz IS
monotone decreasing for z > 2 Yoo e 2
——dz = logloguz.

[y sji=dr = oo because [ ——

g T x ogac
Therefore by Integral Test, Z
and by Comparison Test

1
e Q—MOgn diverges,
\/ﬁlogn = nlogn = oo di-
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verges as well. By Comparison Test alome7 we notice
logn < y/n for n > 1, and flogn > % Since Z%
diverges, > m diverges. (b) Either by Compar-

ison or Integral Test. Use Comparison Test we have
10% > % for n > 3 (assuming log the natural log-
arithmic, or n > 10 if the base 10 logarithmic) and
the divergence follows from the divergence of Y 1.

Use Integral Test, we check first that f(x) = 10%
is monotone decreasing which is the case for x 2 3

since f’( ) = 21282 < 0. Because [;° %5Zdx

(log g \°° = 00, the series Y IOTgL L dlverges as well.
(c) Use Integral Test on f(x) = m (d)
Use Integral Test or Comparison Test. By Integral
Test, we use f(z) = 1‘;# which is monotone de-
creasing since f'(x) =

171#<0forx22. Also

_logz _ 1

fl‘;#dx = —k’% + [ Lde = —=£ = using in-
tegration by parts. Hence f2 k;gfd = 1+12°g 2 con-
verges. By Integral Test, the series converges. Use

Comparison Test, we note that logn < n? for any
fixed 0 < ¢ < 1 and sufficiently large n > N. So
% < Z—g:—vvlthpr q>1. Smer—con—
verges for any p > 1, we conclude by the Comparison
Test that ) =% logn Z < 00 converges.

[#15.6%] (a) a, = 1/n. (b) D a, < 4+00,a, > 0
implies a2 < a,, for all large n since a,, — 0. Com-
parison Test. (¢) a, = (—1)"1/y/n.

[#17.13%] (a) For any x € R and n € N, there is
a rational r, € Q such that z < r, < z 4+ 1/n
by the Archimedean Property. Hence the ratio-
nal number sequence r, — x. Also the irrational
number sequence t, = 1, + \/§/n — x. There-
fore either lim f(r,) = 1 # f(z) if z € R—-Q or
lim f(t,) = 0 # f(z) if z € Q. f is not continuous
in both cases. (b) Similar to (a) when z # 0. For
x = 0, we always have |h(z) — h(0)| = |h(z)| < |z| to
which € — 0 argument can be easily fashioned.

[#17.14%] If z € Q, construct an irrational sequence
tn, € R — Q in the same way as in #17.13 above so
that t, — z and lim f(¢,) = 0 # f(x) = 1/q if
x#0. Ifz e R-Q, f() = 0 and we claim for
every sequence &, — x, lim f(z,) — 0. Otherwise,
there is a sequence z, — 0 but f(z,) - 0, and
w.l.o.g we assume | f(x,,)| > ¢ > 0 for some constant
€o- This implies then that z, € Q and f(z,) =
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1/¢n > €o, which in turn implies 0 < g, < A = 1/¢o.
Since convergent sequences are bounded, |p,/qn| =
|z,| < B for some constant B. Hence |p,| < Blg,| <
BA. Therefore there are only finitely many parings
of pn,qn for |p,| < BA,0 < ¢, < A. Therefore the
sequence x, can only take on finitely many values.
Since sequence (x,) converges, x, must take on a
fixed number for all large n and that fixed number
is on of the rationals: p,/q, with |p,| < BA and
0 < g, < A. This contradicts to the fact that x,,
converges to an irrational number.

[#17.17%] Tt is obvious that the condition is neces-
sary since it is a special case of the definition that
Tn — xo implies f(xz,) — f(xo). Conversely, as-
sume the contrary that there is a sequence z,, — xg
with z, € dom(f) but lim f(z,) - f(xo). Then
Jep > 0 so that VN, 3In > N with |f(x,) — f(zo)] >
€g. That is a subsequence can be found so that
|f(zn) — f(xo)| > €. Therefore w.olg, we as-
sume z,, is such a subsequence. Then we concluded
right away that z,, # zo but x,, — xg nonetheless.
This contradicts the assumption that we must have
f(zn) — f(zg) whenever x,, — z and x,, # x( for
all n.

[#18.4%] f(z) = 1/(z — xo).

