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Abstract. Spike number is the number of spikes per burst in neural systems.
A neural system is isospiking if the spike number is a constant integer for all
bursts. Some scaling laws are derived for the corresponding code partitioning
scheme. A new renormalization operator, R, is used to demonstrate that the
¯rst natural number 1 is a univ ersal number for the spike number code in the
sensethat 1 is an expanding eigenvalue of R and the spike number code par-
titioning of an appropriate stim ulus parameter of any neural model is related
to an approximating scheme for the eigenvalue. It is also demonstrated that
R has a super dynamical structure having these prop erties: all ¯nite dimen-
sional dynamical systems can be conjugate embedded into the renormalization
dynamics R on an invariant set X 0 in in¯nitely many ways and R is chaotic
in X 0 which in particular has a dense orbit. It is also demonstrated that the
operator R can contract at any rate smaller than 1 and expand at any rate
greater than and equal to 1.

1. Intr oduction

Many neural systemscan burst into spike-like activities for short periods of time.
Spike number is the terminology given for the number of spikesper burst. It may
vary with stimulatory control parametersaswell aswith bursts. Regardinga neural
system as a communication system, it seemsnot unreasonableto hypothesizethat
the spike number can be treated as a neural discretization analog for stimulatory
parameters. In fact, this particular neural code was identi¯ed in [16] as one of
more than 43 other codesusedby neurons,and was found as the responseof a unit
in the lateral line nerve of a gymnotid electric ¯sh ([3, 15]), and more recently in
the graded action potential response to glucosein pancreatic ¯ -cells ([20]). The
purposeof this paper is to provide somequantitativ e analysis for this spikenumber
code from a dynamical system point of view.

Neural encoding and decoding is literally a dynamical process. It can be best
studied by dynamical systemapproach asneuronscan be phenomenologicalymod-
eledby systemsof di®erential equations,following the seminalwork of Hudgkin and
Huxley ([14]). Neural encoding problem is a bifurcation problem for which changes
in the stimulatory inputs or parameterscausechangesin the dynamics of the sys-
tems. More speci¯cally, consider a neural system with one stimulatory parameter
changing in a predetermined direction. The spike number discretization scheme
under consideration is closely related to two sequencesf ®n g and f ! n g de¯ned as
follows. For parameter values immediately passing®n there are exactly n spikes
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for all bursts and it is the ¯rst of such values. In contrast, ! n is the ¯rst param-
eter value after ®n that the spike number di®ersfrom n for at least one burst for
parameter valuesimmediately passing! n . We will refer to the interval I n bounded
between®n and ! n the isospiking interval of length n. A neural system that does
not have a trivial structure in I n for its stimulus parametersmay well be a system
that encodesthe parametersby their spike numbers.

In order for the bursting spike numbers to function asalphabets for an encoding
device, many criteria must be satis¯ed. The scope of this paper is limited to the
following two practical considerations. First, it is necessaryto have a relatively
small set of rules which generatesf ®n g and f ! n g. Second,the set of non-isospiking
parameter values, i.e., those for which the spike number varies with bursts, should
be negligibly smaller than the isospiking ones. These criteria are certainly not
necessary, but only to re°ect our heuristic belief that a complex and e®ective com-
munication system such as neurons may bene¯t greatly from having components
which are the simplest and optimal to the tasks. Admittedly , there should be other
criteria to consider, such as signal tuning, reliabilit y, bandwidth e±ciency. These
issues,and in particular, a broader issueregarding implementation are out of the
scope of this paper.

We will carry out our analysis in the context of mathematical models for neuron
cells. Such modelsare systemsof ordinary di®erential equationswith multiple time
scales,i.e., the rate of changefor a subsetof the equations (the fast subsystem)is
signi¯cantly faster in general than that of the others (the slow subsystem). The
rapid ¯ring of spikesis associated with oscillations of the fast subsystemthat vary
slowly through the phasespaceof the slow variables. Systemsof two or more time
scalesare singularly perturb ed systemsand they have been well accepted in the
literature for neural system modeling, see[4], [12], [19], [22], and [17].

We will primarily considerthe type of modelswhere the burst of spikesstarts at
a saddle-node equilibrium point of the fast subsystemand the termination of spikes
occurs at a homoclinic orbit to a saddle point. Such are models for Tritonia neu-
rons, LP neurons, and pancreatic ¯ cells, seee.g. [4], [12], [20]. The model under
consideration is taken from [8] and [9]. It was constructed phenomenologicallyby
a three-time-scaleconstruction to mimic both qualitativ ely and quantitativ ely the
experimental recordingsof pancreatic ¯ cellsfrom [20]. The systemcan be regarded
asa genericphenomenologicalmodel for its class. Our criterion for model selection
is basedmore on optimal mathematical simplicit y than on up-to-date physiolog-
ical authenticit y. We believe it is easier to use our model to extract qualitativ e
properties of its represented classas well as quantitativ e properties that are model
independent or universal. To the quantitativ e end, we will conclude by a fairly
complete renormalization argument that all the scaling laws about the code parti-
tioning sequencesf I n g of isospiking are universal in the sensethat they are either
isomorphic betweenmodels or independent of any models.

Much of today's neural communication theory is build on Adrian's discoveries
of rate code (i.e. spike frequency), spike timing code, and spike frequencyadapta-
tion phenomenon([1]), see[18], which also contains a number of descriptions on
experiments demonstrating the utilization of rate code and timing code in various
neural systems. With the exception of timing code, the rate encoding and spike
number encoding can be related for somecasesin that the stimulus parametersare
impinged di®erently to an otherwise sameneuron model. Becauseof this relation,
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the result of this paper can be extended to these rate encoding mechanisms. We
will deal with this connection somewhereelsesince a detailed treatment will take
us too far from the main purposeof this paper.

Our approach is based on the theory of dynamical systems and bifurcations.
The main strategy is to reduce the dynamics of our model system to a family of
one-dimensionalPoincar¶e return maps to which our renormalization theory can be
applied. More speci¯cally, Sec.2is a brief mathematical derivation of the return
map following the sameapproach as in [9]. We normalize it to a map on the unit
interval [0; 1] with one discontinuit y c 2 (0; 1). The map is monotone increasing
on the left sub-interval [0; c) which corresponds to the progressionof spikes. The
point of discontinuit y c is related to the homoclinic orbit for spike termination. The
right sub-interval [c;1] is associated with the quiescent phasebetweenbursts. For
parameter valuesfrom the isospiking interval I n and for every initial point from the
quiescent interval [c;1], there must be exactly n subsequent iterates in the spiking
interval [0; c). For parameter valuesfrom a non-isospikinginterval, there are initial
points of [c;1] that have di®erent numbers of subsequent iterates in [0; c). In other
words, spike number in terms of the return map meansthe number of subsequent
iterates in [0; c) for points from [c;1]. This symbolic formulation for spike number
gives rise to bifurcation equations for the isospiking end points ®n ; ! n in Sec.3.
In Sec.4,we will focus on the family of Poincar¶e return maps parameterized by
the singular parameter " which usually corresponds to the slow activation rate of
intracellular calcium Ca2+ concentration and appears in all two-time-scalemodels
in the literature. To ¯x ®n and ! n , we choosethe decreasingdirection of " & 0+

so that ! n < ®n . Main numerical ¯ndings from this section can be summarizedas
follows.

Sequencef ®n g and f ! n g are monotonedecreasingto 0+ as " & 0+ and ®n +1 <
! n . This meansthe ordering in the isospiking intervals I 1 > I 2 > I 3 > ¢¢¢ coincides
with the natural number progressionordering in their corresponding spike numbers
1; 2; 3; : : : . Quantitativ ely, theseproportional scaling laws hold

! n »
1
n

; jI n j = ®n ¡ ! n »
1
n2 ; ! n ¡ ®n +1 »

1
n

e¡ K =! n ;

where K > 0 is a constant, and only the proportionalities are model dependent.
However the limit for the length ratio

jI n +1 j
jI n j

¼ 1 ¡
2
n

! 1 as " & 0+ ;

is model independent.
Sec.5is the main theoretical section,which is very much independent from other

sections. Two theorems will be proved in this section. The Universal Number 1
Theorem will give conditions such that the natural number 1 as in the limit

1 = lim
n !1

jI n +1 j
jI n j

= lim
n !1

! n +1 ¡ ! n

! n ¡ ! n ¡ 1

is indeed a universal constant, and so is any rational number p=qas in

p
q

= lim
n !1

! n + q ¡ ! n + q+ p

! n ¡ ! n + q
:

The arguments are basedon a new renormalization operator, R , in somefunctional
space. We will demonstrate that the linearization of the operator at a ¯xed point
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Ã0 has an eigenvalue equal to 1 and that the quotient limit (! n +1 ¡ ! n +2 )=(! n ¡
! n +1 ) ! 1 is an approximation algorithm for the eigenvalue. The Superchaos
Theorem also shows that (i) R can contract at any rate 0 < %< 1 and can expand
at any rate % ¸ 1; (ii) there are in¯nitely many ways to conjugate any ¯nite
dimensional system to a sub-dynamics of R in an invariant set X 0; and (iii) the
dynamical system fR ; X 0g is chaotic in the sensethat the set of periodic orbits is
densein X 0, it has sensitive dependenceon initial conditions, and it has a dense
orbit.

2. One-Dimensional Return Map

We start with the following phenomenologicalmodel for the classof neural and
excitable cells for which the bursting of spikes terminates at a homoclinic orbit to
a saddlepoint.

_C = "(V ¡ %)

&_n = (n ¡ nmin )(nmax ¡ n)[(V ¡ Vmax ) + r 1(n ¡ nmin )] ¡ ´ 1(n ¡ r 2)

_V = (nmax ¡ n)[(V ¡ Vmin )(V ¡ Vmin ¡ r 3(C ¡ Cmin )) + ´ 2]

¡ w(n ¡ nmin );

with r 1 =
Vmax ¡ Vspk

nmax ¡ nmin
; r 2 =

nmax + nmin

2
; r 3 =

Vspk ¡ Vmin

Ccpt ¡ Cmin
:

(2.1)

Here, C is the slow variable for small 0 < " << 1; n and V are the fast variables of
which n is faster for small 0 < &<< 1. w; nmin ; nmax ; Vmin ; Vspk ; Vmax ; Cmin ; Ccpt ; %,
´ 1; ´ 2 are parameters. In particular, ´ 1; ´ 2; "; & are non-negative small parameters
which control the multiple time scaleprocessesand nmin < nmax ; Vmin < Vspk <
Vmax ; Cmin < Ccpt . We will only consider in this paper the %parameter regime

Vmin < %< Vspk

for which no bursts last for ever. Wenote that in the caseof modeling the pancreatic
¯ cells as originally motivated in [8] and [9], variable C corresponds to the intra-
cellular calcium Ca2+ concentration, variable n measuresthe percentage of open
potassium channels,and variable V corresponds to the cell's membrane potential.
Fig.1 is a comparison between some experimental recordings on cross-membrane
potentials of an islet of ¯ -cells exposedto graded glucoseconcentrations and cor-
responding numerical simulations of the phenomenologicalmodel (2.1), mimicking
the experimental data. More details on the experiment and simulation can be found
in [20, 8].

Our one-dimensionalmap will be de¯ned as a °ow induced limiting map with
& = 0. By the asymptotic theory of singular perturbations, the dynamics of the
perturb ed full system with 0 < & << 1 is well approximated by that of the map-
ping. For this reason,only the limiting system with &= 0 is consideredbelow. A
detailed derivation for the map is postponed to the Appendix in order to keepour
presentation more focusedhere. In what follows we will only describe the spiking
mechanism geometrically and its relation to the map. Fig.2 is essential in guiding
through the discussion.

Starting with any point near the horizontal branch of the V-shaped nullcline for
the V -equation on S1, a typical tra jectory movesin the decreasingC-direction with
V barely evolving (i.e. V (t) ¼ Vmin .) The time seriesof variable V would show
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Figure 1. Experimental recordings (a) from [20] and numerical
simulations (b) of the phenomenologicalmodel Eq.(2.1) from [8].

little changeduring this period of event which is referredto asthe silent or quiescent
phase. As soon as it clears the turning knee point K , the fast V -dynamics takes
over, sending the tra jectory upward quickly to the turning edge T1. This burst
would be identi¯ed as the beginning of the ¯rst spike on the V-time series. The
faster n-dynamics takes over at the T1 turning point, projecting the tra jectory
instantaneously to a point on S2. The tra jectory then headsdownward on S2 and
connectsto a point on the turning edgeT2. The connection would be near vertical
if w is near in¯nit y, which we will assumefor simpli¯cation. The last point is ¯nally
connectedto a point on the junction line J 1 = f V = Vspk ; n = nmin g ½ S1. The
net e®ectof the last three jumps, with the assumption that w is in¯nit y, simply
takesthe tra jectory's T1-turning point vertically down to the junction line J 1. This
would complete the ¯rst spike on the V-time series. If the junction point lies left
to the orbit ¡ ¤, or equivalently left to the spike termination point c = ¡ ¤ \ J 1, then
another spike is born, giving rise to the repetitiv e spiking activities on the V-time
series. Because _C = "(V ¡ %) > 0 when Vmin < %< Vspk · V during spiking,
C(t) increaseswith a strictly non-zero speed. Thus, the spiking tra jectory will
eventually land on the right side of the termination point c on J 1 and not be able
to hit the turning edgeT1 to produceanother spike beforebeing pulled down to the
horizontal branch of the V -nullcline. This would terminate the spiking activities on
the V-time seriesand set the system to the quiescent phaseagain. Note that the
number of spikesis exactly the number of points the tra jectory hits the half interval
of J 1 left to the termination point c. Also, c % Ccpt as" & 0+ and the termination
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Figure 2. Left: Phaseportrait of the limiting slow and fast sub-
systems. Right: A geometric graph for the return map ¦.

of spikes takes place at the homoclinic orbit to Ccpt of the fast nV -system when
" = 0.

