SINGULAR PERTURBATION OF N-FRONT TRAVELLING
WAVES IN THE FITZHUGH-NAGUMO EQUATIONS
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ABSTRACT. In this paper we consider travelling wave solutions of the FitzHugh-
Nagumo equations
vt = Vzz + f(v) —w, wr = (v — yw),

which are singularly perturbed by the parameter 0 < € < 1. The equations
possess n-front travelling waves that correspond to n-front heteroclinic orbits in
a travelling coordinate frame. These solutions bifurcate from a double twisted
heteroclinic loop at € = 0. Previous works showed that the n-front bifurcation
branches in the yc-parameter space, where c is the propagation speed of the
travelling waves, shrink to the bifurcation loop point as ¢ — 0. A proof
is sketched to show that these m-front bifurcation branches can be uniformly
continued in a yc-parameter region independent of € — 0.

Keywords: FitzHugh-Nagumo equations, n-front travelling waves, geometric the-
ory of singular perturbations.

1. INTRODUCTION

The FitzHugh-Nagumo equations were introduced as a simpler model to mimic
some key behaviours of Hodgkin-Huxley’s equations for electrical impulses propa-
gating along the nerve axon of the giant squid ([13, 11, 21]). They have motivated
the development of numerous techniques in the studies of wave propagation, bifur-
cation theory, stability theory, geometric theory for singular perturbations, and in
many other theories and applications, see e.g. [9, 18, 4, 10, 22, 12, 14, 7, 8, 17, 16,
19, 23, 2, 1]. The purpose of this paper is to illustrate a technique for analyzing
bifurcations of multiple pulse heteroclinic orbits from a double twisted heteroclinic
loop in singularly perturbed equations with application to the FitzHugh-Nagumo
equations.

To motivate the problem we begin with the FitzHuge-Nagumo equations

(1.1) V= Vg + f(0) —w, wy = e(v —yw),

where f(v) = v(1—v)(a—v) is the usual cubic function used in most of the literature.
Travelling waves are solutions of the form

(va)(xvt) - (va)(x + Ct)a

where ¢ > 0 is the wave propagation speed. Casting the equations in the travelling
coordinate frame z = x + ¢t transforms the reaction-diffusion equations Eq. (1.1)
into a system of ordinary differential equations as follows

cw = U+ f(v)—w
c = e(v—ryw),
1

(1.2)
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FIGURE 1. A twisted heteroclinic loop in 2-dimensional phase
space (right). Typical graph in one phase variable for a hetero-
clinic orbit from o' to o? (solid left) and from o2 to o' (dotted
left).

where "= d%. Depending on the size of ~, there are one, two, or three equilibrium
solutions of Eq. (1.2). We are interested in the case of three equilibria. Let o' and
0? be two of the equilibria that will be specified in more details later. Qur problem
concerns with a class of travelling waves of Eq. (1.1) that correspond to heteroclinic
or homoclinic solutions, ¢(z), of Eq. (1.2) satisfying

lim ¢(z) =o' and lim ¢(z) = o.

Zz—00 2=
If i # j, q(2) is a heteroclinic solution of Eq. (1.2). Otherwise it is a homoclinic
solution with ¢ = j.

If it travels “straight” from o' to o7, it is called a simple front. If at some
parameter value there exist two simple fronts, one from o' to 0? and the other
from 02 to o', then we have what we call a heteroclinic loop, see Fig. 1. A pulse
homoclinic orbit of o' around o? is a homoclinic orbit of o! that passes through
a neighborhood of 0? in a finite z interval before converging to o' as z — oo, see
Fig. 2. A similar definition applies to pulse homoclinic orbits of 0? around o'. A
1-front heteroclinic orbit from o' to o? is a heteroclinic orbit that passes through
a neighborhood of 02 in a finite z interval, exits the neighborhood to pass through
a neighborhood of o! in a later finite z interval before converging to o0? as z — oo,
see Fig. 2. A similar definition applies to 1-front heteroclinic orbits from 0? to o!.
An n-front heteroclinic orbit is similar to a 1-front heteroclinic orbit except that
it repeats the process of passing through the neighborhoods of o' and 0? n times
before converging to its limit as z — oc.

Many researchers have studied the existence of simple fronts and pulses of the
FitzHugh-Nagumo equations, see e.g. [18, 4, 22, 12, 16]. Deng [8] discovered the
n-fronts from the work of [22] and subsequently proved their existence for the
FitzHugh-Nagumo equations. The n-front’s stability was also conjectured in [8] that
was later proved by Sandstede [23], who adopted an existence method somewhat
different from [8]. The stability problem was also considered by Nii in his work [19].

The existence of n-fronts from [8] was established as bifurcations from a double
twisted heteroclinic loop. The structure of “twist” deals with the orientations of
individual heteroclinic orbits with respect to the loop, see Fig. 1, H5, Fig.4 of
Sec.2. A heteroclinic loop bifurcation is generically a codimension-2 problem, that
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FIGURE 2. A bifurcated pulse homoclinic orbit(top), a 1-front het-
eroclinic orbit from o' to o?(middle), and a 2-front heteroclinic
orbit(bottom).