[#18.5%] (a) Let h = f — g. Then h is continuous
as both f and g are continuous. Also h(a) = f(a) —
g(a) <0 and h(b) = f(b) — g(b) > 0 by assumption.
Then by the Intermediate Value Theorem h(zg) = 0
for some xg € [a,b], implying f(zo) = g(zo) as re-
quired. (b) Let g(z) = z. Then f(0) > 0 = ¢(0) and
f(1) <1 =g(1) by the assumption that f maps [0, 1]
into [0,1]. Hence the conditions of (a) are satisfied
for the given functions f, ¢ and [a,b] = [0, 1].
[#18.10%] Let g(z) = f(z + 1) — f(z),z € [0,1].
Then ¢ is continuous in [0,1] as f is continuous in
0,2]. Also, g(0) = £(1) — £(0), 4(1) = £(2) — £(1) =
f(0) — f(1) by the assumption that f(2) = f(0).
Therefore g(0) = —(f(1) — f(0)) = —g(1), implying
either g(0) = g(1) = 0 or ¢g(0) and g(1) have op-
posite signs. In the latter case there exists a number
xo € [0, 1] such that g(z¢) = 0 by IVT. In either cases
the same result holds. Therefore with yo = xzg + 1
f(yo) = f(xo) follows.

[#19.2%] (c) Only. Ve > 0, let § = ¢/4 s.t. |z —y| <
5.2,y > 1/2 implies | f(z)— f(y) = |2 - 1| = | 22| <
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|| =4z —yl <45 =e

[#19.7*] (a) Note first that the continuity of f on
[0, 00) implies the continuity of f on any subset, in-
cluding [0,k + 1]. Since [0,k + 1] is bounded and
closed interval of R f is uniformly continuous on
[0,k + 1]. We now show that f is uniformly con-
tinuous on [0, 00) by definition. Ve > 0, 36; > 0 s.t.
5 — gl < 81,2,y € [k, 00) implies |£(z) — f(5)] < ¢
by the assumption that f is uniformly continuous on
[k, 00). Since f is uniformly continuous on [0, k + 1],
102 > 0 s.t. |z —y| < d2,2,y € [0,k + 1] implies
|f(z) — f(y)] < e. Let § = min{1,d1,0d2}, we claim
that |[x—y| < §,z,y € [0, 00) implies |f(z)— f(y)| < e.
To this end all we need to show is that the condition
|z —y| < 0, z,y € [0,00) implies either z,y € [0, k+1]
or x,y € [k,00). Suppose z,y € [0,k + 1] does not
hold. Then either both x,y > k+ 1 > k or one of
2,y is in [0,k 4+ 1] while the other is not. In the
former case we have z,y € [k,00). In the latter
case, suppose w.o.l.g that * < k+ 1 < y. Then
the condition that |z — y| < § < 1 implies that
r=y—(y—z)2y—ly—x|>y-i>k+1-1=k
That is, k < x < y and z,y € [k, 00) holds as well.
(b) Obviously f(z) = +/x is continuous in [0, c0).
Because f'(z) = %ﬁ < % for x > 1, hence f is uni-
formly continuous on [1,
continuous in [0, c0).

[#19.9%] (a) f(z) = asin(2) for z # 0 and f(0) =0
is continuous on R. This follows from the product
and composition rules for continuous functions when
x # 0 and the estimate |f(x) — f(0)] < |z| at the
point 0. (b) Let S be any bounded subset of R. Then
a = inf S and b = sup S are all finite numbers. There-
fore f is uniformly continuous in the bounded, closed
interval [a,b] since f is continuous there. Hence f
is uniformly continuous on any subset of [a, b] which
includes S. (c) Because f’(x) = sin(%) — L cos(2) for
x # 0 we have | f'(x)| < 141 = 2 for |z| > 1. Hence f
is uniformly continuous in (—oo, —1] and [1,00). Be-
cause f is also uniformly continuous in, say [—2,2],
the exactly same argument for #19.7(a) can be used
to show f is uniformly continuous in R.

1
2
). By (a) f is uniformly

[Notes Supplement On Riemann Integral] Let
U({x:}) = > supy, fAz; be the upper sum of any
partition @ = 29 < 1 < -+ < T, = bAx; =
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We claim
Ar =

X — xi—1,t = 1,2,...,n,1; = [2,-1, 2]
that lima,—oU({z;}) = ¢ exists where
max{Az;,i=1,2,...,n}.