Sincethe reducedvector ¯eld on S2 arepointing downward, any line V = const: 2
(Vspk ; Vmax ) on S2 is transversal to the °ow and the Poincar¶e return can be de¯ned.
For the purposeof a simpler illustration, we move the crosssection to the junction
line J 1 on S1. Although it is not transversal to the S1 °ow, an equivalent return
map is neverthelesswell-de¯ned. Speci¯cally, a point starting on J 1 is considered
returning to J 1 if and only if the tra jectory returns by hitting J 1 from T2. Thus, the
return hit of a point originated betweenc and Ccpt is not the ¯rst two intersection
points of the CV-orbit. Instead, it is the limiting point of the continued n-orbit
from T2. Similar comment also applies to points above Ccpt . Note that the CV-
orbit is tangent to J 1 at Ccpt . We will denote by ¦ the return map and normalize
it over the unit interval [0; 1], i.e., Rmin ) 0; Ccpt ) :5; Rmax ) 1. We also set
Vspk = 0 from now on.

We point out a few properties which are characteristic about the map. ¦ is
monotone increasing on [Rmin ; c) which corresponds to the spiking dynamics. It
is discontinuous at the spike termination point c with the right continuous value
Rmin and the left limit Rmax . Ccpt is the only critical point in interval [c;Rmax ]
and it is a local maximum, i.e., the map is increasing in [c;Ccpt ] and decreasingin
[Ccpt ; Rmax ]. The graph is illustrated qualitativ ely in Fig.2.
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To pursueour quantitativ e analysison the spiking dynamics, we phenomenolog-
ically ¯t the return map ¦ as follows

(2.2) ¦( x) =

8
>>>>>>><

>>>>>>>:

" (`0 ¡ `1%) + x +
£
1 ¡ (" (`0 ¡ `1%) + c)

¤
£

"b1 j%jb2
1 ¡ jx ¡ cj1+ a1"%

"b1 j%jb2 + jx ¡ cj
; 0 · x < c

e¡ b3=" ¡
1 ¡

¯
¯
¯
x ¡ :5
c ¡ :5

¯
¯
¯
1+ a2" j%j ¢

; c · x < :5

e¡ b3=" ¡
1 ¡ `2

¯
¯
¯

x
:5

¡ 1
¯
¯
¯
1+ a2" j%j ¢

; :5 · x · 1

whereall symbols except for %are positive parameterssubject to theseconstraints:

Vmin < %< Vspk = 0; 0 < `2 < 1; b1 > 1; and c = :5 + `3"%:

A justi¯cation for the form (2.2) is given in the Appendix. Listed below are some
important properties neededfor the remainder sections.

The ¯rst property is that

(2.3) ¦(0) = "(`0 ¡ `1%) + h:o:t:;

where h:o:t denotesterms of higher order than the preceding one and in the case
above it is due to the constraint b1 > 1. That is, ¦(0) decreasesas " & 0+ with a
nonzero asymptotic rate ¦(0) =" = (`0 ¡ `1%) + h:o:t: > `0. It also increaseswith
decreasing%. This follows the fact that _C = "(V ¡ %) for the solution through Rmin .
The secondproperty is that the graph of ¦ over [0; c) must lie above the diagonal
line f x i +1 = x i g because _C = "(V ¡ %) > 0 for Vmin < %< Vspk · V during the
active phaseof spiking. The third property is that

(2.4) lim
" & 0+

¦( x) =
½

x; 0 · x < :5
0; :5 · x · 1.

It accounts for the fact that at the singular limit " = 0, every point from [Rmin ; Ccpt )
returns to itself and the asymptotic limit of all the return points of [Ccpt ; Rmax ]
goes to Rmin . The fourth property is that the upper bound of ¦ over [c;Rmax ]
decays exponentially as " & 0+ :

maxfj ¦( x)j : x 2 [c;1]g = O(e¡ b3=" ): (2:5)

This exponential scale is due to the fact that points of [Ccpt ; Rmax ] is pulled ex-
ponentially to the quiescent branch of the V-nullcline in variable V and the time
required to passthe turning point in variable C is uniformly bounded from below
by an order of 1=".

3. Isospiking Bifur cations

As concluded from Section 2 above, there is no persistent spiking activities for
Vmin < %< Vspk = 0. Also, if there are n spikes for a given burst, then there
are precisely n iterates of ¦ that are in [0; c), between two iterates in [c;1] which
correspond to the beginning and termination of the burst. The systemis said to be
isospiking if all points of [c;1] have the samespike number, i.e., the samenumber
of subsequent iterates in [0; c).

A criterion for isospikingcan be derived by following the orbits through the spike
termination point c and the local maximum point Ccpt . To be more precise, let
x i

min = ¦ i (c); x i
max = ¦ i (Ccpt ) for i ¸ 1. Because¦ is monotone increasing in
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Figure 3. Referring clockwise from the top left phase portrait,
n = m + 1 for the ¯rst and the third portrait and n = m for the
secondand the fourth portrait. The systemsare isospiking when
n = m but otherwise when n = m + 1. As " descendingthrough
! 1 > ®2 > ! 2, isospiking occurs only when ! 2 · " < ®2. Spike
bifurcations with other spike length are qualitativ e the samenear
the spike termination point c. All parametersexcept for " are ¯xed
for all numerical simulations. %= ¡ 0:5; `0 = 0:75; `1 = 0:5; `2 =
0:75; `3 = 0:5; a1 = a2 = 1; b1 = 1:1; b2 = 0:5; b3 = 0:75.

[c;Ccpt ], we have x1
min = 0 < x1

max . We may assumefrom now on that x2
min =

¦(0) = "(`0 ¡ `1%) + ::: > x1
max = ¦( Ccpt ) = O(e¡ b3=" ), the maximum value of ¦

in [c;1]. Note that the interval [c;1] is mapped onto [0; x1
max ] ½ [0; x2

min ]. Let n be
the ¯rst largest integer of i so that x i

min < c and m be the ¯rst largest integer of i
so that x i

max < c. Becauseof the monotonicity of ¦ on the spiking interval [0; c),
we must have xm

min < xm
max , that is n ¸ m. Fig.3 shows distinct spiking patterns

for various combinations in n ¸ m and the spike termination point c. For the case
n = m, the spike number for each point of [c;1] must be exactly n. This is because
all the kth iterates for k · n are in the spiking interval [0; c) for being bounded by
xn

max < c and the n + 1st iterate is in the quiescent interval [c;1] for being no lesser
than xn +1

min ¸ c. For the other casen > m, we must have n = m + 1. This is because
the relation x1

max < x2
min implies xm +1

max < xm +2
min which in turn implies n < m + 2
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Figure 4. The top ¯gure is the spike bifurcation diagram. The
gray vertical lines are through ! n below which non-isospikingsets
in. The solid vertical lines are through ®n below which isospiking
starts. These two types of lines are barely distinguishable from
®3 onward. The sloped gray line is the location of the spike ter-
mination point c. For parameter ®n +1 < " · ®n , the ¯rst n + 1
iterates are plotted for each of the boundary points 0 = f " (c) and
x1

max = f " (Ccpt ). The bolder dots are for x i
max and the smaller dots

are for x i
min . In ®2 < " < ! 1, non-isospiking is self-evident: there

are two spikes following c and one spike following Ccpt . Starting
from ®3, thesetwo orbits are indistinguishably closeto each other,
or to any other orbit. So the bottom graph only plots the last 25
of the ¯rst 50 iterates of 0.

for xm
max < c · xm +1

max by de¯nition. Thus the number of iterates in [0; c) di®ersat
least for c and Ccpt . We can now concludethe following criterion.

Isospiking Criterion. The systemis isospiking if and only if n = m which is also
equivalent to

xm
max < c · xn +1

min :
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We note that the systemis non-isospiking if and only if n = m + 1, i.e., xn
min < c ·

xn
max .

From this point on, we will consider that all parametersbut " are ¯xed for the
return map (2.2) and denote the one-parameterfamily by f " . We will choosethe
decreasingdirection of " & 0+ as preferred for bifurcation analyses.As intro duced
in the Intro duction, the parameter values ! n < ®n , if exist, mean that the system
must be isospiking of length n for every ! n · " < ®n , i.e., xn

max < c · xn +1
min . See

Fig.3. Also by de¯nition, the parameter interval [! n ; ®n ) is maximum with respect
to isospiking. Becausethe smaller is the parameter " > 0, the more spikesthere are
per burst. So we expect that for any given n with the property xn

max < xn +1
min , the

iterates xn
max ; xn +1

min decreasewith decreasein " & 0+ . In particular, we expect that
each xn

max and xn +1
min crossesthe spike termination point c in successionas " > 0

decreases.Thus, the parameter value at which xn
max ¯rst crossesc from above is

precisely the bifurcation point " = ®n where the nth isospiking beginsas " enters
the interval [! n ; ®n ) from above. Similarly, the parameter value at which xn +1

min
passesthrough c from above is the bifurcation point ! n where the nth isospiking
ends as " leaves [! n ; ®n ) from below. Hence,we can conclude that the points ®n

and ! n are determined by the following bifurcation equations:

(3.1) f n
®n

(Ccpt ) = c; f n +1
! n

(c) = c; respectively.

SeeFig.3 and Fig.4 for illustrations.

4. Scaling Laws

The isospiking boundary points ®n and ! n can be found numerically basedon
the bifurcation equations (3.1). For the one-parameter family f " with the other
parameters ¯xed at the valuesas in Fig.3, ®n and ! n are monotone decreasingto
0 and ®n +1 < ! n as shown in Fig.4. To elucidate quantitativ e laws that determine
the sequences®n ; ! n , we further simplify the return map ¦ in (2.2) by dropping
the term L(x) in ¦( x) = O(²) + x + L(x) over the spiking interval [0; c). This
is motivated by the fact that for b1 > 2 and outside a radius of some order " ¾

with 1 < ¾ < b1 ¡ 1 from c, L (x) is in the order " b1¡ ¾ higher than " . Denote
such a simpli¯cation by g" for which g" (x) = " + x for x 2 [0; :5), g" (:5) = 0, and
maxf g" (x) : x 2 [:5; 1]g = e¡ K =" for someconstant K > 0. By using (3.1), ! n can
be calculated explicitly:

gn +1
" (:5) = :5 =) gn

" (0) = :5 =) n" = :5:

Hencewe must have ! n = 1
2

1
n for the g" -family, i.e., in generalwe should expect

(4.1) ! n »
1
n

:

Similarly, to calculate the (n + 1)-isospiking starting point ®n +1 , equation (3.1)
gives

gn +1
" (Cmax ) = :5 =) gn

" (e¡ K =" ) = :5 =) n" + e¡ K =" = :5;

where Cmax denotesany global maximum point of g" in [:5; 1]. Thus, ®n +1 can be
approximated as

®n +1 =
1
2

1
n

¡
1
n

e¡ 2K n + h:o:t:
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Figure 5. ®n and ! n are generatedfor the sameparameter values
as in Fig.3. A program in Mathematica was written for this pur-
pose. The strategy can be looselydescribed asa type of predictor-
adaptation shooting method, by which one only needsto give an
initial guess,minimum accuracy, and the total number of points
needed. For the graph of ! n v.s. j! n ¡ ®n +1 j, the nth non-
isospiking interval length, points ®n and ! n are accurate up to
10¡ (n +5) . Becausethe parameter K is estimated around 3=2 for
the exponentially small order of separation between®n +1 and ! n ,
these points can be numerically separatedup to n = 16 with the
minimum margin of error. A more practically reliable guessputs
the valueabout n = 12. Increasingthe minimum accuracy5 should
result in separationsfor a larger n. The ! n for the other two scaling
graphs are accurate up to 10¡ 4.