is, one only needs two generic parameters to unfold all possible perturbed structures
near the heteroclinic loop point. One parameter is needed to induce a transversal
breaking of each heteroclinic orbit in the loop. The FitzHugh-Nagumo equations
(1.2) of the travelling coordinate frame possess three parameters: -y, ¢, and the
propagation speed c. The parameter € is special in that it is asymptotically small:
0 < € < 1. It is exactly this singular perturbation nature that allows [8] to show
that Eq. (1.2) have a double twisted heteroclinic loop for any 0 < € < 1 small and
the parameters v and c are two generic unfolding parameters. More specifically, the
geometric theory for singular perturbations of ([10]) was used to reduce the problem
from 3-dimension to 2-dimension when ¢ = 0, and to obtain a “singular” double
twisted heteroclinic loop at some parameter value (v*,¢*). The geometric theory
of singular perturbations was used again to show that the singular loop persists for
0 < € < 1 at some continued parameter values (y*(¢),c*(¢)). Then by an earlier
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FI1GURE 3. Bifurcation unfolding diagram at the twisted hetero-
clinic loop point (y*(e), c*(€)) for the FitzHuge-Nagumo equations
([8]). “Simple front”, “n-fronts” mean fronts from o' to 0%, and
“simple back”, “n-back” mean fronts from o? to o'. “i-i pulse”
means pulse from o’ to o.

nonsingular perturbation result of [7] it was concluded that for each 0 < € < 1
fixed there exists a neighborhood of size §(¢) > 0 such that the bifurcation diagram
shown in Fig. 3 holds. Note that for each n > 1 there is a curve bifurcating from
(7v*(€), c*(€)) in the ye-parameter space on which an n-front heteroclinic orbit exists
from o' to o/. The size of the neighborhood depends on the value of € in the way
that the neighborhood radius 6(¢) — 0 as € — 0. The same e-dependence is also
apparent in [23]. Interesting enough there is no such e-dependence for the pulse
bifurcation branches from earlier works, e.g., [4, 18, 22]. Thus the question is: can
all the n-front bifurcation branches be continued to an e-independent neighborhood
of (v*(e€), c*(¢)) like their pulse counterparts? The answer is Yes.

Our method departs from [8] and [23] in that instead of converting the singularly
perturbed problem to a regular one for each 0 < ¢ <« 1, we attack the problem
directly for the range 0 < ¢ < 1. In this paper, however, we do not intend to
give a complete treatment to the problem. Instead we want to expound in a more
transparent way the key elements and ingredients for the uniformness of §(e) > g >
0 as € — 0F. To do this we will substitute heuristic and in various places simplistic
assumptions and arguments for a full-fledged proof. Justifications for doing so are
two-folded: all the substitutive arguments can be made rigorous by various existing
techniques ([5, 6, 14, 3]) and the full details can be found in [2].

The main result is presented in Sec. 2. The proof is given in Sec. 3. It is treated
twice, progressively more realistic and complex. The first is done in R? with various
simplistic assumptions, some of which are not realistic. The second is done in R3
with realistic hypotheses. The sole purpose of treating the 2-dimensional problem
is to introduce a skeleton proof for the real problem which has to be 3- or higher-
dimensional. Each treatment highlights a different set of issues, ideas, and methods
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involved. It is our belief that ideas and techniques developed in this paper should
prove useful in treating other singularly perturbed problems in applications.

2. THE MAIN RESULT

We consider equations of the form
(2.3) o= X(v,p),

where v ER3, peR2 ,0<e< 1, 0= ‘j—: and X is C'* in all of its arguments.
R? _ is a neighborhood of the origin in the parameter space. We place the singular
parameter € as a superscript to emphasis that it acts differently from parameter
p. We make the following assumptions H1-H5 about Eq. (2.3). See Fig. 4 for a
geometric representation of these assumptions.

First we assume that Eq. (2.3) has two 1-dimensional normally hyperbolic man-
ifolds.

H1 Assume that there exist two compact connected 1-dimensional manifolds,

K, i=1,2, such that

K'(p) € {X(v, ) = 0},

(we consider K* as being parameterized by p). Furthermore, assume that
for each p € K, p € R? , and 0 < € < 1, the spectrum of the matrix

(2.4) D, X<(p, p),
satisfies

=A% (p, py€) < =X (p, py€) <0< A& (p, y €),
)\Cﬂl(p7l“‘l”0) = 07 and - agey (p?ua()) < O

Assume also that for 0 < e there exists only one equilibrium point of(u, €),
which is smooth in (g, €), satisfying o’(u,0) € K*. Finally, we assume that
K? may be given as the graph of a single function over one of the variables.

By continuity of the eigenvalues with respect to all of their arguments, and the
compactness of K*, we may assume as a result of H1 that there exist positive
constants A* and A" such that

0 < A (p, p, €) < A° < A% (p, )
0 <A (p, ) K A < A (p, by €),

forall 0 < e <1, p € R}, and p € K'. Also the following geometric struc-
ture for the flow of Eq. (2.3) in a neighborhood of K® holds by H1 and by the
geometric theory of singular perturbation of Fenichel [10]. More specifically, if we
extend Eq. (2.3) trivially by ¢ = 0, then for |¢] < 1 and p € R} , there ex-
ists a neighborhood of K*® x {e} such that in this neighborhood, there exists a
(14+1)-dimensional center manifold, W¢? containing K x {0}, a (2+1)-dimensional
center-stable manifold, W and a (2+1)-dimensional center-unstable, W%, such
that Wesi 0 Wi = W% The extra dimension refers to the trivial dimension
¢ = 0. Furthermore, W¢ and W are foliated by families of 1-dimensional
manifolds parameterized by points of W¢, denoted by {F*(p) : (p,e) € W'} and
{F“(p) : (p,e) € W&}, respectively. All of the invariant manifolds above are
parameterized by p. Since planes of constant e are invariant and intersect W?,

West and We*" transversely, we may consider these manifolds as 1-dimensional,
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FIGURE 4. A singular twisted heteroclinic loop in R3, together
with various invariant manifolds, foliations, cross sections, and lo-
cal coordinates that are associated with the loop.

2-dimensional and 2-dimensional, respectively, and parameterized by € and pu. We
suppress the dependence of these manifolds on their parameters.
Next we assume that there is a singular heteroclinic loop for at € = 0.