Since f is continuous in [a, b], 3%; € [z;-1, ;] such
that f(Z;) = supy, f. Since f is uniformly continuous
in [a,b], then Ve > 0, 30 > 0 s.t. |z —y| < d,z,y €
[a,b] mplies [ f(z) — ()] < e

We now proceed to prove the claim by first devel-
oping a background result. A partition a = yo <
y1 < ...Ym = b is said to be a refinement of a given
partition a = zo < 21 < -+ < xp, = b if {x;} is just
a subset of {y;}, i.e.,, ; = y;, for some j; and for
alli=0,1,2,...,n. Then the difference between the
corresponding upper sums U ({z;}) —U({y;}) has the
following properties.

Either a subinterval [x;_1,z;] contains no refine-
ment points y; with z; = y;, for some j; and z;_; =
Yji—1- In this case the corresponding summands
supy, fAz; and sup 7, fAy;, are identical and cancel
out each other in theqdlfference U{z:}) —U{y;}).

Or a subinterval [z;_1,%;] contains some refine-
ment points z;—1 = y; < Yj41 < -+ < Yj4r = T; for
some k > 1. In this case the summand sup;, fAx;
corresponds to the subsum Zle supy ., fAy 4 with
Ji+1 = [Yj+i—1,Yj+1]. Breaking up [z;_1,z;] accord-
ing to its refinement x;_1 = y; < yj41 < - <
Yj+k = i, the corresponding difference in absolute

value |sup;, fAz; — Zle supy, ., fAy;4i| becomes

k k
[ (sup f = sup ))Ays| < 3 eByp < eda
=1

Ji+i 1=1

if Ax; = x; — x;_1 < 6 by the uniformly continuity
since supy, f = f(;) and sup, , f = f(yj4+:) with
Ti,Yj+1 € [xz laxz] - |xz - y]-i-l‘ Sz — T <
0. Hence the upper sum difference in absolute value
|U({x;}) —U({y,})| on a whole is bounded above by
e> r, Az; = €(b— a) for any refinement of partition
{z;} and Az <.

We are now ready to prove the claim
limaz o U({zi}) = ¢ As we did in class we
first show that the sequence U,, = U({x;}) in regular
partition z; = a+iAz, Ax = (b—a)/n has alimit. We
do this by showing that {U,} is a Cauchy sequence.
In fact, for (b—a)/N < §or N > (b—a)/é and any
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m,n > N, the partition for U,,, is a refinement for
both partitions of U,, and U, because the partition
points of U, satisfy xz; = a + ib% = a-+ Zmb a
which is a partition point of U,,, for each ¢ and
similarly for U,,. By what we have just proved
above, |U, — Upnl = Uy — Unn + U — Un| <
U, — Upn| + [Unn — Un| < 2e(b — a) since
Az = (b—a)/n for U, and Az = (b —a)/m for Uy,
are both less than (b —a)/N < 6 for m,n > N. This
shows U, is Cauchy and lim U,, = ¢ follows.

Finally we prove lima,_o U({z;}) = ¢ for all par-
tition. Assume on the contrary that it is false, then
a sequence of upper Riemann sums U({z¥}),k =
1,2,... can be found such that |U({z¥}) — /|
o for some fixed number €y even though Az* =
max{Az¥ i = 1,2,...n5} — 0 as k — 0. Because
U, — ¢, we have Ny > 0 such n > Ny implies
|U, —£| < €0/2 and thus |[U({z¥}) U, | = |U{xF}) -
0— (U, =0 > U{2%Y) — €] — Uy — €] > €/2 for
n > Ny and all k. This has to be a contradiction
for the following reasons. For each regular nth par-
tition and any given one in {x%}, putting all these
points together to form a refinement partition for
both U,, and U({x*}) and denote the refinement up-
per sum by UF. Then when Az*, (b—a)/n < §, we
have [U({2}) — Uy | = |U({ak}) — US +UE — U, <
|U({zk}) — UF| + |UFU,| < 2¢(b— a) < €/2 since €
is arbitrary. This completes the proof.

[#20.11%*] Follow the hints.

[#20.16*(c)] (a) The case with L1 = +00 must im-
ply Ly = oo = L; because VM > 0, 30 > 0 s.t.
a<x<a+0implies M < fi(z) < fa(x). Similarly
the case with Lo = —oo implies L1 = Ly = —o0. In
both cases L; < Lo follows. For the remaining case
we only have L1, Lo € R. In this case Ve > 0, 3§, >
0,00 >0st. a<z<a+d = |filz)—Li| <€
and @ < ¢ < a + 02 = |fa(x) — L2| < €. Then for
a <z <a+dwith § = min{d;, 2} we have

= fi(z) + ( - fi(2))
<f1()
< fa(x )+€_f2( )— Lo+ La+e

<€+ Lo+e= Lo+ 2

implying Ly < Ly since € > 0 is arbitrary. (b) No.
For example fi(z) = 22, fi(z) =,z € (0,1).
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[#20.17*] Follow the hints.