Therefore the length of the nth non-isospiking interval is of an exponentially small
order:

! n ¡ ®n +1 »
1
n

e¡ 2K n + h:o:t:
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Thus, in generalwe expect

(4.2)
¡ 1

ln(n(! n ¡ ®n +1 ))
»

1
n

» ! n :

Thesetwo scalingsimply the following interval length ratios:

(4.3)
! n +1 ¡ ! n +2

! n ¡ ! n +1
;

®n +2 ¡ ! n +2

®n +1 ¡ ! n +1
= 1 ¡

2
n + 2

+ h:o:t: = 1 ¡
2
n

+ h:o:t:

Here we note that 2=n ¡ 2=(n + 2) = O(1=n2).
For the "-parameter family f " , thesetheoretical predictions are veri¯ed numeri-

cally in Fig.5 which shows the plots for ! n v.s. 1=n, ! n v.s. ¡ 1=ln(n(! n ¡ ®n +1 )),
and ! n v.s.±n = (! n +1 ¡ ! n +2 )=(! n ¡ ! n +1 ) in small dots and ±n + 2=(n + 2) in
bold dots. Only the ¯rst 12 non-isospikingintervals are sampledfor the scaling law
(4.2) for a numerical reasonthat the length for the 13th non-isospikinginterval and
beyond is no greater than 10¡ 16 in magnitude.

We note that our return maps are not circle maps. They are not continuous
either. For somedi®eomorphismson the unit circle, a bifurcation sequencesimilar
to ! n for the rotation numbers was studied in [2].

5. Renormaliza tion Universality

This is the main sectionof the paper. The goal is to givea theoretical understand-
ing on the universal scaling laws numerically obtained above for our neuroencode
hypothesis that the per-burst spike number is coded information for neuron-to-
neuron communication. Two theorems will be proved. The Universal Number 1
Theorem gives conditions for individual neural family of 1-dimensionalmaps that
guarantee the limit

(5.1)
! n +1 ¡ ! n +2

! n ¡ ! n +1
! 1 as n ! 1 ;

for the isospikingbifurcation sequencef ! n g de¯ned by IsospikingCriterion. In fact,
it is demonstrated more generally that all positive rational numbers are universal
in a similar sense. A dynamical system explanation on why this scaling law is
universal leads to the intro duction of a renormalization operator R for which 1 is
a weakly expanding eigenvalue of the operator at a ¯xed point Ã0 and the limit
above is an approximation scheme for that eigenvalue, much in the samespirit of
Feigenbaum's renormalization paradigm ([10, 11]), except that amongother things
Ã0 is a nonhyperbolic ¯xed point and 1 is the universal number. The Superchaos
Theorem shows that the stable set of Ã0 contains an invariant set X 0 into which
any ¯nite dimensional dynamical systemscan be embedded in¯nitely many times
and X 0 has a denseorbit. It also shows that R can contract at any rate 0 < %< 1
and can expand at any rate %¸ 1.

5.1. Univ ersal Num ber 1. We start by intro ducing the renormalization operator
R and its several properties that are intended to motivate our dynamical system
approach to the ¯rst theorem.

De¯nition 5.1. Y is the set of mappings g : [0; 1] ! [0; 1] satisfying the following
conditions (a{d):

(a) For each g 2 Y there is a constant cg
0 2 (0; 1] such that g is continuous

everywhere except at x = cg
0.
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c0

c0

g 1
c0

g c0

Figure 6. A geometric illustration for R.

(b) g is strictly increasing in interval [0; cg
0).

(c) g(x) ¸ x for x 2 [0; cg
0).

(d) g(x) · g(0) for cg
0 < x · 1.

Y is equipped with the L 1 norm, henceit is a subsetof the L 1 Banach space.

Remark 5.1. The valueof g at the point of discontinuit y cg
0 is not important because

of the L 1-topology. For convenienceone can set g(c) = g(c¡ ) = lim x ! c− g(x) with
c = cg

0 sincethe left limit always exists by the monotonicity of g in the left interval
[0; cg

0]. Becauseof this reason,any continuous increasing function g in [0; 1] with
g(x) ¸ x belongsto Y since one can consider cg

0 = 1. In particular, the identit y
function y = id(x) = x is in Y . We also note that by the L 1 norm, kg ¡ hk simply
measuresthe average distance jg(x) ¡ h(x)j over interval [0; 1] between the two
curves y = g(x); y = h(x). If there is no confusion we will use c0 to denote the
point of discontinuit y cg

0 of g.

De¯nition 5.2. Let

D = f g 2 Y : 9c¡ 1 2 (0; c0) such that g(c¡ 1) = c0g:

De¯ne an operator R : D ! Y as follows

(5.2) g 2 D ¡ ! R [g](x) =

8
>>><

>>>:

1
c0

g(c0x); 0 · x <
c¡ 1

c0

1
c0

g ±g(c0x);
c¡ 1

c0
· x · 1.

Remark 5.2. Though it looks like a doubling map of R[g] over the right interval
c¡ 1=c0 < x · 1, it is actually a composition of the left half gl = gj[0;c0) of the map
with the right half gr = gj(c0;1] of the map, i.e.,

1
c0

g ± g(c0x) =
1
c0

gr ± gl (c0x); for
c¡ 1

c0
· x · 1:

Describing it in words, one iterates g twice over the interval (c¡ 1; c0), with the
graph still below g(0), and then ¯nish the renormalization by scaling the iterated
graph over (c¡ 1; c0] together with the original one over [0; c¡ 1) to the unit interval
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[0; 1]. SeeFig.6. In terms of the Poincar¶e map ¦ as de¯ned in (2.2), Fig.2, the
renormalized R[¦] is the same as the °ow induced Poincar¶e return map on the
shorter interval [Rmin ; c], requiring only a rescaling. Two immediate properties are
collected by two propositions below with the ¯rst characterizing the range and the
secondthe iterates of R.

Prop osition 5.1. Let R = f g 2 Y : g(c0) = 1g. Then, R[D ] = R.

Proof. For any g 2 R, we needto construct an h 2 D such that g = R[h]. To this
end, we need to de¯ne a scaledown operation which is an inverseoperation to R
over a sub-interval immediately left to the point of discontinuit y. More speci¯cally,
for any 0 < d < 1 and every g 2 R, denote

Sd[g](x) = dg(
1
d

x); 0 · x · dc0:

Now let

ch
0 :=

1
2 ¡ c0

and de¯ne

(5.3) h(x) :=

8
>>>>>>><

>>>>>>>:

Sch
0
[g](x) = ch

0 g(
1
ch

0
x); 0 · x < c0ch

0

l (x) = (x ¡ c0ch
0 ) + ch

0 ; c0ch
0 · x < ch

0

ch
0 g(

1 ¡ c0

1 ¡ ch
0

(x ¡ ch
0 ) + c0); ch

0 · x · 1.

Figure 7 illustrates the construction of h. It is straightforward to verify that ch
¡ 1 =

c0ch
0 sinceh(ch

¡ 1) = l(ch
¡ 1) = ch

0 ; Sch
0
[g](ch

¡ 1) = ch
0 g(c0) = ch

0 = l(ch
¡ 1);

1
ch

0
h(ch

0 x) =

g(x) for x 2 [0; c0);
1
ch

0
h ± h(ch

0 x) = g(x) for x 2 [c0; 1], and h(ch
0 ) = 1, both using

that ch
0 = 1=(2 ¡ c0). HenceR[h] = g: ¤

Prop osition 5.2.

R k [g](x) =

8
>>><

>>>:

1
c¡ k+1

g(c¡ k+1 x); 0 · x <
c¡ k

c¡ k+1

1
c¡ k+1

gk+1 (c¡ k+1 x);
c¡ k

c¡ k+1
· x · 1,

where c¡ i = g¡ i (c0) 2 [0; c0) for all i = 0; 1; :::; k. More speci¯c ally, if c0 has n
backward iterates c¡ i = g¡ i 2 [0; c0) for i = 1; :::; n, then the new point c¡ 1=c0

which partitions the graph of R[g] into parts above the diagonal and below the point
c¡ 1=c0 has n ¡ 1 backward iterates c¡ j ¡ 1=c0 = R[g]¡ j (c¡ 1=c0) in [0; c¡ 1=c0) for
j = 1; :::; n ¡ 1.

Proof. It follows by induction. ¤

A subset U ½ D is forward invariant if R [U] ½ U. It is backward invariant if
there is a subset V ½ U such that R[V ] = U. It is invariant if it is both forward
and backward invariant, i.e., R [U] = U.
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Figure 7. The preimageh of g is constructed by scaling g down
(Sch

0
[g]), attaching a line segment l of slope 1, and scalingthe right

half of g accordingly over the right interval of h.

Prop osition 5.3. Let

X = f g 2 Y : 9x¤ 2 [0; c0] such that g(x ¡
¤ ) = x¤g

§ n = f g 2 R ½ Y : g¡ k (c0) = c¡ k 2 [0; c0) for 1 · k · n such that

0 = c¡ n < c¡ n +1 < ¢¢¢< c0g;

where g(x ¡
¤ ) = lim x ! x−

∗

g(x)g. Then

(a) X ½ D is forward invariant and R[X ] is invariant, i.e., R 2[X ] = R[X ].
(b) X contains all forward invariant subsetsof Y under R.
(c) § n +1 = R ¡ n [§ 1] and more generally, R k [§ n + k ] = § n .

Proof. For g 2 X , let xg = supf x¤ 2 [0; c0] : x¤ = g(x ¡
¤ )g. Then we also have

xg = g(x ¡
g ). Sowithout lossof generality, assumex¤ = xg is the largest ¯xed point

of g in [0; c0] for statement (a). If x¤ < c0, then g(x) > x for x¤ < x · c0. So
ck = g¡ k (c0) exist for all k ¸ 1 and c0 > c¡ 1 > ¢¢¢! x¤. Thus g 2 D and R[g] 2 X
with the scaled¯xed point x¤=c0. If x¤ = c0, then R[g] has 1 as its ¯xed point.
In either caseswe have R[g] 2 X and X is forward invariant. Hence, R 2[X ] ½
R[X ] ½ X . To show R[X ] is backward invariant, take any g 2 R[X ] ½ R = R[D ].
By Proposition 5.1 there is an h 2 D such that R[h] = g. By the construction of h
from (5.3), we seethat h has a scaled-down ¯xed point x¤ch

0 . Thus, h 2 X . Since
h(ch

0 ) = 1 from the construction in Proposition 5.1, we have h 2 R and h 2 R[X ].
Hence,(a) holds.

If g 2 U and U is forward invariant, then R k [g] exists for all k ¸ 0. That is,
g¡ k (c0) = c¡ k exist for all k ¸ 1 with 0 · ¢¢¢< c¡ k · c¡ k+1 · ¢¢¢· c0. Thus
lim k !1 ck = x¤ 2 [0; c0] exists and g(x¤) = x¤. So g 2 X and U ½ X holds. This
shows (b).

If g 2 § n +1 , then 0 = c¡ n ¡ 1 · c¡ n · ¢¢¢· c¡ 1 · c0. By Proposition 5.2, R n [g]
exists with the discontinuit y at c¡ n =c¡ n +1 and the discontinuit y's perimage at
c¡ n ¡ 1=c¡ n +1 = 0. This shows R n [g] 2 § 1 by de¯nition. Thus, § n +1 ½ R ¡ n [§ 1].
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To show § n +1 ¾ R ¡ n [§ 1], we need to show that for any g 2 § 1, there is an
¹h 2 § n +1 such that R n [¹h] = g. Since g 2 § 1 ½ R, we can construct an h by
(5.3) of Proposition 5.1 for which R[h] = g. From the construction of h we can
concludethat ch

0 = 1=(2 ¡ cg
0); ch

¡ 1 = cg
0ch

0 , and ch
¡ 2 = cg

¡ 1ch
0 = 0 sinceg 2 § 1. Also,

h(ch
0 ) = 1. So h 2 § 2. Applying the sameinverseprocedure to h recursively we

can ¯nd ¹h 2 § n +1 such that R n [¹h] = g. So § n +1 ¾ R ¡ n [§ 1]. The general identit y
of (c) can be veri¯ed similarly. This completes(c). ¤

The following result simply says that f § n g convergesto X point-wise uniformly
over [0; 1].

Prop osition 5.4. For each g 2 X , there is a sequence gn 2 § n such that gn ! g
uniformly in [0; 1].

Proof. Let g 2 X . De¯ne

g¹ (x) :=

8
<

:

g(x); when g(x) ¸ x + ¹ and x 2 [0; c0)
x + ¹; when g(x) · x + ¹ and x 2 [0; c0)
g(x); x 2 (c0; 1].

It is straightforward to verify that g¹ (x) 2 x for small ¹ > 0 for x 2 [0; c0). By
intermediate value theorem there exists a decreasingsequencef ¹ n g for su±ciently
large n such that ¹ n ! 0 and gn

¹ n
(0) = c0, i.e., g¹ n 2 § n . The convergencethat

g¹ n ! g is obviously uniformly over the interval [0; 1]. ¤

Prop osition 5.5. Let

W u
id := f Ã¹ : 0 · ¹ · 1=2g with Ã¹ (x) =

½
¹ + x; 0 · x < 1 ¡ ¹
0; 1 ¡ ¹ · x · 1.