H2 When ¢ =0 and p = (0,0), Eq. (2.3) has heteroclinic orbits ¢(¢), connect-
ing o' € K' to K7, i # j, where o' € K' is as in H1. That is, there exist
z*J € K7 such that
lim ¢'(t) =o', lim ¢'(t) = 2*7.
t——o0 t—o0
We also assume
of # 29,
Note that the union of the orbits of ¢, the limiting points of, z**, and the
segments between z*? and o' on K' defines what we call a singular heteroclinic
loop, denoted by I'°. We assume I'V is non-degenerate in the following sense.

H3 For p = (0,0) assume that q'(t) converges along the leading stable direction
of 2™/ and the leading unstable direction of 0" as t — +o00 and t — —o0, re-
spectively. We also assume that the intersection W7 NW** is transversal
at ¢'(t).

Remark 2.1: The transversal intersection is generic. By the A-lemma ([6]) this
transversal intersection implies the following strong inclination property:
m Ty W = T, W (o) + T, W (0')

t——o0



SINGULAR PERTURBATION OF N-FRONTS 7

where W*$(0') is the local strong stable manifold of o', and T,W is the tangent
space of a given manifold at a point p. ¢

The non-degeneracy hypothesis H3 guarantees the existence of the Melnikov
functions (see [20, 17]). Thus, generically, we assume the following condition.

H4 Let M¥(p,€) be the Melnikov function for the separation of W*(o') and
Wes3. Then we assume the vectors DNMi((O,O),O) € R%, i =1,2, are
linearly independent, and in particular non-zero.

Remark 2.2: The assumption that Dy M?*((0,0),0),7 = 1,2 are linearly inde-
pendent implies by the Rank Theorem or the Implicit Function Theorem that
Q' := {M¥(p,€) = 0} define two 2-dimensional surfaces in the parameter space
R? x {e} on which W*(o') N Wes:J #£ (). This in fact implies that for 0 < ¢ < 1,
¢'(t) is continued as a heteroclinic orbit from o’ to o/. To see this recall from H1
that
—\4% (07, u,€) <0, for 0 < ¢,

and o’ is the only equilibrium on W7 for 0 < e. Because the center eigenvalue
shifts to the left of 0 for 0 < e, the center-stable manifold W7 of K7 becomes
the 2-dimensional stable manifold of o/. Thus any flow through F*7(p) for p # o7,
p € WeJ converges forward in time to o/ along the weaker attracting direction
Wi, Since W (o) N WeJ #£ () and W¥(0') lies in a stable foliation F*7(p) for
some point p near z*7 # o/, we may assume by the hypotheses H1-H4 that ¢*(t)
is continued as a heteroclinic orbit from of to o/ for (u,€) € Q°. The fact that ¢*(t)
approaches o/ along the center direction W7 because of the assumption z*J # o’
implies that the continued heteroclinic orbit ¢*(t) is non-degenerate ([10, 7, 8, 17]).

The linear independence of Dy M?*((0,0),0) from H4 also implies that these
two surfaces Q%,i = 1,2 cross transversely in a neighborhood of the origin and
the intersection is necessarily a 1-dimensional curve in R? = x {e} parameterized
by 0 < e. Denote the parameterized intersection in p by (g1 (€), fiz(€)). Obviously
the corresponding heteroclinic orbits qi(t) for u = (i1 (€), fia(€)) give rise to a
heteroclinic loop denoted by I'® which can be viewed as the continuation of I'°.
Because each ¢’ is non-degenerate, the loop I'¢ is non-degenerate as well.

Finally, the linear independence of Dy M*((0,0),0) from H4 also implies that

H1 MI(N>€)
2 - MQ(IJ’vG) )
€ €

defines a C" change of parameters. Hence from now on we will assume the new
parameters for which
Q" ={p: =0}.

It is important to note that under this change of parameters, the Melnikov distance
functions are independent of ¢, a key property we will use later in our bifurcation
arguments that hold uniformly in 0 < ¢ < 1. Also, because of this change of
parameters we will assume from now on that the parameter region Rfoc is explicitly
independent of €.

Our last assumption is that I'“ is a double twisted heteroclinic loop in the fol-
lowing sense (see Fig. 4).
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y*'(e)

FIGURE 5. Bifurcation diagram in parameters (ui, p2). Defini-
tions for y*!,b! are given and used later in Sec.3.

Let I'“ be the continuation of I'° as from the preceding paragraphs. Let
e’ be the principal unstable eigenvector at o’ pointing to the same side of
Wesid as ¢7(t) does, that is,

A T (0) — o]
Let ej_ be the unit center eigenvector at o° defined as

, I(t) — o'
e, = lim 7(1() — .
t=oo ||g7(t) — o'
For € > 0 and fixed, this is the principal, or weaker, stable eigenvector. We
assume that e’, and e’ point to opposite sides of Tyiy W7 as t — —oo

and t — oo, respectively.

We are now in a position to state our main result (see Fig. 5 for an illustration

(i)

of the bifurcation diagram).

Theorem 2.3. Assume that H1-H5 are satisfied by Eq. (2.3). Then there exist
small numbers 0 < ¢g < 1 and 0 < v, independent of each other, such that for any
r > 1, the following hold true (up to a C" change of variables in RZ ):

loc

There exists a unique function Hf”l(ug,e), defined over 0 < € < ¢y and
0 < po <, such that for parameter values

(HE" (12, €), p2) € R, with 0 < pg < 7,

Eq. (2.3) has a homoclinic pulse of o' around o*. Moreover we have that
Hﬁml(o,e) = 0. A similar statement holds made for a unique function
Lo = Hg"l(ul, €), defined on 0 < € < ¢y and 0 < py <+, and a homoclinic
pulse of 0 around o'. Also, both curves p; = Hful(ui, €) are smooth.
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(ii) For each natural number n > 1, there exists a function HY (ue,€), defined
over 0 < e <e¢y and 0 < pus <7, such that for parameter values

(H? (pias €), p2) € RZ, with 0 < pg < 7,

Eq. (2.3) has an n-front heteroclinic orbit from o' to 0®. Moreover we have
that H}E(0,¢) = 0, and for each fizred 0 < € < e¢g and 0 < ps < v, these
functions have the ordering

0 <o < Hy(nz,€) < Hi (2, <o < HE (o, )

A similar statement can be made for the existence of n-front heteroclinic
orbits from 0 to o for parameter values satisfying po = H5 (u1,¢€),0 < € <
€ and 0 < pg <.