[#20.20*%(c)] By definition for any sequence
r, — a with z, € S C R we have
filxn) — +oo and fo(z,) — L < 0.
Since —fo(x,) — —Lz > 0 by Theorem
9.9 lim fi(xn)(—f2(xn)) = +oo. By #9.10(c),
lim fi(2n) fo(zn) = Tim(=Dfi(wa)(—fa(wn))] =

—o00. Alternatively, you can prove it directly. By
definition, for any sequence z,, — a with x, € S we
have fy(z,) — +oo and fa(x,) — Lo < 0. That is, if
we let A = max{Ly/2,—1} < 0, then VM > 0, IN;
s.t. m > Np implies fi(z,) > M/|A| and 3N s.t.
n > Ny implies fo(z,) < A = max{Ls/2,—-1} <
0. Let N = max{Ny,N2}. then n > N im-
plies f1($n)f2($n) < filzn)A < |MA —M be-
cause A = —|A|. This implies by definition that
limy (x,,) f2(zn) = —oo. Since this holds for all se-
quences x, — a,x, € S we have by definition that

Hmw—»as fl(‘r>f2($) = —0o0.

1/n n n
[#23.2%] (a) an/ = pl/2n = exp(IQ—") exp(0) =
1. R = 1/limsupay’™ = 1/1 = 1. At z = L

> /nx™ diverge because /nz™ = \/n, or (—1

and none of which goes to 0 as required for con-
vergent series. Interval of convergence (—1,1). (b)

at/™ = 1/n!/VT = 1/ exp(32) — 1/ exp(0) = 1 and

R = 1/1/limsupa}/n =1. Atz = £1, |ay2™| =
l/n\/ﬁ < 1/n? for n > 4. Hence both sequences
> apz™ at © = +1 converge by dominant compari-
son test. Interval of convergence [—1,1]. (c) Notice

¢, = 1if k = n! for some n and 0 otherwise. So c,lc/k =

%

0 or 1 for infinitely many k and lim sup c,lc/ ¥~ 1 and
R = 1/limsupc,1€/}~c =1 Atz=41,]2"|=1-»0
and 3" z™ diverges at the end points by the neces-
sary criterion for converging series. Interval of con-
vergence (—1,1). (d) /™ = 0 if n is even and
/™ = 3R/Ch+D) 1/ (R+2) for p = 2k + 1 is odd.

1/n 3k/(2k+1)/k1/(4k+2) —

Thus limsupey = limg_,

312/1 = /3. R = l/hmsupcn = 1/\/— At
_ 3" 2n 1 _
= 1/V3, Y anz" *Z\/ﬁ(\/g) * \/32\/5

which diverges as a p-series withp =1/2 < 1. Atz =

_ n o_ 3" 1 \2n+4l 1 1
1/‘/§7Zan$ _Z\/ﬁ( \/g) = \/gz\/ﬁ

which diverges for the same reason.

[#23.4%] (a) (an)Y/™ = 6/5if nis even and 2/5 if n is
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odd. So limsup(a,)"/™ = 6/5,liminf(a,)*/™ = 2/5.
Similarly |an41/an| = 23" when n is odd and Z(%)"
when n is even. Hence limsup |ay,41/a,| = 0o and
liminf |ap41/an| = 0. (b) Both diverge because the
necessary condition that a,, — 0 does not satisfied be-
cause of the fact that limsup(a,)'/" = 6/5 > 1. (c)
The radius of convergence is R = 1/ lim sup(a,,)*/" =
5/6. Atz = 5/6, Yaam = 2 (AU g
verges because (W)” - 0. Similarly, at z =
=5/6, Y apz™ = Z(—l)"(%)” diverges be-
cause (—1)" (4”( D" )™ - 0.

[#23.8%] (a) fo(z) = Y0 ah = 15220 if o € [0,1)
and f,(1) = n+1. Thus f, — T point wise in [0, 1)
but not at = 1. (b) Since f, does not converge
point wise on [0,1], it does not converge uniformly
on [0,1].