Then

(a) id = Ã0 is a ¯xed point of R .
(b) W u

id is backward invariant with R[Ã¹ ] = Ã¹= (1 ¡ ¹ ) .
(c) R is weakly expanding along W u

id in the sensethat

kR[Ã¹ ] ¡ Ã0k > kÃ¹ ¡ Ã0k:

(d) 1 is an eigenvalueof R 's linearization at Ã0 and the unit eigenvector is
given as

u0(x) :=
1
2

s1(x) ¡
1
2

±1(x);

where s1(x) = 1; 0 · x < 1 and s1(1) = 0, i.e. s1 ´ 1 in L 1, and ±1

is the delta distribution function, i.e., ±1(x) = 0; x 6= 1, ±1(1) = 1 , andR1+ a
1¡ a Á(x)±1(x)dx = Á(1) for any C0 test function Á, and any 0 < a · 1 .

Proof. It is straightforward to verify (a) as well as (b):

R [Ã¹ ] = Ã¹= (1 ¡ ¹ ) ; and equivalently , R ¡ 1[Ã¹ ] = Ã¹= (1+ ¹ ) :

It is not forward invariant becauseit requires ¹= (1 ¡ ¹ ) < 1=2, or ¹ < 1=3. That
is, with V = f Ã¹ : 0 · ¹ < 1=3g ½ W u

id we have R[V ] = W u
id .

To show (c), a more general relation holds as follows

kÃ¹ ¡ Ã0k > kÃ³ ¡ Ã0k if ¹ > ³ ¸ 0.
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In fact, sincein generalkÃ¹ ¡ Ã¸ k is the areabetweenthe two curvesthat consistsof
the areaof a parallelogram and the areaof a trapezoid,we have thus by elementary
calculations

(5.4) kÃ¹ ¡ Ã¸ k = (¹ ¡ ¸ )
¡ 4 + ¸ ¡ 3¹

2

¢
» (¹ ¡ ¸ ); assuming¹ > ¸ ¸ 0:

In particular, with ¸ = 0, we have

kÃ¹ ¡ Ã0k = ¹
4 ¡ 3¹

2
;

which is increasing in ¹ 2 [0; 2=3] ¾ [0; 1=2]. SinceR[Ã¹ ] = Ã¹= (1 ¡ ¹ ) by (b), (c) is
veri¯ed.

Again by (b) and expression(5.4), we have

kR[Ã¹ ] ¡ R [Ã0] ¡ 1 ¢(Ã¹ ¡ Ã0)k = kÃ¹= (1 ¡ ¹ ) ¡ Ã¹ k

=
³ ¹

1 ¡ ¹
¡ ¹

´ 4 ¡ 3¹
2

» ¹ 2 » kÃ¹ ¡ Ã0k2;

showing the derivative of R at Ã0 in the direction of W u
id is the unitary operator in

L 1, and 1 is the eigenvalue. As for the unit eigenvector u0 we have

u¹ :=
Ã¹ ¡ Ã0

kÃ¹ ¡ Ã0k
=

8
>>><

>>>:

2
4 ¡ 3¹

; 0 · x < 1 ¡ ¹

¡ 2x
¹ (4 ¡ 3¹ )

; 1 ¡ ¹ < x · 1

=

8
><

>:

2
4 ¡ 3¹

; 0 · x < 1 ¡ ¹

0; 1 ¡ ¹ < x · 1

+

8
><

>:

0; 0 · x < 1 ¡ ¹

¡ 2x
¹ (4 ¡ 3¹ )

; 1 ¡ ¹ < x · 1

!
1
2

s1(x) ¡
1
2

±1(x) = u0(x); as ¹ ! 0.

This proves(d). ¤

Prop osition 5.6. (a) ° = f Ã1=n g; n ¸ 2, is a backward orbit of R starting at
Ã1=2.

(b) Ãn
¹ (0) = c0 = 1 ¡ ¹ if and only if ¹ = 1=(n + 1), i.e., Ã1=(n +1) 2 § n .

(c) ! n = ®n +1 = 1=(n + 1), that is, Ã¹ is isospiking of length n if and only if
1=(n + 1) · ¹ < 1=n.

(d)
! n +1 ¡ ! n +2

! n ¡ ! n +1
= 1 ¡

2
n

+ h:o:t ! 1 as n ! 1 :

(e)

kÃ1=n ¡ Ã0k =
1
n

(2 ¡
3

2n
); and

kÃ1=(n +2) ¡ Ã1=(n +1) k
kÃ1=(n +1) ¡ Ã1=n k

= 1 ¡
2

n + 2
+ h:o:t

= 1 ¡
2
n

+ h:o:t ! 1 as n ! 1 :
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Proof. Statement (a) holdsbecauseby the proof of Proposition 5.5wehaveR[Ã¹ ] =
Ã¹= (1 ¡ ¹ ) and the identit y

1
n

1 + 1
n

=
1

n + 1
:

Statement (b) holds becauseÃn
¹ (0) = n¹ = c0 = 1¡ ¹ i® ¹ = 1=(n + 1). Statement

(c) follows from the Isospiking Criterion of Sec.3.Statement (d) is straightforward.
Finally, (e) follows from the expression(5.4). ¤

Notice that by the expression(5.4), kÃ1=(n +1) ¡ Ã1=n k » (1=n ¡ 1=(n + 1)) =
! n ¡ 1¡ ! n . Thus (d) and (e) areessentially the same.Also statement (e) re-con¯rms
the fact that 1 is the eigenvalue along the direction W u

id and taking the limit of the
quotient di®erence

! n +1 ¡ ! n +2

! n ¡ ! n +1
! 1

is an approximation schemefor the eigenvalue.

Univ ersal Num ber 1 Theorem. Let f f ¹ g with 0 · ¹ · m0 ¿ 1 be a one-
parameter family in Y , where m0 is a su±ciently small constant and f ¹ 2 Y for
all ¹ 2 [0; m0]. Let c¹

0 = cf ¹
0 2 (0; 1] with ¹ 2 [0; m0] denote the discontinuity of f ¹

and c¹
¡ k = f ¡ k

¹ (c¹
0 ) be the kth back iterate of c¹

0 . Assume the following conditions
are satis¯ed

(a) There exist an integer k0 ¸ 1 and a constant c1 such that

c¹
¡ k0+1 = c0

0 + c1¹ + o(¹ )

for ¹ 2 [0; m0].
(b) There exist someconstants a1 > 0; a2 such that

f ¹ (x) = x + a1¹ + a2¹ 2 + o(¹ 2) for x 2 [0; c¹
¡ k0

] and ¹ 2 [0; m0].

Then there exists a unique monotone decreasing sequence f ! n g with ! n ! 0 such
that

(5.5) f ! n 2 § n and
! n +1 ¡ ! n +2

! n ¡ ! n +1
! 1 as n ! 1 :

More generally, for any pair of integers p ¸ 0 and q > 0 we have

(5.6)
! n + q ¡ ! n + q+ p

! n ¡ ! n + q
!

p
q

as n ! 1 :

Remark 5.3. By the assumptions(a,b) above, neural families are distinguished by
the parametersc¹

0 ; c1; a1; a2, and the higher order terms in their expansionat ¹ = 0.
They all sharethe sameproperty that f ¹ (x) ! x as¹ ! 0, which is the main cause
for the stated universality.

Proof. The proof will be done by mainly consideringthe k0th renormalized family
g¹ = R k0 [f ¹ ]. Consider g¹ (x) in the left half interval x 2 [0; ¹c¹

0 ] only, we have by
Proposition 5.2 and both hypotheses(a, b),

g¹ (x) = x +
1

c¹
¡ k0+1

(a1¹ + a2¹ 2 + o(¹ 2))

= x + ¹a1¹ + ¹a2¹ 2 + o(¹ 2)
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where ¹a1 = a1=c0
0 > 0 and ¹a2 is a constant depending on a1; a2; c0

0; c1, obtained
by collecting the coe±cients of ¹ -term and ¹ 2-term respectively in g¹ . Denote the
discontinuit y of g¹ by

¹c¹
0 =

c¹
¡ k0

c¹
¡ k0+1

:

Then from the expressionof g¹ and the equation g¹ (¹c¹
0 ) = 1 we obtain

¹c¹
0 = 1 ¡ (¹a1¹ + ¹a2¹ 2 + o(¹ 2)) := 1 + b1¹ + o(¹ );

where b1 = ¡ ¹a1.
By de¯nition, g¹ 2 § n if and only if gn

¹ (0) = ¹c¹
0 = 1 + b1¹ + o(¹ ). It is by

induction to get
gn

¹ (0) = n(¹a1¹ + ¹a2¹ 2 + o(¹ 2)) :

Thus solving gn
¹ (0) = ¹c¹

0 is equivalent to solving

µ(¹ ) : = gn
¹ (0) ¡ ¹c¹

0

= n(¹a1¹ + ¹a2¹ 2 + o(¹ 2)) ¡ (1 + b1¹ + o(¹ )) = 0

This is done by showing that for each su±ciently large n, µ is increasing in ¹ with
the property that µ(0) = ¡ 1 < 0 and µ(m0) > 0. Therefore there is a unique
solution denoted by

¹ = ¹! n :
To approximate ¹! n , we assumeit takesthe following form

¹! n =
r 1

n
+

r 2

n2 + o(
1
n2 ):

Substituting this form into the equation gn
¹ (0) = ¹c¹

0 , approximating the equation
to order o( 1

n ) by equating the constant and 1=n terms on both sides,we ¯nd

r 1 =
1
¹a1

and r 2 =
b1r 1 ¡ ¹a2r 2

1

¹a1
:

Now for any integer pair p ¸ 0 and q > 0 we have by elementary simpli¯cation

¹! n + q ¡ ¹! n + q+ p

¹! n ¡ ¹! n + q
=

r 1

n + q
+

r 2

(n + q)2 + o(
1
n2 ) ¡

³ r 1

n + q + p
+

r 2

(n + q + p)2 + o(
1
n2 )

´

r 1

n
+

r 2

n2 + o(
1
n2 ) ¡

³ r 1

n + q
+

r 2

(n + q)2 + o(
1
n2 )

´

=
n(n + q)

(n + q)(n + q + p)

pr1 + r 2
p(2n + 2q + p)

(n + q)(n + p + q)
+ o(1)

qr 1 + r 2
q(2n + q)
n(n + q)

+ o(1)

!
p
q

as n ! 1 :

Finally, we notice that due to renormalization, g¹ = R k0 [f ¹ ] 2 § n if and only if
f ¹ 2 § n + k0

by Proposition 5.3. Therefore we can conclude that ! n + k0
= ¹! n and

the limit
! n + q ¡ ! n + q+ p

! n ¡ ! n + q
!

p
q

as n ! 1

holds as desired. This provesthe theorem. ¤

Prop osition 5.7. The universality (5.5) implies the universality (5.6).
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Proof. In fact, the limit (5.5) implies the following two limits: For any ¯xed integers
m ¸ 0; k > 0, we have

! n + m ¡ ! n + m +1

! n ¡ ! n +1
=

mY

i =1

! n + i ¡ ! n + i +1

! n + (i ¡ 1) ¡ ! n + i
!

mY

i =1

1 as n ! 1 ,

and

! n + m ¡ ! n + m + k

! n ¡ ! n +1
=

k ¡ 1X

j =0

! n + m + j ¡ ! n + m + j +1

! n ¡ ! n +1
!

k ¡ 1X

j =0

1 = k as n ! 1 .

Hence,we have the universality limit (5.6):

! n + q ¡ ! n + q+ p

! n ¡ ! n + q
=

(! n + q ¡ ! n + q+ p)=(! n ¡ ! n +1 )
(! n ¡ ! n + q)=(! n ¡ ! n +1 )

!
p
q

as n ! 1 .

¤

We note that X contains id = Ã0 and is forward invariant. It is large enoughto
contain in¯nitely many co-dimension-onesubspacesof Y . For example, let Ex 0

:
Y ! R be the functional such that Ex 0

(g) = g(x0) ¡ x0. Then the subspace
f g 2 Y : Ex 0

(g) = 0g is at least of co-dimension-onein X . On the other hand,
W u

id is a 1-dimensional manifold that is not in X . So X is a subset of Y that is
not smaller than co-dimension-onespacebut smaller than the full space. In any
case,X is the center-stable set and W u

id is the (weak) unstable manifold of the non-
hyperbolic ¯xed point id = Ã0. Thus, similar to ¸ -lemmasof non-hyperbolic ¯xed
points from [7], we should expect the following: For any continuous one-parameter
family f f ¹ g ½ Y of mappings that intersects the stable set X transverselyat f 0, if
R n [f 0] ! id = Ã0, then R n [f f ¹ g] must converge to the unstable manifold W u

id as
n ! 1 . The following result is a weaker form of such ¸ -lemmas.