(i) HP™, HEY — 0% as € — OF wniformly in w, and hence, so do all of the
above mentioned functions by the ordering given in (ii).

Remark 2.4: Theorem A of [7] states that the curves given by HP* and H? are
asymptotically tangent to the y; axis, as u; — 0%, 4,5 = 1,2 and ¢ # j.

Hypotheses H1-H5 are satisfied by the FitzHugh-Nagumo equations as shown
in [8, 23, 2], and hence the conclusions of this theorem follow.{

3. PrROOFS

Our uniform arguments for d(e) > dp > 0 for all 0 < e < 1 are heuristic and,
in various places, simplistic, presented in two skeletal proofs, progressively more
realistic. The first one strips off all nonessential elements to focus on the uniform
continuation issue, using a non-realistic 2-dimensional model. The second one uses
a simplistic but nonetheless realistic 3-dimensional model to show how the key
uniform arguments for the 2-dimensional model still hold.

3.1. The 2-Dimensional Case. A common approach to all the proofs, skeletal
or full-fledged, is to derive the n-front bifurcation equations from the Poincaré
return map of the heteroclinic loop I'° and to obtain the bifurcation branches
as solutions to the bifurcation equations. Also common to this approach is to
decompose the Poincaré map into flow-induced maps near the slow manifolds K*
and flow-induced maps near the heteroclinic orbits ¢* connecting a neighborhood
of K to a neighborhood of K7.

3.1.1. Simplistic Assumptions. The assumption that a singular perturbed hetero-
clinic loop occurs in dimension 2 is not realistic because there are not enough
dimensions to accommodate such singular structures. On the other hand this as-
sumption is not without justification. This is because that for a non-singularly
perturbed situation, a 2-dimensional center manifold of the loop T'* exists ([23])
which allows a dimensional reduction to a 2-dimensional problem. Although such
smooth manifold is not expected for singularly perturbed equations, an analogous
reduction in some less ideal form is conjectured to exist. We will see shortly that
instead of actually assuming the existence of singular heteroclinic orbits between K*
and K7, we assume the existence of certain diffeomorphisms from a neighborhood
of K to a neighborhood of K7.
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The second simplistic assumption is to assume that the equation near the slow
manifolds K" is linearized as follows. That is, in a square neighborhood S* of o’
there exists local coordinates such that Eq. (2.3) is of the form

T = —€x

(8:5) g=Xiy, 0<e<A

Note that in S* we have o' = (0,0), and K" is the z-axis when ¢ = 0. We also have
that for 0 < ¢, the local stable manifold of o', W*(0'), is the x-axis and the local
unstable manifold of of, W¥(o'), is the y-axis. We orient the coordinates in S* so
that e*. = (0,1)” and €/, = (1,0)”. Since the principal stable eigendirection for the
nonlinear case is precisely the singular (center) direction, the inclusion of & = —ex
captures the singular nature of the problem. We note that such linearization is not
always true but can be remedied by various treatments (see more discussion later).

3.1.2. Poincaré Maps. We define the Poincaré return map by first defining the
Poincaré sections in S* as follows

youti = {(x,1):|z] <1}

mmt = {(Ly) syl < 1k

These sections are transversal to the flow near ¢° and ¢7, respectively. We place
local coordinates on these sections by projecting the coordinates in S* onto them,
see Fig. 1 and Fig. 6.

For a non-singular heteroclinic loop I'’ such as depicted in Fig. 1, we can define
a flow-induced global map IIf"¢ from X°u4* to 7. This map is defined in
a neighborhood of ¢ and it is a diffeomorphism. Since there is not a singular
heteroclinic loop in R?, we will simply assume the existence of such a global map
satisfying all defining properties in a non-singular 2-dimensional case as well as in
a realistic, singular 3-dimensional case. That is, we assume a diffeomorphism

(3.6) mferi: {|z| < n} x RZ | x {e} — %™,

loc

for 0 <n < 1and p€R? . We assume that it is independent of p;,j # i, €, and
given by

(3.7) I (2, i) = s — i

In particular, when z = 0 the map coincide with the corresponding Melnikov func-
tion implied by H4, and p; = 0 corresponds to the persistence of the heteroclinic
orbit ¢*. Finally, our twist assumption on ¢’ requires that for z > 0, II7%"(x,0) < 0,
and hence the minus sign in front of the positive constant c¢;, see Fig. 6.

The domain of definition for the uniform existence interval [0,~] for Hj (ui, €)
with p; € [0,7] and for all n will be obtained by some careful analysis on both
the global and local maps. It results from our requiring the Poincaré map to be
well-defined. More precisely, for I1/9 to map X4 into %7 for all pu € R2  we
need

—1 <y — e STV, ) < g+ eim <1,
as |z| < n < 1, see Fig. 6. This automatically put a constraint on the parameter
region in p. So we must require that

li| < 1—cm,
which gives rise to the e-independent constant « as follows,

(3.8) v =min{l — ¢1n, 1 — can} so that R? = {|u| <~}

loc
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FIGURE 6. The local coordinates and the heteroclinic orbit ¢'.