[#23.16%] (a) fu(z) = faz — 0if 2 = 0 and
1/z itz > 0. So f(xr) = 01if = 0 and 1/z if
x > 0. (b) The convergence is not uniform in [0, 1]
because otherwise f would be continuous in [0, 1] as
each f, is continuous. Alternatively, we can show
directly by definition that f, — f not uniformly. In
fact, for g = 1 and Vn, solvmg \fn( )—flx) =1
is equivalent to | ThaT = 1, equivalent

zl = s =
top(x) =nad+ax—1= 0 for which it must have a
solution z, in [0, 1] by Intermediate Value Theorem
since p(0) = —1 < 0 and p(1) = n > 0. This shows
Az, € (0,1) st. |fo(zn) — f(zp)] =1foraln >1
and lim fn = f is not uniform. (c) Because |f,(z) —
flx)| = Hms <1/(1+mn)forallz > 1, limf, = f
uniformly on [1, o). In fact, Ve > 0, let N = 1/€ then
for n > N and z € [1, oo) we have |f,(z) — f(z)| =
[#23. 17*] By assumption, Ve > 0, dN; > 0 s.t.
n > Ny implies | f,(y) — f(y)] < ¢/2 for all y € [a,b],
in particular, | f,,(z,)— f(x,)| < €/2 for any sequence
Zp € [a,b] with z, — x. Since the uniform limit of
continuous functions is continuous and that z, —
xz, ANy > 0 s.t. |f(zn) — f(x)] < €/2 for n > No.
Let N = max{Ny,Na}. Then n > N implies that
Fuln) — Pl + [F(@n) — F@)] < /2 + /2 = e
This shows, by definition, that lim f,(z,) = f(z).

%% % %0 %0 %0 %0 %0 %0 %0 %0 %0 Y0 %0 %o %o Y0 Y0 Y0 %0 %o %0 %0 Yo
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SOLUTIONS TO
PROBLEMS

[#2] (=) Suppose the contrary: INy > 0 s.t. Vo >
0, in particular, 6, = 1/n, 3z, € S with |z, —a| <
1/n but f(x,) < Ny. This contradicts the condition
that for every sequence z, € S with z, — a we
have f(z,) — +00. (<=) By the assumption, VM >
0,36 > 0s.t. |z —a|l <94, x €S implies f(z) > M.
Now for any sequence x, € S, x, — a, AN > 0
s.t. » > N implies |z, — a| < §. Hence f(z,) > M

SELECTED EXAM II

follows, showing lim f(z,) = +oo.

[#3] (a) a/™ = 351 = 30°1 = 1/3 im-
plying limsupa}/n = liminfai/n = hmal/n =
1/3_ |an+1| 3(—1)’L+1—7z—1/3( H"—n —

3D =(=D"-1 = 3 if n is odd and = 1/27 if n
is even. So limsup “ = 3, liminf 2 = 1/27.
() con = 0,conp1 = 3V (cop )1/2" — 0
and (copy1)t/?H! = 37(211421 - — 30-1/2 Hence
limsup(c,)'/™ = 1/4/3 and the radius of conver-
gence R = l/hmsup(cn)l/" = V3. (c) At z =
\/§7 23(_1)n_n(\/§)2n+1 — 23(—1)"—'”3'@—1-1/2 _

3(-D"+1/2 — 450 which diverges because
3(=1"+1/2 ., 0 not satisfying the necessary con-
dition for convergence. Similarly, at x = —/3,
23(71)"771(_\/5)27%%1 — _23(71)"+1/2 - — 0o di-
verges for the same reason. Interval of convergence:

(—V3,V3).
[#5] (2) fule) =lo]" = f(2) = § | liil

f is not continuous while f, are, f,, — f only point-
wise not uniform. (b) Yes, because f(z) = 0,z €
(a,b) with —1 < a < b < 1, and therefore € (a,b)
implies |f, (2) — /()] = 27| < max{la]", [bI"} — 0
independent of z since |al, |b] < 1.

%% %% %0 %0 %0 %0 %0 %0 %0 %0 %0 Y0 Y0 %0 Yo Y0 Y0 Y0 Y0 Yo %0 Y0 Yo
[#25.3%] ( ) Consider |fnlz)— 3| = |ateesr

2n+sin? z
| 2cos z—sin’ &

P . (b) Use Theorem 25.2.