Inclination Lemma. Let f f ¹ g with 0 · ¹ · m0 ¿ 1 be a one-parameter family
in Y , where m0 is a su±ciently small constant and f ¹ 2 Y for all ¹ 2 [0; m0]. Let
c¹

0 = cf ¹
0 2 (0; 1] with ¹ 2 [0; m0] denote the discontinuity of f ¹ and c¹

¡ k = f ¡ k
¹ (c¹

0 )
be the kth back iterate of c¹

0 . Assumethe following conditions are satis¯ed

(a) There exist an integer k0 ¸ 1 and a constant c1 such that

c¹
¡ k0+1 = c0

0 + c1¹ + o(¹ )

for ¹ 2 [0; m0].
(b) There exists a constant a1 > 0 such that

f ¹ (x) = x + a1¹ + o(¹ ) for x 2 [0; c¹
¡ k0

] and ¹ 2 [0; m0].

(c)
f ¹ (x) = O(¹ ) for x 2 (c¹

0 ; 1] and ¹ 2 [0; m0].

Then for any ¹ 0, and any ² > 0, there is an integer N0 such that for any iterate
n > N0, there is a ¹ 2 (0; m0] su±ciently small satisfying the following

kR n [f ¹ ] ¡ Ã¹ 0
k < ²;

where Ã¹ de¯nes the backward invariant, expanding family through id constructed
in Proposition 5.5.
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Figure 8. A geometric view of the dynamics near the ¯xed point
Ã0. Notice that the closer f ! n is to W = X , the closerR n ¡ 1[f ! n ]
is to the point Ã1=2 on U = W u

id . Seealso Fig.9.

Proof. Figure 8 gives a graphical illustration for the lemma. Similar to the proof
of the UniversalNumber 1 Theorem, the proof is carried out by mainly considering
the k0th renormalized family g¹ = R k0 [f ¹ ]. Denote the discontinuit y of g¹ by ¹c¹

0 .
By Proposition 5.2 and hypotheses(a, c), we have

g¹ (x) = O(¹ ) for x 2 (¹c¹
0 ; 1] and ¹ 2 [0; m0],

becausethe outer most composition in f k0+1
¹ (c¹

¡ k0+1 x)=c¹
¡ k0+1 is of order O(¹ ) and

c¹
¡ k0+1 = O(1). Consider g¹ (x) in the left half interval x 2 [0; ¹c¹

0 ] next, we have by
Proposition 5.2 and both hypotheses(a, b),

g¹ (x) = x +
1

c¹
¡ k0+1

(a1¹ + o(¹ ))

= x + ¹a1¹ + o(¹ )

where ¹a1 = a1=c0
0 > 0 is a constant similar to the proof of the preceding theorem.

Denote
¹c¹

¡ k = g¡ k
¹ (¹c¹

0 );

whenever de¯ned. For simpler notation we denote

c¡ k = ¹c¹
¡ k for k = 0; 1; 2; : : : ,

and
a = ¹a1:

Sinceg¹ 2 R[D ] = R, g¹ (c0) = 1 (using the simpli¯ed notation c0 = ¹c¹
0 ), and thus

gk+1
¹ (c¡ k ) = c¡ k + (k + 1)(a¹ + o(¹ )) = 1:
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Thus
c¡ k = 1 ¡ (k + 1)(a¹ + o(¹ )) and c0 = 1 ¡ (a¹ + o(¹ )) :

By Proposition 5.2,

R k [g¹ ](x) = x +
a¹ + o(¹ )

c¡ k+1
for 0 · x ·

c¡ k

c¡ k+1
:

The rest of the proof is to show that a ¹ satisfying the following equation

(5.7)
a¹

c¡ k+1
= ¹ 0

is what we look for. By using the expressionfor c¡ k , the equation above is solved
to give

¹ =
¹ 0

a + k¹ 0(a + o(1))
= O(

1
k

) ! 0 as k ! 1 .

We are now ready to estimate kR k [g] ¡ Ã¹ 0
k. The di®erenceis the area between

the two curves h = R k [g¹ ] and Ã¹ 0
which can be divided into three regions for

consideration: (i) The parallelogram betweenh = R k [g¹ ] and Ã¹ 0
over the interval

[0; minf ch
0 ; 1 ¡ ¹ 0g]; (ii) the trapezoid-like region between the two curves over the

interval [minf ch
0 ; 1 ¡ ¹ 0g; maxf ch

0 ; 1 ¡ ¹ 0g]; (iii) the region between h and the x-
axis over the interval [maxf ch

0 ; 1 ¡ ¹ 0g; 1] for which the height of the curve h is
of order O(¹ ). Our task is to show that each of the three areas is of order o(1)
as ¹ = O(1=k) ! 0. First there is no additional argument neededfor the region
(iii) becauseh = O(¹ ) over the corresponding sub-interval of [0; 1]. For region (i),
becauseof the choice of ¹ from the equation a¹=c ¡ k+1 = ¹ 0, we have that the
di®erencebetweenthe two curvesh and Ã¹ 0

over that interval is

jh(x) ¡ Ã¹ 0
j = j

a¹ + o(¹ )
c¡ k+1

¡ ¹ 0j =
o(¹ )

c¡ k+1

=
a¹

c¡ k+1

o(¹ )
a¹

= ¹ 0o(1) (because
a¹

c¡ k+1
= ¹ 0 by Eq.(5.7))

= o(1) as ¹ ! 0.

For region (ii), the function di®erencebetweenh and Ã¹ 0
is of order O(1). However,

the length of the interval [minf ch
0 ; 1 ¡ ¹ 0g; maxf ch

0 ; 1 ¡ ¹ 0g] is small. In fact, the
length of the interval is

jch
0 ¡ 1 + ¹ 0j = j

c¡ k

c¡ k+1
¡ 1 + ¹ 0j = j

c¡ k ¡ c¡ k+1 + ¹ 0c¡ k+1

c¡ k+1
j

= j
c¡ k ¡ c¡ k+1 + a¹

c¡ k+1
j (because¹ 0c¡ k+1 = a¹ by Eq.(5.7))

= j
¡ a¹ ¡ o(¹ ) ¡ a¹

c¡ k+1
j (becausec¡ k+1 = g¹ (c¡ k ) = c¡ k + a¹ + o(¹ ))

= j
o(¹ )

c¡ k+1
j = o(1);

where the last estimate follows from the same argument as above for region (i).
Combining the three estimates together, we can concludethat

kR k [g¹ ] ¡ Ã¹ 0
k = o(1) as ¹ = O(

1
k

) ! 0.
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Figure 9. Sameparameter valuesas in Fig.3 and " = ! 100. The
saddle-e®ectof the ¯xed point id = Ã0 is clear visible: R k (f )
moves closer to the ¯xed point Ã0 before moving away from it.
Also, R 99[f ! 100

] is visually identical to Ã1=2, another consequence
to the saddle-e®ect.

Hence,there exists a su±ciently large K 0 so that for k > K 0 we have

kR k [g¹ ] ¡ Ã¹ 0
k < ²

for ¹ de¯ned as in Eq.(5.7). Since R k [g¹ ] = R k+ k0 [f ¹ ], the lemma is proved by
choosing N0 = K 0 + k0. ¤

Recall f " , the "-parameter family of mapping (2.2) consideredin the previous
sections. Then the singular limit

f 0(x) = lim
" ! 0

f " (x) =
½

x; 0 · x < :5
0; :5 · x · 1

2 X

is attracted to Ã0 becauseR[f 0] = Ã0. We believe the conditions of both the
UniversalNumber 1 Theoremand the Inclination Lemma aresatis¯ed and therefore
both conclusionsapply. The dynamical structure of R near Ã0 aswell as the family
f " are depicted in Fig.8. A numerical simulation is shown in Fig.9 from which
the saddle structure near the ¯xed point id and the inclination phenomenonare
graphically demonstrated.

We end this subsectionwith someother backward invariant weakly expanding
families through the ¯xed point id = Ã0. They are similar to Ã¹ except with non-
vanishing part over the right half interval. More speci¯cally, consider families of
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the following form

g¹;q (x) =
½

x + ¹; 0 · x < 1 ¡ ¹
q¹ (x); 1 ¡ ¹ · x · 1,

where q¹ (x) ¸ 0 and max[1¡ ¹; 1] q¹ · ¹ . It is straightforward to verify that the set
W u

id;q := f g¹;q : 0 · ¹ < 1=2g is backward invariant if and only if

q ¹
1−¹

(x) =
1

1 ¡ ¹
q¹ ((1 ¡ ¹ )x + ¹ );

1 ¡ 2¹
1 ¡ ¹

· x · 1:

For example, consider q¹ to be the logistic family q¹ = 4¸ (x ¡ 1 + ¹ )(x ¡ 1).
The x-intercepts are x = 1 ¡ ¹ = c0 and x = 1. The maximum takes place
at 1 ¡ ¹= 2 with ¸¹ the maximum value. Becauseg¹;q is linear on the left half
interval [0; c0) = [0; 1 ¡ ¹ ), the renormalization R[g¹;q ] on the right half interval
[(1 ¡ 2¹ )=(1 ¡ ¹ ); 1] is again a quadratic function which goes through the zero
at x = (1 ¡ 2¹ )=(1 ¡ ¹ ) = 1 ¡ ¹= (1 ¡ ¹ ) and x = 1 respectively and have the
maximum value ¸¹= (1 ¡ ¹ ) at x = (1 ¡ ¹= 2)=(1 ¡ ¹ ) = 1 ¡ ¹= [2(1 ¡ ¹ )]. It is
precisely the quadratic function q¹= (1 ¡ ¹ ) . Thus, W u

id;q is backward invariant. One
can construct other backward invariant families as well, e.g., replacing the logistic
family by the tent map family gives rise to such a family. One can also show by
the sameargument as for Proposition 5.5 that such a backward invariant family is
also tangent to u0 at the ¯xed point id = Ã0, i.e.,

lim
¹ ! 0

g¹;q ¡ Ã0

kg¹;q ¡ Ã0k
= u0;

whereu0 is the eigenvector of eigenvalue 1 as in Proposition 5.5. One can alsoshow
that if minx 2 [c0;1] q¹ (x) = 0, then the samescaling laws as Proposition 5.6(c,d,e)
hold for g¹;q as well by exactly the sameargument of that proposition. We note
also that whether or not a mapping g 2 F [0; 1] is isospiking has little to do with
its dynamics on the interval [0; 1]. For example, for the family f g¹;q g with q¹ =
4¸ (x ¡ 1 + ¹ )(x ¡ 1), its dynamics is determined by the logistic map. In fact, for
g! n ;q 2 § n , R n [g! n ;q ](x) = ¸x (1 ¡ x) is the logistic map. Also, for any ¯xed ¹ ,
the bifurcation diagram for f g¹;q g with varying ¸ 2 (0; 1) is essentially the diagram
for the logistic family. Finally, we point out that for the neuron family f " of (2.2),
f " j[c( " ) ;1] is of order exp(¡ 1="). Thus, the dynamics of each mapping is very much
regular. The exp(¡ 1=") order estimate over its right interval results in the exp(¡ n)
order estimate for the length of the nth nonisospiking interval.

5.2. Sup erchaos. We recall that

X = f g 2 Y : 9x¤ 2 [0; c0]; s.t. x¤ = g(x ¡
¤ )g

where g(x ¡
¤ ) = lim x ! x−

∗

g(x)g. For g 2 X , let xg = supf x¤ 2 [0; c0] : x¤ = g(x ¡
¤ )g.

Then we also have xg = g(x ¡
g ). De¯ne

X 0 = f g 2 X : xg = 0g and X 1 = f g 2 X : xg > 0g:

Naturally we have X = X 0 [ X 1.

Sup erchaos Theorem. (1) For any 0 < %< 1, there is an element s% 2 X 1

such that the orbit fR n [s%]g convergesto the ¯xed point id = Ã0 at the rate
of %.

(2) For any %> 1, there is a ¯xed point r % 2 X 0 and a backward invariant
family U% ½ Y through r % on which R expands at the rate of %.
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(3) The set of periodic-n points of R in X 0 is in¯nite dimensional.
(4) The set of periodic points of R in X 0 is densein X 0.
(5) The closure of the stableset of any h 2 X 0 is X 0. More speci¯c ally, for any

pair g 2 X 0; h 2 X 0 and any ² > 0, there is an element f h;g 2 X 0 from the
²-neighborhood of g, i.e., kf h;g ¡ gk < ², so that R n [f h;g ] = R[h] for some
n ¸ 0.