We point out that for consistency we require the constant 1 as in the domain of
177 to satisfy
0O<np<land1l—¢n>0,
which we assume throughout.
Next we define the flow-induced local maps,

(3.9) TTlocsi . ginyi c Yt Zout,z‘7

where 0™ is the domain of definition. These maps are obtained explicitly from

solutions to (3.5),

z(t) = zoe™ <, y(t) = yoet,

for o, yo > 0. Let (z0,y0) € E“” with o = 1 and 7 be the time of flight to reach
Youtt e, (x(7),y(r)) € L', Then

1= yoei™.
Solving 7 in terms of yo and substituting it into z(7) give rise to the local maps

Hloc,i Yo — y(f)//\z

In order to compose the local map II'°%? with the global map I/ we need to
require the image of the local map be contained in the domain ¥4 = {z : |2 < n}
of the global map. This requirement in turn gives rise to the local map’s domain
of definition o™¢. More specifically, 0 < yo € o™ iff

Hloc,i(y07 6) _ yé/)\z < n.

Solving for the largest yo satisfying the above equation leads to the domain of
definition as follows

o™= {0 < yo < y*(e)} with y*i(e) := /e
See Fig. 6 for an illustration.
A few remarks about the local maps are in order. As (1,0) = W*#(o') N """ the
flow through this point converges to o forward in time. Since o is not in X%,
(1,0) is not in o™, It is at the boundary because it corresponds to yo = 0. So Il

can be extended in a C° fashion to yo = 0 with I1/°>(0) = 0. This corresponds to
an infinite time of flight, connecting (1,0) to (0,1). This map becomes singular at
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e = 0. Also we note two important facts about the right end point y**(¢) of the
local map’s definition interval o*™":
(1) y*i(e) — 0 as € — 0" (again, the singular nature of IT°¢/%).
(2) As yo — y*¥(e) we have II'°%!(yg, €) = yg/’\" — 1 monotonically, in partic-
ular, 1% (y*i(e), €) = n.
These two properties will be used later for the uniform continuation argument.
In what is to follow we will also use the composition

T o TS0, ) = 19 g €) = i/,
as a way to keep track of the unstable manifold W*(o?) for u; > 0. We will require
that as we sweep p; = I172%(0, ;) through the parameter interval [0,7], the image
of 179" of 0 sweep through the entire domain of definition 07 = {0 < y < y*7(e)}
of II'°%J, This is guaranteed by the first property above by choosing ¢y > 0 small
enough such that for every 0 < e < ¢y we have y*7(e) < 7.

3.1.3. Homoclinic Bifurcations. In this section we discuss the bifurcation of I'° to a
homoclinic orbit of o! passing through S2. The discussion of a homoclinic orbit of 0?
passing through S is similar. For each 0 < € < ¢ fixed, we need to obtain a curve,
p1 = Hzlml(ug, €), in the parameter space Rfoc for every 0 < ps < 7,0 < € < 1 such
there is a pulse homoclinic orbit of o'. The existence of such an orbit is equivalent
to finding

pERE | with y; =0
that satisfy

W0 =
(3.10) Hf“’“’Q(yS/’\2, 1) = 41 =0
or equivalently
H1 = Yo
Ho — Czyé/A2 = 0.

For this 2-dimensional simplistic model, one can solve explicitly for p1 in us formally
and argue that the domain of definition is ps € (0,7]. But for a full-fledged proof
such explicit expression is not available. The argument is based on a shooting
method instead. It consists of two steps:

Step 1: Find a region in the parameter region Rlro in which the compositions
defined by the equations (3.10) are well-defined. It is straightforward to check that
this is the case because

0<p =y <y"*(e) and 0 < pp <.

Step 2: In this step we need to show that in the region defined above, there exists
a value of p; such that pe — co (ul_)f/A2 =y; <0, and there exists another value
of uf such that pg — ca(py)/*2 = yi > 0. The solution then follows from the
Intermediate Value Theorem. We will also show that this value is unique, a key
point to be used later.

For the shooting method to work, we first need to find the regions in 2°%“:2 on
which T1/972(z, u5) > 0 (< 0). To do this we first find x such that

7972 (2, o) = pip — cow = 0,
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far,2

which gives rise to © = pa/ce. Because II is strictly decreasing in x, we find

the needed regions as
if0 <z <pa/e then  T179"2(z, pg) > 0,

(3.11) and if po/co <x <n  then TI/%2(z, puy) < 0.

In order for us/ca < v/ca < 1 to hold we refine the definition of + in (3.8) as follows
v < min{¢;n, 1 —¢m,i = 1,2},

and require that || < v. Note that the definition of ~ is independent of €, a key
point for the uniform argument. Note also that this choice of v depends only the
global maps I1/%™%. In the R® model and the proof of [2], this independence of v
from € comes from the regular perturbation nature of II/%* in e.

We now proceed with the actual shooting. Fix 0 < e < ¢p and 0 < pe <. We
have that y; = yo. If 4 = 0 then

r =y =0 < /s

and, by (3.11) above, we have that
yi =T 2 (2, pp) = g > 0.
On the other hand, if u; = yo = y*?(€), then, by the definition of y*?(€), we have

v=y " =n>q/c > pafen.

Hence, by (3.11),
yr =2 (, pg) = pg — con < 0.
As all of our maps are continuous in p;, we can conclude, by the Intermediate Value

Theorem, that there exists a value of 1, between uf = 0 and p; = y*?(e), such
that

= T2 piz) = 0.
This defines a function in RZ_ denoted by u1 = HY (12, €) € (0,y%2(e)). See Fig. 5
for an illustration of this argument. In fact, this curve is uniquely defined and we
can calculate it from (3.10) as

pa = HE" (pay €) = (pa/c2)*/<.
We point out that as this function is unique, for 0 < pp < Hﬁml(,ug, €) we have y; =
I1/972 o T1'°e1(0, 111) > 0, and for HE" (g, €) < 1 < y*2(€) we have y; = [1/92 o
o1 (0, py) < 0. A symmetrical property is listed below for a later reference.
Remark 3.1: For each 0 < pu; < v and 0 < € < ¢ fixed, there exists a curve
p2 = H5" (111, €), between 0 and y*1(e), such that

I1/72(0, u2) = Y

3.12 e
(312) M/art (g™ ) = g =0.