[#25.8%] Slnce |an\1/" = 1/(n*"2) — 1/2, the
radius of convergence is R = 1/(1/2) = 2. Be-
< Bl o< 2 < 3
< o0 converges by the p-series Test, with

n
2n+1

. Since

2|:

cause for |a:| < 2, |
Since Y

=2>1,% % W converges uniformly on |z| < 2 by
the Dominant Convergence Theorem. Therefore the
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sum f(x) = % is continuous in [—2,2].
[#25.12%] Let f, Y or—o9k- Then that gy
is continuous in [a,b] implies f, is continuous in

[a,b]. Also > gr converges uniformly on [a,b]
ifft f, — g = > gr uniformly. Then by The-
orem 25.2 fbg dr = fablimnHOO folz)dr =

hmn—»oof fn dx = limy, .o szz ogk( )dSC =

limp, o0 D05 of g (@)dr = 3757 Of gr(x

[#25.15%] (a) Assume f, — 0 is not umform. Then
Jdep > 0 and Vn,3x,, € [a,b] so that |f,(zn)| > €o.
Since {fn(z)} is non-increasing in n we have for
k > n that f,(z) > fr(z) — 0 as k — oo imply-
ing fn(x) > 0 for all n. Therefore f,(z,) > €. Next
by Weierstrass Theorem, {z,} has a convergent sub-
sequence Z,, — Zo € |a, b, and hence fp, (zn,) > €.
So w.o.l.g we can assume x,, — xo and f,,(x,) > € as
originally stated. Because {f,(x)} is non-increasing
in n, we have f,(z) > f.(x) for all m < n and
all x € [a,b], in particular for x = z,. That is
fm(xn) > fu(xn) > € for all m < n. This will give
rise to a contradiction. In fact, because fp,(z9) — 0
as m — oo by the pointwise convergence assumption,
M > 0 s.t. m > M implies f,,(xo) < €p/2. For this
M, since fpr41 is continuous, N7 s.t. n > Nj im-
plies |fary1(xn) — far+1(zo)| < €0/2. Putting these
two results together we have for n > max{N;, M}
the following fary1(zn) = faurs1(n) — faursi(xo) +
fu1(zo) < €0/2 4 €0/2 = €y contradicting to the
statement that far11(x,) > € since n > M + 1. (b)
Let g,(x) = fu(x) — f(x). Because f is continuous
by assumption g, is continuous. Because {f,(z)} is
nonincreasing in n {g,(z)} is nonincreasing in n for
each z € [a,b]. Also g, — 0 pointwise. So the condi-
tions of (a) are satisfied for g, and g,, — 0 uniformly
follows, implying f,, — f uniformly as wanted.

[#26.6%] Let s(z) = o2 it cla) =
> neo ((;i))-xz (a) Let s(z) = > cpz® then
(Ck)l/k _ 0, - k=2n
(1/(2n+ DHY/E+D - | = 2p 4 1.

limsup |cx|V*F = lim(1/(2n + 1))V = 0 be-
1/n 1/(n+1)!
1/n!

[0}

= lim n+r1 = 0.
Therefore the radius of convergence for s(z) is R =

1/limsup |cx|'/* = oo and s(x) converges for all

= lim

cause lim(1/n!)
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x € R. Then by the derivative theorem of power
series we have s'(z) = Y7 (gnﬁl),(Zn + 1)2?

> ((;711))7 22" = c¢(r). Exactly the same argument
shows ¢'(z) = —s(z). (b) By (a), (s*(z) + *(2))' =
2ss’ + 2¢d = 2sc —|— 2c( ) = 0. (c) Because
(s2(z) + *(z))" = 0, s*(z) + ¢*(x) =constant and
()+C()_ (O)+c(0)—0+1—1follows.

[#26.7*] No, because all power series with posi-
tive radius of convergence are differentiable at =0
whereas f(z) = |z| is not differentiable at = = 0.

[#26.8%] (a) Since >~ (y" =1/(1—y) for |y| < 1,
for |z] < 1 and y = —2? we have by direct sub-
stitution that > o0 (=1)"z?" = > 7 (—2?)" =
1/(1 — (=2%)) = 1/(1 + 2?). (b) Because 1/(1 +
z?) = 3 (=12 holds for z € (—1,1),
by the integral theorem of power series we have
for all © € (-1 1) that arctana: = arctanz —
arctan() = (‘)T Edt = fo o o(=n)mndt =
Yonso(=1)" g rdt = Yo, (2n1+)1332n+1~ (c) At
z = 1, the series > > 2n21 gt = S (2;2;
converges by the Alternating Test since a,, = 1/(2n-+
1) — 0 and a,, < ap—1. Thus by Abel’s Theorem
the power series Y~ (27121 z*" ! converges and is
continuous in (—1,1]. Because arctanz is continu-
ous, we have /4 = arctanl = lim,_,;- arctanz =

: oo (=D" 2n+1 oo (=D" .
lim, - >, 7, ST ® > o 5niT-  Lhus

arctanz = ZZOO gn21x2”+1 holds in (—1,1] and
T=4% ",

2n +1 follows. (d) Exactly the same ar-
gument of (c) applies to x = —1.