(6) R has the property of sensitive dependence on initial conditions. That is,
there is a constant ±0 > 0 such that for any g 2 X 0 and any small ² > 0,
there is an h 2 X 0 and n > 0 satisfying kh ¡ gk < ² and kR n [h] ¡ R n [g]k ¸
±0.

(7) Any ¯nite dimensional mapping is conjugate to R on a subsetof X 0 and
there are in¯nitely many such subsetsof X 0. More precisely, for any ¯nite
dimensional mapping µ : Rn ! Rn , there are in¯nitely many conjugate
mappingsÁ : Rn ! X 0 such that R ± Á = Á ±µ.

(8) There is a denseorbit fR n [g¤]g1
n =0 in X 0.

Proof. 1) This is done by construction. For each 0 < %< 1, let

s%(x) =

8
>>>>>>>><

>>>>>>>>:

x; 0 · x ·
1
2

1
%

(x ¡
1
2

) +
1
2

;
1
2

· x ·
1 + %

2

0;
1 + %

2
< x · 1.

Thus, we have c0 = (1 + %)=2, and x = 1=2 is the largest ¯xed point of s%. Sinces%

is increasing with slope 1=%in [1=2; (1 + %)=2], c¡ k = s¡ k
% (c0) exists for all k and

c¡ k & 1=2 as k ! 1 . Also becauses% is linear in [1=2; (1 + %)=2], we have

1
%

¡
c¡ k ¡ c¡ (k+1)

¢
= (c¡ k+1 ¡ c¡ k )

for all k ¸ 0, with c0 = (1 + %)=2 and extending the notation to c1 = 1. Solving
this equation gives

c¡ k =
1
2

£
%k+1 + 1

¤
for k ¸ 0 and c¡ k !

1
2

as k ! 1 .

By Proposition 5.2,

R k [s%](x) =

8
>>>>>>>>><

>>>>>>>>>:

x; 0 · x ·
1

2c¡ k+1

1
%

(x ¡
1

2c¡ k+1
) +

1
2c¡ k+1

;
1

2c¡ k+1
· x ·

c¡ k

c¡ k+1

0;
c¡ k

c¡ k+1
< x · 1.

It is easy to seeR k [s%] ! id as k ! 1 . To demonstrate the convergencerate,
we considerkR k [s%] ¡ idk which consistsof calculating the area of the triangle be-
tweens% and the diagonal over the interval [1=(2c¡ k+1 ); c¡ k =c¡ k+1 ] and the trape-
zoid boundedbetweenthe diagonal and the x-axis over the interval [c¡ k =c¡ k+1 ; 1].
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Therefore,

kR k [s%] ¡ idk =
1
2

£ c¡ k

c¡ k+1
¡

1
2c¡ k+1

¤£
1 ¡

c¡ k

c¡ k+1

¤
+

1
2

£
1 ¡

c¡ k

c¡ k+1

¤£
1 +

c¡ k

c¡ k+1

¤

=
1
2

%k (1 ¡ %)
1 + %k

£
2

c¡ k

c¡ k+1
¡

1
2c¡ k+1

¤
» O(%k ) as k ! 1 .

This provesstatement 1).
Statement 2) is proved similarly. More precisely, for each %> 1, let r % be the

¯xed point which is the line of slope %through the origin that is clipped at c0 = 1=%.
That is,

r%(x) =

8
>>><

>>>:

%x; 0 · x ·
1
%

0;
1
%

< x · 1.

Becauseof the linearit y, r % is a ¯xed point of R . De¯ne U¹ as

U¹ (x) =

8
>>><

>>>:

¹ + %x; 0 · x ·
1 ¡ ¹

%

0;
1 ¡ ¹

%
< x · 1.

It is the sameray but translated upward by ¹ amount and clipped at c0 = (1¡ ¹ )=%.
Again, sinceU¹ is linear in [0; (1 ¡ ¹ )=%], U¹ is a backward invariant family with

R[U¹ ] = U %¹
1−¹

:

To show the statement, we only needto show that

lim
¹ & 0

kR[U¹ ] ¡ R [U0]k
kU¹ ¡ U0k

= %;

aswenote that U0 = r %and U¹ is a backward invariant family. The norm kU¹ ¡ U0k
consistsof the areaof the parallelogram betweenU¹ and U0 over the interval [0; (1¡
¹ )=%] and the area of the trapezoid between U¹ and U0 over the interval [(1 ¡
¹ )=%;1=%]. We have

kU¹ ¡ U0k = ¹
1 ¡ ¹

%
+

1
2

£1
%

¡
1 ¡ ¹

%

¤£
1 + %

1 ¡ ¹
%

¤

=
¹
%

£
2 ¡

3¹
2

¤
:

Therefore

kR[U¹ ] ¡ R [U0]k
kU¹ ¡ U0k

=
%

1 ¡ ¹

2 ¡
3
2

%¹
1 ¡ ¹

2 ¡
3
2

¹
! %;as ¹ & 0.

This proves2).
To show the rest statements 3){8), we needto de¯ne a concatenation operation,

denotedby
W

. Let g be any function over an interval [c¡ k ¡ 1; c0] ½ (0; 1) with these
properties: (i) g(x) > x for x 2 [c¡ k ¡ 1; c0]; (ii) g is increasing; (iii) g¡ k ¡ 1(c0) =
c¡ k ¡ 1, i.e., g(c¡ i ) = c¡ i +1 ; i = 1; 2; : : : ; k + 1. Here we certainly assumec¡ i depend
on the individual function g. Let h be a function over [d1; d0] ½ [0; 1) such that
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Figure 10. A schematic illustration for the de¯nition of the con-
catenation operation

W
. (a) The casewhen c¡ k d0 = c¡ k ¡ 1. (b)

The other casewhen c¡ k d0 6= c¡ k ¡ 1.

h(x) ¸ x; x 2 [d1; d0] and h(d0) = 1. With a pair of such function g; h, we ¯rst
scaledown h by the factor of c¡ k , and denote

Sc−k [h](x) = c¡ k h(
1

c¡ k
x); c¡ k d1 · x · c¡ k d0:

The operation
W

is de¯ned as follows. (a) If c¡ k d0 = c¡ k ¡ 1, then we de¯ne

g
_

h(x) =
½

Sc−k [h](x); c¡ k d1 · x · c¡ k d0 = c¡ k ¡ 1

g(x); c¡ k ¡ 1 · x · c0,

seeFig.10(a). It is straightforward to check in this casethat g
W

h(x) ¸ x and

g
W

h is continuous as Sc−k [h](c¡ k ¡ 1) = c¡ k h(
1

c¡ k
c¡ k d0) = c¡ k ¢1 = g(c¡ k ¡ 1). (b)

If c¡ k d0 6= c¡ k ¡ 1, then we consider

Sc−k −1
[h](x) = c¡ k ¡ 1h(

1
c¡ k ¡ 1

x); c¡ k ¡ 1d1 · x · c¡ k ¡ 1d0 < c¡ k ¡ 1:

Sincec¡ k ¡ 1d0 < c¡ k ¡ 1 the domains of Sc−k −1
[h] and g do not overlap. Also since

Sc−k −1
[h](c¡ k ¡ 1d0) = c¡ k ¡ 1 < c¡ k = g(c¡ k ¡ 1), Sc−k −1

[h] lies below y = c¡ k and
g lies above y = c¡ k . We de¯ne g

W
h by joining the points (c¡ k ¡ 1d0; c¡ k ¡ 1) and

(c¡ k ¡ 1; c¡ k ) in the box [0; 1] £ [0; 1] by a line denoted by l. That is, we de¯ne

g
_

h(x) =

8
>>>><

>>>>:

Sc−k −1
[h](x); c¡ k ¡ 1d1 · x · c¡ k ¡ 1d0 < c¡ k ¡ 1

l (x); c¡ k ¡ 1d0 · x · c¡ k ¡ 1

g(x); c¡ k ¡ 1 · x · c0,
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with

l(x) =
c¡ k ¡ c¡ k ¡ 1

c¡ k ¡ 1 ¡ c¡ k ¡ 1d0
(x ¡ c¡ k ¡ 1d0) + c¡ k ¡ 1;

seeFig.10(b). Again, it is easy to seethat g
W

h is continuous and lies above the
diagonal in this caseas well. Other properties that are important for the rest of
the proof are the following

² If h satis¯es properties (i,ii,iii) as g does, then g
W

h belongsto the same
classas both g and h do.

² By de¯nition, we already have g
W

h(x) = g(x); x 2 [c¡ k ¡ 1; c0]. We also
have

R i [g
_

h](x) = h(x) over x 2 [d1; d0]

for i = k if c¡ k d0 = c¡ k ¡ 1 and i = k + 1 if c¡ k d0 6= c¡ k ¡ 1. Here we abuse
the notation a little by treating g

W
h as an element in X 0, which indeed

can be the caseby properly extending it to the rest of interval of [0; 1]. This
property is basedon the fact that the scalingdown operation Sc[h] and the
scaling up operation R are inverseoperations of each other.

² The operation is associative, i.e., g
W

(h
W

f ) = (g
W

h)
W

f . Thus, we de-
note

g
_

h
_

f = g
_

(h
_

f ):

² If all de¯ned, we usethe following notation
1_

i =1

gi = lim
n !1

n_

i =1

gi = g1

_
g2

_
g3 ¢¢¢:

Also, we will use the fact that the limit lim x ! 0+

W1
i =1 g(x) = 0 exists and

equals 0. In fact, we note that for any n ¸ 1, the function
Wn

i =1 g is
de¯ned over an interval [an ; c0] whose left end point an is bounded from
above by c¡ k ¡ 1cn ¡ 1

¡ k by the de¯nition of
W

. Thus, an ! 0 as n ! 1
and lim x ! 0+

W1
i =1 gi (x) = 0 follows by the monotonicity of the in¯nite

concatenation.

We are now ready to show 3). Let %> 1 be any ¯xed number and consider the
¯xed point r %(x) = %x;0 · x · 1=%and r % = 0; x > 1=%that was consideredin
the proof of statement 2). Let c0 = 1=%. Then by the linearit y of r % over [0; c0],
we have c¡ k = 1=%k+1 . For any ¯xed natural number n ¸ 1, let h1; h2; : : : ; hn be n
distinct increasing functions over [c¡ 1; c0] such that for all i = 1; 2; : : : ; n we have
hi (x) > x; x 2 [c¡ 1; c0], hi (c¡ 1) = c0, and hi (c0) = 1. We construct h =

Wn
i =1 hi (x)

and then concatenateh inde¯nitely to get

pn (x) =
½ W1

j =1 h =
W1

j =1

Wn
i =1 hi (x); 0 < x · c0

0; either x = 0 or c0 < x · 1,

It is straightforward to verify that pn 2 X 0 and R n [pn ] =
W1

i =2 h = pn but
R k [pn ] 6= pn for 1 · k < n. So pn is a period-n point of R in X 0. Because
hi are arbitrary functions with the described properties, the set of period-n points
is in¯nite dimensional. This provesstatement 3).

To show statement 4), we need to show that for any g 2 X 0, we can ¯nd a
sequenceof periodic points pk such that pk ! g as k ! 1 . To construct pk , we
begin with the fact that sinceg(x) > x for 0 < x · c0, g(0) = 0, and g is increasing
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in [0; c0], thus c¡ k = g¡ k (c0) must exists for all k ¸ 1 and c¡ k ! 0 as k ! 1 . If
g(c0) = 1, then we let ~gk = gj[c−k −1;c0]. If g(c0) < 1, then for large k we let

~gk (x) =
½

g(x); c¡ k ¡ 1 · x · c0 ¡ 1
k

k[1 ¡ g(c0 ¡ 1
k )](x ¡ c0) + 1; c0 ¡ 1

k · x · c0.

That is, ~gk in this caseis constructed to beg over [0; c0¡ 1=k] and the line connecting
the point (c0 ¡ 1=k; g(c0 ¡ 1=k)) on the graph of g and the point (c0; 1) on the top
edgeof the box [0; 1] £ [0; 1]. In both cases~gk satis¯es the conditions (i,ii,iii) for
the concatenation operation

W
. Hence,if we let

pk (x) =
½ W1

i =1 ~gk (x); 0 < x · c0

0; x = 0 or c0 < x · 1,

then we seepk is continuous at x = 0 by the last property we listed above after
the de¯nition of

W
. Moreover, pk 2 X 0 and either R k [pk ] = pk or R k+1 [pk ] = pk ,

depending on whether or not c¡ k c0 = c¡ k ¡ 1. Thus, pk is a periodic point of R .
Sincepk and g di®er only on [0; c¡ k ] and possibly on [c0 ¡ 1=k; c0], we have

kpk ¡ gk = O(maxf
1
k

; c¡ k g) ! 0 as k ! 1 .

This provesstatement 4).
To show 5), let g 2 X 0 and h 2 X 0. As in the proof of 4) above, c¡ k = g¡ k (cg

0) !
0 as k ! 1 . Let gk = gj[c−k −1;1] . Then gk and R[h] satisfy the conditions for the
concatenation operation

W
, and we de¯ne f h;g = gk

W
R[h]. Clearly f h;g 2 X 0.