In particular, s > HE" (111, €) if and only if y; = 7971 o TI°¢2(0, ) < 0.

We also have from above that HZ"™, HE" — 0t as e — 0T because y*™i(e) — 0
as € — 0. Thus, for e small, H*" lies above H5™ in the py direction, see Fig. 5.
With this in mind we define the set

A% = {0 <y <, 0< g < HP (2, €}

This set will be used extensively in subsequent subsections for a shooting argument
for the n-front bifurcation branches. The uniformness is to be derived by showing
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that the n-front curves H7 are wedged in the sector region A°, connecting from
A%s cusp point g = 0 to its boundary pp = 7. By what was said in the preceding
paragraph, for any g € A%\(0,0) for which (3.12) is well-defined, y; = IIF%"! o
110020, pp) = 7o (uS/™  y) < 0 3ff py > HZ“'(py,€). This is one of the key
points for the uniform argument of the next two subsections.

We point out that comparing to what will follow on the n-front bifurcations
it requires no special treatments on the uniform continuation of the homoclinic
branches H” “! The argument essentially recaptures the same geometric idea used

by [4]. ¢

3.1.4. 1-Front Heteroclinic Bifurcation. For each 0 < € < ¢y fixed, we need to find
a 1-front heteroclinic curve py = H{(u2,€) in R7, for us € (0,7]. We will look for
Hi in the sector region AY. The existence of a 1-front of o' to 0? is equivalent to
finding

€ R with yo =0

that satisfy the equations

I/ (0, 1) = %
A
(3.13) Hf‘“(yé/;,uz) = n
Mar (g™ ) = g =0,
or equivalently
Ha = Yo
€/A2
M2 — C2Yq = W
A
1 —C1yi/ o= 0.

To solve this system of equations for ;1 in terms of uo, we utilize a similar two step
shooting method as for the homoclinic branches.

Step 1: Our first concern is whether or not the compositions required by (3.13)
are well-defined. Fix 0 < gy < v and 0 < € < €o. If 1 = HE (2, €) then we
know, from the result in the previous section, that 0 < yy < y*2(e) and y; = 0.
Hence, the composition is well-defined at this point. Also the first two equations
are well defined for py < H’ful(uz, €) as demonstrated in the previous subsection for
homoclinic bifurcation because such a point (p1, u12) lies in A°. Recall in addition
that p; < Hful(uz, €) iff y; = 11792 o T1"%1(0, 1) > 0. So we only need to know
how much smaller ;7 has to be in order for the last equation to be defined. Hence
the only condition left to consider is

0 <y <y"'(e)
or
0 < o — eapy™® < y™(e).
Solving the two inequalities above for p; < Hful(llz, €) yields
(3.14)

0 s 0 < MQ S y*’l(e)
Hzljul(/m’e) = (%)AQ/E >y > bl(MQ’G) = {

el (e Az /€ .
()™ L > yie).
That is, (3.13) is well-defined for

pe A= {p: b (u,€) < < HY (2, €),0 < pp <y} € A°,
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Fig. 5 shows a typical graph of b! in R?  and the bounding sector A'.
Remark 3.2:

(1) The need to define b (uz,¢€) for pa > y*!(e) is the key point in showing
that the domain of definition of H}(u2,€) is uniform in e. To see this we
recall the work of [7]. In it the author only used the set where a simple
front exists, the po-axis in our case, which corresponds to b!(usz,e€) = 0 for
0 < pe < y*l(e). But y*(e) — 0% as e — 0T, which explains why the
domain of definition for Hj (2, €) in [7] is e-dependent.

(2) Since everything is continuous, we make an alternative definition for b' as

b (12, €) := inf{b:0 < b, and for b < p; < Hf"l, we have 0 < y; < y*!(e)},

which is the definition that was used in the proof of [2]. From the first
definition of b' we see that if u; = b'(ua,€) > 0, then y; = y*(e). To
see that this follows from the second definition, we notice that for p; on
the boundary of (3.14), it must be either y; is 0 or y*(e). If y; = 0 we
would have a pulse of o'. Since this occurs only for 1, = Hf“l (112, €) which
is unique for homoclinic orbit of o!, it must follow that y; = y*1(e).

Step 2: We now do the actual shooting. If i = H?*! (12, €) then y; = 0 and hence
yy = /910, uf) = p > 0. On the other hand we show that if u; = b' (2, €)
then y, < 0. To do this we need to consider two cases: b' > 0 and b' = 0. For the
first case, we have by the definition of b that for u; = b'(ug,€) > 0, y1 = y*1(e).
Hence I1%Y(y;,¢) = yi/h = 7. By (3.11), with the index 2 replaced by 1, we
have y, = II/9"1(n,u;) < 0. For the second case, when b' = 0, the last two
equations of (3.13) are exactly (3.12), the bifurcation equation of a pulse of 0?.
By Remark 3.1.3 we again have y, < 0. The Intermediate Value Theorem gives
the existence of a value of j;, between p; = b (ug2,€) and uf = H’ful(ug, €), such
that yo = 0. Choosing the first such point below Hﬁml(ﬂz, €) defines the function
H1 (g, €). Furthermore, 0 < H1 (ug2,€) < HY" (g, €) for 0 < € < eg and 0 < pp < 7.
Notice that unlike Hlf“l this function may not be unique, which will not be needed
in what follows. Also notice that by our choice of H}(ps, €), which is the first point
where o = 0 and below H™| we have yo > 0 for H} (1, €) < 1 < HE" (g, €).