[#27.3%] (a) Assume on the contrary that there
is a sequence of polynomials p,(z) converging uni-
formly to sinz on R, then there is an N > 0 such
that m > N implies |p,(z) — sinz| < 1. pu(x)
cannot be a constant polynomial for otherwise, we
would have 2 = |sin(7/2) —sin(—7/2)| = | sin(7/2) —
Pu + P — sin(—1/2)| < [sin(n/2) — pal + |pn —
sin(—7/2)] < 14+ 1 = 2, a contradiction. Since
pr(x) is not a constant polynomial, it is unbounded,
S0 18 |pn (x) — sinz|, contradicting to the assumption
that |p,(z) —sinz| < 1 for all z € R. (b) Because
for any polynomial Y, arz® we have for z > 0
that e? > 2"1/(n + 1)! and |e® — >} _, arz®| >
2"/ (n 4+ 1) = Y7, lag]z® > 1 for all sufficiently
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large = > 0. Hence it is not possible to have a se-
quence of polynomials to converge uniformly to e”.
[#27.6%] Because the Bernstin polynomials are con-
tinuous functions on [0, 1].

[#28.2%] Use definition.

[#28.4%] (a) For z # 0, f(x) = 2*sin() is continu-
ously differentiable by product and chain rules, and
f(z) = 2zsin(2) — cos(). (b) By definition,

vy e F(@) = £(0)
F0) = lim == —5—
2‘in —

because sin(1/z) is bounded and z — 0 in the
product. (c) Since limy ,o2zsin(l/z) = 0 and
lim,_ocos(1/z) does not exist, limx — 0f'(z) =
lim,_0(2z sin(1/z)—cos(1/z)) does not exist. There-
fore lim,_,o f'(x) = f/(0) = 0 does not hold, and f’
is not continuous at x = 0 by definition.

[#28.6%] Similar to #28.4 above.

[#29.2%*] Let f(x) = cosx. f is differentiable every-
where and f/(x) = —sinx. Since f is continuous on
[z,y] (or [y,z] if y < x) and differentiable on (x,y)
(or (y,x) respectively), then by MVT, there exists a
z between x,y such that

cose—cosy _ J0) =10 _
r—y r—y
Hence | cosx — cosy| = | — sinz(x — y)| = |sin z||x —
y| < |z — y| follows.
[#29.5%*] By definition,
0] 1 | F 0= T@)
y—z y—
2
< lim ly == = lim |y — 2| = 0.
T

Therefore f'(z) =0 for all z and f =constant.

[#29.10%] Let g(z) = 2%sin(1/x),2 # 0 and g(0) =
0. Then f(x) = g(z) + x/2. From #28.4 g is differ-
entiable everywhere with ¢’(0) = 0 but the derivative
g’ is continuous everywhere except at x = 0. Then
by the summation theorem of derivatives we have
f(0) = ¢'(0)+1/2 =1/2 > 0. (b) For any inter-
val (a,b), a < 0 < b about 0, there exists an integer
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n such that 0 < z, = ﬁ < b. At the point x,,

f'(xn) =0—141/2=1/2. Since f’ is continuous at
Xy, 30 > 08t |x—xp,] <d = |f'(z)—f'(zn)] < 1/4
which implies f'(z) < f(x,) +1/4 = —1/4 < 0 for
all x € (zp, — 0,2, +9) C (a,b). Therefore f is strictly
decreasing in the subinterval (z,, — 9, x,+9). (c) Even
though f/(0) > 0 function f does not satisfy the con-
dition of Corollary 29.7(i) in any neighborhood of 0,
hence the result does not apply. Moreover, this ex-
ample shows the result can be false if the sufficient
conditions are not met.

[#29.13%] Let h(xz) = g(z) — f(x). Then h(0) =
g(0) — f(0) =0 and K/ (z) = ¢'(x) — f'(z) > 0 for all
x € R. Therefore h is increasing on R. In particular,
for > 0, h(z) > h(0) = 0, implying g(z) — f(z) >0
and g(x) > f(z) for all z > 0 follows.