Sincef h;g and g di®er only possibly on [0; c¡ k ¡ 1], we have kf h;g ¡ gk = O(c¡ k ¡ 1).
Also, by a property of

W
, either R k [f h;g ] = R[h] or R k+1 [f h;g ] = R[h] depending

on whether or not c¡ k ch
0 = c¡ k ¡ 1. Thus, for any ² > 0, there is an integer n ¸ 1

so that kf h;g ¡ gk < ² and R n [f h;g ] = R[h]. This provesstatement 5).
To show 6), we need to construct an h 2 X 0 for each g 2 X 0 that satis¯es

the stated properties. To this end, we ¯rst demonstrate that any g 2 X 0 can be
properly separatedfrom someelement ` 2 X 0 by construction. More speci¯cally,
let c0 2 [0; 1] be the point of discontinuit y of g. Then there is always a point in
(0; 1) denoted by c`

0 that is no lessthan 1=4 apart from c0:

jc`
0 ¡ c0j ¸

1
4

:

Let ` be the line through the origin (0; 0) and (c`
0; 1) over [0; c`

0] and 0 over (c`
0; 1].

Then k` ¡ gk must be greater than the area of the trapezoid below the diagonal
and over the interval [c`

0; c0] if c`
0 < c0 and [c0; c`

0] if c0 < c`
0. This area is in turn

greater than the area of the equal lateral right triangle which is the top part of the
trapezoid. Sincethe area of that triangle is

1
2

jc`
0 ¡ c0jj c`

0 ¡ c0j ¸
1
2

£
1
4

£
1
4

=
1
32

:= ±0;

it follows that

k` ¡ gk > ±0 =
1
32

:

Wearenow ready to show the property of sensitivedependenceon initial conditions.
For each g 2 X 0, we have c¡ k = g¡ k (c0) ! 0 as k ! 1 . For each k, let `k

be such a function associated with R k+1 [g] that is separatedfrom R k+1 [g] by at
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Figure 11. A schematic illustration for conjugating a 2-
dimensional map µ : R2 ! R2 to a sub-dynamicsof R.

least ±0 amount. Moreover, we imposethe condition that c` k
0 c¡ k 6= c¡ k ¡ 1 in the

construction of `k . Let gk = gj[c−k −1;1] and de¯ne

hk = gk

_
`k :

It is obvious that khk ¡ gk · c¡ k ¡ 1 ! 0 sincehk and g di®er only in the interval
[0; c¡ k ¡ 1] with hk j[c−k −1;1] = gk = gj[c−k −1;1] . However, becausec` k

0 c¡ k 6= c¡ k ¡ 1,
we have by the de¯nition of

W
that

kR k+1 [hk ] ¡ R k+1 [g]k = k`k ¡ R k+1 [g]k > ±0:

This proves6).
To show 7) we need to construct a conjugacy Á for each mapping µ : Rn !

Rn that maps any point y 2 Rn to a corresponding element Á(y) 2 X 0 so that
R ± Á(y) = Á ± µ(y). The construction to be used below will shows that there are
in¯nitely many such Á for every mapping µ.

We start by ¯xing any %> 1 and the ray r % consideredin the proof of statement
2) above. Here r %(x) = %x;0 · x < 1=%and r %(x) = 0; 1=%< x · 1. The point of
discontinuit y is c0 = 1=%and c¡ k = 1=%k+1 with r ¡ 1(c¡ k ) = c¡ k ¡ 1; k = 0; 1; 2; : : : .
The goal is to construct for each y 2 Rn an element g = Á(y) 2 X 0 with the property
that cg

¡ k = c¡ k = 1=%k+1 ; k = 0; 1; 2; : : : , and R ± Á(y) = R[g](y) = Á ± µ(y), see
Fig.11. In fact, we will construct g to be a piecewiselinear curve from X 0 having
exactly n + 1 line segments over each interval [c¡ k ¡ 1; c¡ k ]; k = 0; 1; 2; : : : . The key
step is in constructing the piece over the ¯rst interval [c¡ 1; c0] by embedding Rn

into the spaceof piecewiselinear functions from [c¡ 1; c0] to [c0; 1].
To this end, we ¯rst arbitrarily pick and ¯x n points c¡ 1 < d1 < d2 < ¢¢¢<

dn < c0. Denote the imagesof di under r % by ai = r %(di ) = %di ; 1 · i · n. By
r%'s monotonicity, this gives c0 = r %(c¡ 1) < a1 < a2 < ¢¢¢ < an < 1 = r %(c0).
We then arbitrarily pick and ¯x bi so that ai < bi < ai +1 ; i = 1; 2; : : : ; n with



RENORMALIZA TION AND UNIVERSALITY OF NEURAL DYNAMICS 31

an +1 = 1. We are now ready to embed Rn into the spaceof piecewiselinear func-
tions from [c¡ 1; c0] to [c0; 1]. More speci¯cally, let ¯ i : R ! (ai ; bi ) be any 1-to-1
and onto map and let y = (y1; y2; : : : ; yn ) 2 Rn with yi being the i th coordinate.
We then de¯ne hy to be the graph over interval [c¡ 1; c0] that connectsthe vertex
points (c¡ 1; c0); (d1; ¯ 1(y1)) ; : : : ; (di ; ¯ i (yi )) ; : : : ; (dn ; ¯ n (yn )), and (c0; 1) with line
segments. Becauseof the choice that ¯ i (yi ) < bi < ai +1 < ¯ i +1 (yi +1 ), each line
through (di ; ¯ i (yi )) and (di +1 ; ¯ i +1 (yi +1 )) must be increasing. Hencehy is increas-
ing in [c¡ 1; c0]. It is continuous by construction and hy (c¡ 1) = c0; hy (c0) = 1.
It lies above the diagonal becauseit lies above the ray r %. Therefore hy

W
hz is

well-de¯ned with any y; z 2 Rn , in particular, with z = µ(y). We now completeour
construction for g = Á(y) by de¯ning

g = Á(y) =
½ W1

i =0 hµi (y ) (x); 0 < x · c0

0; x = 0 or c0 < x · 1,

seeFig.11. By the de¯nition of
W

wehaveR[Á(y)](x) =
W1

i =1 hµi (y ) (x) = Á(µ(y))( x)
for x 2 [0; c0) and 0 otherwise. That is, R [Á(y)] = Á(µ(y)) as desired. Finally, we
point out that there are in¯nitely many ways to construct the conjugacyÁ above by,
e.g., starting with distinct rays r % for %> 1, or by varying the parametersdi ; ai ; bi .
This proves 7). (Also, it is easy to seeby the construction above that this result
can be generalizedto include mappings on product spaces,e.g., R! , which include
shift maps.)

The proof of statement 8) is basedon the fact that the L 1[0; 1] spaceis sepa-
rable, i.e., having a countable denseset. To be precise, let D1 denote the subset
of L 1[0; 1] that contains piecewisecontinuous and piecewise-linearfunctions con-
necting vertexes of rational coordinates, in particular, with vertexes having the
x-coordinates in the form of i=n for 0 · i · n and n ¸ 2. Clearly D1 is countable
and dense. For each g 2 X 0, we can certainly approximate it by a sequenceof
functions gn from D1 each of which is i) continuously increasing over [0; cgn

0 ], i.e.,
gn (x1) < gn (x2); 0 · x1 < x2 · cgn

0 ; ii) above the diagonal y = x over [0; cgn
0 ], i.e.,

gn (x) > x; 0 < x · cgn
0 ; iii) vanishing at 0 and in (cgn

0 ; 1]. In other words, such a
sequencecan comefrom X 0. That is, X 0 itself is separablewith the countable dense
set D2 = X 0 \ D1. Next for each g 2 D2 we modify it to get a sequenceby taking
the following two steps. (1) If g(cg

0) = 1, we do nothing about the discontinuit y
point cg

0 and set gn = g. (2) Otherwise, g(cg
0) < 1. Then we construct a sequence

gn with i) cgn
0 = cg

0 + 1=n; ii) gn (x) = g(x) for 0 · x · cg
0 and cg

0 + 1=n < x · 1;
iii) gn is the line connecting (cg

0; g(cg
0)) and (cgn

0 ; 1). It is trivial to seethat gn 2 D2

and gn ! g in L 1. That is, gn is everything of any other D2 elements except that
gn (cgn

0 ) = 1. Denote this subset of D2 by D3 ½ D2 ½ X 0. Then we know D3 is
countable and densein D2, so is densein X 0. We further modify D3 as follows.
For each g 2 D3, we have c¡ k = g¡ k (c0) ! 0 as k ! 1 as x = 0 is the only
¯xed point of g. We construct a sequencehk each is the function g restricted on
[c¡ k ; c0], i.e., hk = gj[c−k ;c0]. This sequencef hk g has the property that by making
any L 1-extensionof hk to the left-over interval [0; c¡ k ], we will always have

khk ¡ gkL 1[0;c0] · c¡ k ! 0 as k ! 1 .

Denote by D4 the set of all hk = gj[c−k ;c0] for all g 2 D3. Then D4 is a countable
set. Also, although D4 is not a subset of X 0, it can be treated to be dense in
X 0 becausefor each g 2 X 0 there is a sequencef gn k g from D4 such that with
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an arbitrary extension to [0; ak ] and 0 to [c
gn k
0 ; 1] for each gn k with [ak ; c

gn k
0 ] the

domain of gn k , we have gn k ! g as k ! 1 .
We are now ready to construct a denseorbit in X 0. Since D4 is countable, we

have
D4 = f g1; g2; : : : ; g:

We now construct

g¤ =
½ W1

i =1 gi (x); 0 < x · cg1

0
0; x = 0 or cg1

0 < x · 1.

It is obvious that by the de¯nition of the concatenation operation
W

, g¤ is con-
tinuous and increasing over the left open interval (0; cg1

0 ). Let c0 = cg∗
0 and

c¡ k = g¡ k
¤ (c0). It is obvious that c¡ k 2 [0; c0) exist for all k ¸ 0 by the de¯-

nition of in¯nite concatenationas in
W1

i =1 gi . Therefore, c¡ k & x¤ exists ask ! 1
and x¤ 2 [0; c0) is a ¯xed point of g¤. To show g¤ is continuous at x = 0 and
g¤ 2 X 0, we only needto show that x¤ = 0. Supposeotherwise that x¤ > 0. Then,
g0 = lim k !1 R k [g¤] must exist and g0 is a ¯xed point of R with g0(1¡ ) = 1. On
the other hand, by the de¯nition of

W
we have gn (x) = R k [g¤](x) for somek ¸ 0,

with k depending on n, and for all x from gn 's domain of de¯nition [an ; cgn
0 ]. The

existenceof the limit g0 = lim k !1 R k [g¤] forces the conclusion that cgn
0 ! 1 as

n ! 1 . Since D4 = f gn g can be regarded as a denseset of X 0, the existenceof
the limit cgn

0 ! 1 would imply that every element g 2 X 0 must have the property
that g(1¡ ) = 1. This is certainly a contradiction to the fact that x = 0 is the only
¯xed point for every element g 2 X 0. This completesthe proof that g¤ 2 X 0.

We are now ready to show that the orbit through g¤ is densein X 0. In fact,
for any g 2 X 0 and any ² > 0, there is a gk 2 D4 that is ²-close to g with any
arbitrary X 0-extensionof gk to the left of its domain and 0 extensionto the right of
its domain. By the de¯nition of the concatenation operation

W
there is an integer

n such R n [g¤] = gk
WW1

i = k+1 gi over [0; cgk
0 ] and 0 over [cgk

0 ; 1]. Hence, R n [g¤] is
²-closeto g. This shows that the orbit fR n [g¤]g is densein X 0. ¤

Weendthis sectionby pointing out the structure of X 1 is completely understood.
In fact for every g 2 X 1, there is a non-vanishing left ¯xed point g(x ¡

¤ ) = x¤ > 0.
From the proof above we know that the limit h = lim k !1 R k [g] exists and it is a
¯xed point of R for which x = 1 is a ¯xed point of h. Also, it is straightforward
to show that an element from the stable set of such a ¯xed point h must be in X 1.
Therefore, we can concludethe following.

Prop osition 5.8. X 1 consists all ¯xed points h of R satisfying h(1) = 1 and all
their stablesets.

