
Math 221 Test 1 Fall 2006

Name: Score:
Instructions: You must show supporting work to receive full and partial credits. No text book, notes, formula sheets
allowed.

1(10pts) Find the solution to the equation with initial values: u′′(t) = 3− t, u(1) = 1, u′(1) = 2.

2(15pts) Find a general solution to the equation (1 + t2)
du

dt
= 2t(1 + u2).

3(15pts) Try solutions of the form u(t) = tr for the equation tu′′ + 2u′ = 0 and find two different solutions of the equation.

4(10pts) (a) Find a second order equation to which u(t) = sin(2t) is a solution.

(b) Verify whether or not u(t) = 3t2 is a solution to the equation
d

dt
[tu′(t)] = 6t.

5(15pts) (a) Assume that a falling body under the influence of gravity encounters an air resistance equal to −bv(t) Newton in
force, with v the falling velocity and b a parameter in Newton-time per meter. Write a differential equation for the
velocity.

(b) Sketch the phase line of the equation and classify the stability of the equilibrium solution.

(c) Sketch a solution portrait of the equation.

6(15pts) A tank initially contains 50 gallon of pure water. Brine containing 1 lb of salt per gallon enters the tank at 2 gal/min.,
and the well-mixed solution is pumped out at the same incoming rate.

(a) Write a differential equation with initial condition for the amount salt (not the concentration), x(t), inside the
tank at any time t.

(b) Find the solution to the equation, showing all steps in your derivation.

7(20pts) (Biological Control) (a) Let p(t) be a pest population (in some definitive unit) that grows according to the logistic
model

dp

dt
= p(1− p

2
).

To control the problem, a biological agent (natural predator) is introduced to the pest system. Assume that each
control agent (in some definitive unit) consumes the pest at a rate

ap

1 + bp

many pests per predator per time, with a = 1 per time per predator and b = 1 per pest, all measured in the
appropriate units for the pest and predator. Write down the differential equation for p if h many predator units are
introduced to the system.

(b) Treating the predator population h as a parameter, sketch a bifurcation diagram in the hp-plane.

(c) Find the bifurcation point(s) of the system.

(d) Find the minimum amount of h that is required to eradicate the pest population.

END