3.1.5. n-front Bifurcations. We need to show that for the v defined in the previous
sections and 0 < € < ey there exists an n-front heteroclinic branch p; = H} (us, €)
defined for 0 < us < v with its graph in A°, as shown in Fig. 5. We will do so by
an inductive argument. Roughly speaking, we will show that H} is used to define
a curve b2 so that b* and Hf“l are used to bound a sector A C A! in which H? is
found using b2 and H?"" as shooting boundaries, and so on.

Similar to the 1-front case, we start with the equations for the n-fronts. Finding
an n-front is equivalent to finding

w€R? . with ya, =0
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that satisfy the equations
Hfar,l(o’ :U/l)

= Yo
1972 ((yo)/ 2, po) =
(3.15) .
/9 (yon—1) M, 1) = Yon,
or equivalently
M1 = Y
e/ra
M2 — C2Yqy = U
R :
1 — clygfl_ll = 0.

To this end we utilize a similar shooting method again, only now we do it induc-
tively.
We assume the following induction hypotheses hold true for 1 <m <n — 1:
(1) There exists a curve H*(us2, €) = w1, defined over 0 < s <~y and 0 < € <
€0, such that (2.3) has an m-pulse heteroclinic orbit from o to o?.
(2) For 0 < pe <+, we have the ordering

0 <M (2, €) < M (2, €) < HE (s €).

Equality on the left only holds for H° which we define to be the us-axis,
the set where a simple front occurs.

(3) The compositions defined in (3.15), with n replaced by m, are well-defined
on the sets

A™ = {0 (a2, €) < pn < HE (2, €),0 < o < ),
where
bm(:u27 6) = lnf{b : H;n_l(u27 6) < ba and
0 S Yoam—1 S y*71(6) for b S H1 S H{)UI(M%e)}'
Furthermore, b™ (us, €) satisfies the following properties:
(a) b (pa,€) < HP (o, €) < b™ (o, €) < HP™ (112, €) which implies
A™ C Am—l;
(b) 0 < yam—1 < y™1(e) for b™ (2, €) < 1 < HY" (2, €);
(€) Yam—1 =0 for p1 = HZ" (2, €) and,
Yom—1 = { y*’l(e)v if pp = 0" (p2,€) > Hgnil(/i%e)
" 2, if g = 0™ (2, €) = HT" (o, €).
(4) For H*(pa2,€) < g < H11)UZ(LL2, €) we have that yo,, > 0.

By the results of Section 3.1.4, these are all true for m = 1.

Step 1: We first show that (3.15) is well-defined in the sector A™. For pu; =
Hf“l(ug, €) we have y; = 0. This implies the first two equations are for a pulse of
o' to itself and hence y3 = 0. The next two equations are the first two repeated
and so on, hence y; = 0 where k is odd, 1 < k < 2n — 1. The even indexed y’s are
all equal and are less than y*?2(e) since 0 < yo < y*?(e). This is true for ya, as
well. Thus (3.15) is well-defined at p1 = H2" (g, €).
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For b"(pg,€) < p1 < HE" (2, €), as A™ € A", we have that the first 2n — 2
equations are well-defined. By definition of b™(u2, €), s0 iS Y25,—1-
Step 2: We now proceed with the shooting. If pf = Hﬁml(,ug, €) then yo,—1 =0
and hence y4, = II/9"1(0,uf) = pf > 0. On the other hand we show that if
py = b"(u2,€) then yy, < 0. As before, we consider two cases. If H} ' (ug,¢) <
b™ (o, €) then, for u; = b™(ua,€), we have (yo,_1)*/¢ = n and hence, by (3.11)
with the index 2 replaced by 1, y5, < 0. If H} '(ua,€) = b"(uz,€) then, for
py = HP (g2, €), we have ya, o = 0. Thus the last two equations of (3.15) are
the equations for the pulse of 0? to itself. As this value of p lies above the curve
that defines the pulse of 02, see Remark 3.1.3, we have that y;, < 0. Hence we
can conclude that, by the Intermediate Value Theorem, there exists a value of uq,
between p; = b" (g, €) and puf = Hf”l(ug, €), such that ya, = 0. Choosing the first
such value below Hﬁml(ug,e) defines the function p; = HT(pz2,€). The existence
proves the first induction hypothesis. Such a curve certainly satisfies 'H?il (2,€) <
b" (2, €) < HY(p2,€), by construction. This is the second induction hypothesis.
The third induction hypothesis follows from the construction of b™(usg,¢). Also,
because 1, = M} (o, €) is the first such value below HY" (g, €), we have ya, > 0
for H7 (g, €) < py < HE(ua,€). This is the forth induction hypothesis. This
completes the induction argument and hence the proof for the 2-dimensional case.

3.2. The 3-Dimensional Case. The proof for the existences of homoclinic pulses
and heteroclinic n-fronts in 3-dimensions is very similar to the 2-dimensional case.
It is done by a shooting method. The differences lie mainly in the setup, i.e., in the
geometry of S%, T'” and the construction of IIf%™* and IT*%*. We will only prove the
existence of a pulse from o' to itself. The proof for the n-fronts follow analogously,
with modifications that are made apparent in the proof of the pulse.