6. Summary

We started with one hypothesis that the per-burst spike number of excitable
cells is coded information in a possibleencoding schemefor neuron-to-neuroncom-
munications. We derived a one-parameter family of interval mappings f " , phe-
nomenologicallymodeling the bursting-spiking behaviours of excitable cells, which
include pancreatic ¯ -cells. We derived bifurcation criterion for the model map to
be isospiking. Scaling laws governing the isospiking intervals wereobtained. A new
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renormalization operator R was used to explain these scaling laws. By this ap-
proach, the phenomenologicalfamily presents a curve in the renormalization space
Y that ends on the stable set X of the renormalization ¯xed point Ã0 at " = 0.
From this renormalization point of views, other excitable and neuron cell models,
conceivably, and more importantly , the physiological kind, can be treated as ele-
ments or curvesin the renormalization spaceY . As such they must obey the same
universality laws as the phenomenologicalfamily does. This is the value and justi-
¯cation to use our phenomenologicalmodel for excitable cell modeling. Basedon
the neuroencode hypothesis,we discovered that the ¯rst natural number 1 is a uni-
versal constant, in a similar senseas Feigenbaum's. We also discovered that every
¯nite dimensionalsystemscan be conjugate to a sub-systemof the renormalization
operator R in a subset X 0 of the stable set X of Ã0, and the conjugation can be
done in in¯nitely many ways. Also, we showed that there is an orbit from X 0 that
is densein X 0. It is rather interesting that thesethree elements | neuroencode hy-
pothesis,universal number 1, superchaos | cometogether in one renormalization
paradigm. Each separatefrom the others would be lessso.

Appendix A. Fur ther Justifica tion of the Return Map (2.2)

The slow subsystemof Eq.(2.1) with &= 0 is a 2-dimensionalsystem restricted
on the nullcline of the faster variable n:

0 = (n ¡ nmin )(nmax ¡ n)[(V ¡ Vmax ) + r 1(n ¡ nmin )] ¡ ´ 1(n ¡ r 2):

For ´ 1 = 0, it consistsof three planesn = nmin , n = nmax , and V = Vmax + r 1(n ¡
nmin ). For ´ 1 > 0, theseplanesare perturb ed to becomethree disjoint surfacesof
which only the Z -shaped hysteresissurface,referred to as the Z -switch, is relevant
to our consideration,seeFig.12(a). Divide the switch into three branches: the front
branch S1, the middle branch S3, and the back branch S2 as in Fig.2 and Fig.12(a).
Both S1 and S2 consist of stable equilibrium points for the faster n-equation and
the middle branch S3 unstable points. The commonboundary T1 of S1 and S3, and
T2 of S2 and S3 respectively are the turning points of the Z -switch, or saddle-node
bifurcation points of the faster n-equation when C and V are viewed asparameters.
At the limit ´ 1 = 0, S1 and S2 becomehalf planesgiven by n = nmin ; V < Vmax and
n = nmax ; V > Vspk , respectively. The middle branch becomesa planar section.
Also for ´ 1 = 0, the turning edgesT1 = f n = nmin ; V = Vmax g and T2 = f n =
nmax ; V = Vspk g are lines. For a simpler presentation, we will treat the perturb ed
Z -switch with ´ 1 > 0 the sameas the unperturb ed onewith ´ 1 = 0. In this way, all
the components Si and Tj are linear objects and many notations intro duced below
will be greatly simpli¯ed. For this simpli¯cation to work, we only need to assume
that the turning edgesTj do not touch any other part of the n-equilibrium set,
i.e., there are small openingsnear Ti so that all the faster n-solutions immediately
above T1 are attracted to the back branch S2 and those immediately below T2 are
attracted to the front branch S1 respectively. It is important to note that this
simpli¯cation doesnot a®ectthe return map de¯ned in (2.2).

To motivate the de¯nition, we now describe someessential phaseportrait feature
for the reducedCV dynamics on the Z -switch. On S1, Eq.(2.1) with our simplistic



34 BO DENG

assumption ´ 1 = 0 becomes
_C = "(V ¡ %)

_V = (nmax ¡ nmin )[(V ¡ Vmin )(V ¡ Vmin ¡ r 3(C ¡ Cmin )) + ´ 2];

which is a singularly perturb ed system with 0 < " << 1. The V-nullcline

0 = (nmax ¡ nmin )[(V ¡ Vmin )(V ¡ Vmin ¡ r 3(C ¡ Cmin )) + ´ 2]

consistsof two lines V = Vmin and V = Vmin + r 3(C ¡ Cmin ) for ´ 2 = 0. For ´ 2 > 0,
it splits into two disjoint V -shaped curvespointed sideways, seeFig.12(b). We will
ignore the left one and restrict our model to the right half plane of a vertical line
which separatesthe two curves. We will refer to the right half of the V -nullcline
the V-nullcline for simplicit y. Equilibrium points of the horizontal branch of the V-
nullcline are asymptotically stable and those of the diagonal branch are unstable.
The knee point is a saddle-node bifurcation point of the V -equation when C is
viewed as a parameter with " = 0. The C-nullcline is V = %which intersects the
V-nullcline at a unique point (C¤; %) for Vmin < %< Vmax , where C¤ ! Ccpt as
´ 2 ! 0. For a more transparent presentation, we will simply set C¤ = Ccpt by
assuming that the part of the V -nullcline that intersects the C-nullcline remains
unchangedfor all small ´ 2 ¸ 0. For " > 0, (Ccpt ; %) is the only equilibrium point of
the CV-systemand it is a source.All nonstationary solutionsconvergeto the source
backward in time and more importantly , they all escape the surfaceS1 through the
turning edged T1. More speci¯cally, let ¡ ¤ denote the orbit through the point
labeled as p¤ in Fig.2. Unlike all other T1 turning points, p¤ is the only point at
which the CV-vector ¯eld is tangent to T1. Also, let ¡ ¤ be the orbit through the
knee point of the V-nullcline. Then for su±ciently small " > 0, all nonstationary
solutions started below ¡ ¤ [ ¡ ¤ will be ¯rst attracted to the horizontal branch of the
V-nullcline, only to evolve slowly along the branch in the decreasingC-direction
before clearing the knee point and heading upward to the turning edgeV = Vmax .
The fate for other nonstationary solutions is the same. Note that they all escape
through the half line of T1 left to the tangential turning point p¤.

When restricted to S2, the reducedCV-dynamics is relatively simple:
_C = "(V ¡ %); _V = ¡ w(nmax ¡ nmin ):

That is, Vspk 2 (Vmin ; Vmax ) is the lower bound of the V -component, and every
solution on S2 escapes through the turning edgeT2 = f V = Vspk g in a ¯nite time.
For simpli¯cation, we will assumethat w > 0 is in¯nit y so that solutions on S2

reach the turning edgeT2 instantaneously in the fast V direction. In this way, we
will only usethe essential role of the S2-dynamics that it takespoints downward to
the turning edgeT2, keepingother complications of S2 to minimum in de¯ning the
return map. This simpli¯cation again does not a®ect the map in any signi¯cant
way.

We begin by ¯xing the domain and range of de¯nition. They are completely
determined by the tangential turning point p¤ and here is why. Unlike transversal
turning points, there are two ways to start an orbit from p¤. One way follows the
CV-orbit on S1 ¯rst and continues on in the manner of de¯ning the return map
until it hits J 1, i.e., the concactationorbit hasto hit J 1 from T2. The junction point
is labeled as Rmin in Fig.2 and we set Rmin ) 0, the left end point of the map's
domain. The other way to associate an orbit with p¤ is to follow the faster n-°ow
to S2 and then return to J 1. The junction point is labeled as Rmax in Fig.2. Note
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(a) (b)

Figure 12. (a) The nV -cross section view of the Z -switch for
´ 1 > 0. (b) For ´ 2 > 0, the nullcline for variable V consists of
two V-shaped curves. All light colored nullclines are outside a
neighborhood for the bursting-spiking region, thus can be dropped
from consideration.

that by our assumption on S2, Rmax is directly below p¤. We set it to Rmax ) 1,
the right end point of domain. We set Ccpt ) :5, the middle point of the domain.

We now explain why ¦ maps [0; 1] into itself. We start with the end points. For
the caseof Rmin , the return point must lie above Rmin because _C = "(V ¡ %) > 0 for
V (t) ¸ Vspk > %. Also, observe that the return map is monotone increasingon the
interval [Rmin ; c) and its left limit at c is Rmax . Thesefacts combined imply Rmin is
mapped into (Rmin ; Rmax ). For the caseof Rmax , the point is directly below p¤ and
Rmin 's de¯ning CV-orbit ¡ ¤ through p¤ is horizontal, implying the ¯rst intersection
P (not return!) of ¡ ¤ with J 1 must be above Rmax . Becausethe orientation of
the interval [Rmax ; P ] is reversedby the CV-°ow when ¯rst intersecting the half
of J 1 left to c and then preserved afterwards when hitting J 1 from T2, we must
have Rmin = ¦( P) < ¦( Rmax ) < Rmax . To explain ¦ maps the entire interval
[Rmin ; Rmax ] into itself, we only needdo sofor the three subintervals partitioned by
points c and Ccpt . Wealready demonstratedthe casewith [Rmin ; c) above. The case
with [Ccpt ; Rmax ] follows the sameargument asfor [Rmax ; P ]. In fact, ¦ is monotone
decreasingon [Ccpt ; Rmax ]. As for the casewith [c;Ccpt ), the interval is ¯rst taken
by the CV-°ow onto (Ccpt ; Rmax ], reversing its orientation, and then taken by the
action of ¦ on [Ccpt ; Rmax ], reversing its orientation back again. Therefore, ¦ is
monotone increasingon [c;Ccpt ), mapping c to Rmin .

Analytical forms more accurate than (2.2) exist for ¦. However they must all
satisfy the properties (2.3{2.5) and those we now describe.

The termination point c must coincide with Ccpt = :5 when either " = 0 or
%= 0. The order estimate for c in " and %could be actually higher than linear as
assumedin (2.2) but a more accurate estimate matters little to our analysis.

As for the left limit at point c, ¦ must map a small neighborhood left to c
to a greater portion of the right half interval [:5; 1] and the graph of ¦ must be
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asymptotically tangent to the vertical line through c. This can be seenby a sim-
plistic argument as follows. Assumethe CV-°ows on n = nmin are a collection of
parabola-like curvesnear p¤ and are given as

V = ¡j C ¡ p¤ j¾ + Vmax + q; with C < p¤;

where ¾> 1 and q ¸ 0 parameterizesthe collection with q = 0 corresponding to
the curve tangent to V = Vmax at p¤. Let C0 and C1 be points on the curve with a
given q so that V (C0) = Vspk and V(C1) = Vmax . Then we can solve explicitly as

(C0 ¡ p¤)¾ ¡ Vmax = q; C1 = p¤ + q1=¾:

Di®erentiating C1 in C0 gives

dC1

dC0
= q(1=¾)¡ 1(p¤ ¡ C0)¾¡ 1

which goes to in¯nit y at the point C0 for which q = 0 and (p¤ ¡ C0) = V 1=¾
max .

The order of divergenceis q(1=¾)¡ 1. This explains the choice of a smaller than 1
exponent for jx ¡ cj in

L (x) = ¦( x) ¡ " (`0 ¡ `1%) ¡ x

=
£
1 ¡ (" (`0 ¡ `1%) + c)

¤
"b1 j%jb2

1 ¡ jx ¡ cj1+ a1"%

"b1 j%jb2 + jx ¡ cj
:

The factor %in the exponent accounts for the property that the further %is below
Vspk , the orbit through c becomes°atter at p¤. The other property that L (x)
must decay rapidly as x moves away from the left side of c is accounted for by
the factor "b1 j%jb2 . The property that L (x) = 0 at %= 0 is consistent with the
fact that Ccpt is a sourcefor the CV-dynamics and the return of the upper branch
of the strong unstable manifold de¯nes the upper bound of ¦ instead of Rmax .
The section wedgedbetween the strong unstable manifold and the V-nullcline is
instantaneously blocked out for orbits through [Rmin ; Ccpt ] at %= 0.

As concluded above, ¦ is increasing in [c; :5] and decreasingin [:5; 1], that is
Ccpt = :5 is the only critical point in [c;1] and it is a local maximum. The reason
that ¦ has a horizontal tangent line at Ccpt = :5 follows the same argument as
above for the relationship between points C0 and C1 near p¤ except that C0 is
treated as dependent on C1 in the case. The constraint 0 < `2 < 1 implies that
¦(1) = e¡ b3=" (1 ¡ `3) > 0, consistent with the fact that by following the de¯ning
CV- and nV -orbits for ¦, point Rmax returns to J 1 above Rmin .

One shortcoming of the analytic model (2.2) is the absenceof the property that
at %= 0, the derivative of ¦ should alsohave a limiting in¯nit y at :5¡ becauseCcpt

is a source for the CV-equations and the left limit :5¡ corresponds to the upper
strong unstable manifold of the source. In fact, ¦( x) = O(jx ¡ :5j1¡ "=¸ ) for x near
:5, whereconstant ¸ > 0 is oneeigenvalue of the linearization of the CV-vector ¯eld
at the sourceCcpt assuming" is the other one. The samecomment also applies to
the right limit :5+ . We could make modi¯cations to accommodate this property
but the complications are not worthwhile and unnecessaryfor this paper.
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