[#29.18%*] By MVT, there exists an x,, between s,,_1
and s, for all n € N such that

‘fsn - (Snfl)

— Sn—1

Sn+1 — Sn
Sp — Sn—1

Thus |sp+1 — Sn| < a|sp, — sp—1| < a™|s1 — so|. Now
for any m > n, let m =n + k with £ > 0. We have

|5m - Sn‘ = |5n+k — Sntk—1 1 Sntk—1 — "
— Sn41 T Snt1 — sn‘

< Sntk = Sntk—1] + -+ [Snt1 — Sn
<a" s — so| + a2 sy — so| 4 -

+a"|s1 — so|

= (anJrkil + a"*ki? + -+ a")\sl - 80|
1—a k
=a” T |51 — 50| < . \51 — 50|
since 0 < a < 1. If 1 = sg, then |s,, — s,| =

0 < € for any € and {s,} is clearly a Cauchy se-

quence. Otherwise if s; # sg then Ve > 0 let
N = max{1, ( Is(1 ” ‘)/lna} then m > n > N
implies |8, — sp| < E|Sl — 50| < 17a|51 — 50| =€

Hence {s,} is Cauchy and lim, o 8, = s* € R ex-
ists, with s* satisfying f(s*) = s*.

[#31.1*%] Let f(x) = cosxz. Then for k
0,1,2,... and = = 0, fUz) = cosz
1 f@W+D(g) = —sinz = 0, f**+2)(z) = —cosz =

=[f(zn)] Sa <L
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—1, f@43)(z) = —sinz = 0. Hence the Taylor se-
0o (n) 00 . 2j

ries is Y~ fTI(O)J:” = Ejzo(—l)Jé—jJ)!. Because

| £ ()| < 1, by Taylor’s Theorem, | R, (z)| < % —
0 as n — oo for every z € R. Hence the Tay-
lor series of cosx converges to itself and cosx =

0o 227
Y=o (1) G-

[#31.3*] (a) By induction there exist polynomials
pn(z) of degree 3n such that ¢(™ (z) = pn(%)e’l/mz
for x # 0 and n > 1. For n = 1, it is
straightforward to verify that ¢'(z) = 2 =1/a”
for x # 0. Assume the case for n, and con-
sider g t)(z) = (9" (a )) = (pa()e VY
D) (=) /T 4pa (1) Zem /7 = puya(L)el/®
with p,41(z) clearly a polynomlal of degree 3(n+1).
To show ¢(™(0) = 0 we use induction again. ¢’(0) =

1/1

2

lim, o % = limg_q & = limy o egg
2n 2n

with y = 1/z. Since ¥ = Zyn—, > L+ for

any n, we have lim,_, e% < ¥ — 0. Simi-

larly, assume g™ (0) = 0 we can show ¢("*t1(0) =

) () o () . "
g =g ) (a)c_g © _ lim, o p,(1/z)e'/ 2/x

limy e ypa(y)/e? < limy .o ypa(y)k!/y? = 0 as
k can be chosen so that 2k > 3n + 1, with the latter
to be the degree of yp,(y). (b) Since g™ (0) = 0, the
Taylor series is f(z) = > %m" = 0 = ¢g(0) which
agrees with g(z) only at z = 0.

[#31.6%] (a) Let M be defined as f(z) =

hmz—>0

F0) +

lej()(o)k—l—M"forx;éOthatle:
n!(f(z) — f(0) = >pC 11f( )(0) )/z Define for t €
0,a], F(t) = () + Yot et ” FONE) + M

Then F(t) is continuous in [O x] and dlfferentlable
in (0,2) because f(™ exists in |z| < R. In addi-
tion, F(0) = £(0) + Sp=t L8@pk o Myn — p(y)
by the definition for M, and F(z) = f( ) ob-
viously. Hence F(0) = F(z), and Rolle’s Theo-
rem, there is a y € (0,z) such that F'(y) = 0.

Since F'(t) = f/(t) + 0T (— e Dy gy

e
" 11 (z—t)* t)" FOHD (1) — M% Changing the

summatlon index by k — 1 =i for the first sum and
renaming k = i for the second, regrouping, simplify-
ing by cancellation, then we have F'(t) = f'(t) +
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SR e gy o S B pl gy
r— (n—1) T— (n—1) n r— (n—1)
M( (rf)—l)! = | (nt)—l)! f( )(t) - M%
s—t)(=1 Lo .
L S—(f™ () — M), Since y # =z, F'(y)
@=9) "V o(n) iF F(n)
L (f0 (y) = M) = 0 iff f™)(y) — M = 0.
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