3.2.1. Simplification Assumptions. Assume there exists a neighborhood of K*, S,
such that in this neighborhood S?, (2.3) has the form

z = —f(z)x
(3.16) g = 9y

where K is given by the set {(0,0,2) : a < z < b}, for some a < 0 < b, o* = (0,0,0),
and S* is given by

{(z,y,2) : [z], |y| £ 6,a < 2 < b}
for some 6 > 0. Further assume that f,g > 0 for a < z < b. For

0<e< min{f(z)g(z)}
the eigenvalues of the linearization of (3.16) at (0,0, z), are
—f(z) < —e<0<g(?)
and the associated eigenvectors are (1,0,0), (0,1,0), and (0,0,1), respectively. We
choose positive constants A* and A\* such that
—f(2) < =AM <—-e<0<e< A" <g(2)

holds for all @ < z < b. Comparing this to the R? model, we notice that we
have added another stable direction that is not singular at ¢ = 0. This makes it
possible to define the singular heteroclinic loop, see Fig. 4. We note that in general,
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one can introduce the Fenichel variables ([10, 5, 15, 3]) to cast equation (2.3) in a
neighborhood of a normally hyperbolic manifold K in the following form

Our assumption on Eq. (3.16) simply truncate F,G to their leading order terms:
f(z) = F(0,0,2),9(z) = G(0,0, 2). Treatment without this linearization assump-
tion can be found in [2], and treatments on other similar situations can be found
in [5, 6, 16, 15, 3].

We now describe some known geometric structures in S?. We note that K' is
clearly invariant, and since f(z) and g(z) are positive, K* is a normally hyperbolic
invariant manifold. We can consider K* as a center manifold contained in a 2-
dimensional center-stable manifold We? given by

west = {(z,0,2) :a < 2 < b, |z| <5}
It is also contained in a 2-dimensional center-unstable manifold W% given by
WUt = £(0,y,2) :a < z < b, |y| <5}

Furthermore, W¢* and W% are foliated by 1-dimensional invariant stable and
unstable foliations, F*%(2) and F**(z), parameterized by points of K®. These are
given by the sets

F¥(z) = {(2,0,2) : |z| <6} and F*"*(2) = {(0,y,2) : [y| < 6}

These foliations have the property that if we let (x,y, 2)(¢; 2o, Yo, 20) denote the
flow defined by (3.16), then the flow through base points of F*(2) and the flow
through the point (0,0, zg) on K satisfy the estimate

(317) H(J:’ Y, Z)(ta Zo, 07 ZO)) - (07 07 Z(t7 07 07 ZO))H = |Jf(t7 o, Yo, ZO)‘ = O(e_)\St)
for ¢ > 0. For points on F**(z,) we have the estimate

(3.18)  ||(z,y,2)(t; 0,90, 20) — (0,0, 2(¢; 0,0, 20))|| = |y(£; 0,0, 20)| = O(e_vt)
for t < 0. We point out that such “stratified” geometries for these manifolds
and foliations can be generalized without the linearization assumption ([10]). The
linearization assumption and the subsequent stratifications simply make our pre-
sentation more transparent.

For 0 < ¢, the flow on K* is given by the last equation of (3.16) and thus o
is asymptotically stable with respect to the flow on K*. Hence the flow through
points of F*(z) converge to o' as t — oc.

The singular heteroclinic loop I'® at € = 0 consists of heteroclinic orbits ¢,
satisfying

limy 4 00 ¢*(t) = (0,0, 2%7) and
lim;—, oo qi (t) = Oi;
and pieces of the center manifolds between z*? and o' on K*. Since we assume
2*% # o', then by the choices of local coordinates for S* we have z*% > 0 (see
Fig. 4).

The assumption that z*? # 0 guarantees the following. When we perturb this
singular loop from e = 0, the resulting heteroclinic orbits will not be degenerate,
i.e., they will converge along the leading directions of o' and o/. More specifically,
when 0 < € we have ¢!(t) and ¢?(t) persist on the u; and us-axes, respectively, in
the following sense. When ¢ = 0 we have ¢'(¢) lies in the stable manifold of 2*7,
W$((0,0,2*7)), which is F*J(2*7). The points (0,0, 2*7) are no longer equilibria
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for 0 < e. We assume that if u; = 0 the unstable manifold of o', W%(0%), lies in
the stable foliation F'(z) for some z near 2*7 and hence the trajectory, denoted
by ¢' again, converges to o/ as prescribed by (3.17). That means it converges to o
along the principal stable direction ei of 07 as t — +o0.

Finally, unlike the 2-dimensional model, we need to recall that hypothesis H3
implies what is called the strong inclination property on Tqi(t)W“’j ast — —oo as
follows

dim TyiyW e =T, W"(0") + T W**(0"),

where T,:W?%(0%) is the linear space spanned by the eigenvector associated with
the eigenvalue — f(0), see Fig. 4. The tangent space on the right is spanned by the
tangent vectors (1,0,0) and (0, 1,0).

3.2.2. Poincaré Maps. The purpose of this subsection is the same as for the 2-
dimensional case, i.e., to construct various flow-induced maps near K*s and between
them. We start with Poincaré sections contained in the boundary of S*

2t i= {(2,0,2) « |2 <6, [z <mi} and B = {(8,y,2) : [yl < 6,2 — 2" <},

for some constants 0 < 11,72 < 0. These sections are transversal to the flow near
¢'. The local coordinates in them are simply the local coordinates of S* and S’
projected onto them. When it is necessary, we will denote the local coordinates of
Yt by (y, 2%) and the local coordinates of 3°%0% by (2%, 2%). Otherwise we will

drop the superscripts. Clearly we have the following

Eout,i N WC%i = {(072) : |Z| S 771}7
Zout,i N Wu(ol) = (07 0), and
Nt €S = {(O,Z) : ‘Z' < 772}7

for all p € R? , and 0 < € < €y, where R? _ is a neighborhood of the origin to be
specified in more detail later.

Since there are no equilibria in a neighborhood of ¢* between X°%H% and Y7,
and since the flow is transversal to these sections, there exist 0 < €y, 79 and a flow-
induced diffeomorphism II/%™ from Xt to %I for p € RZ = {|u1|, |p2| <
Yot

I/omt ;. moubi x RE % {0 < e < e} — D™,

loc
It is important to point out that the constants 71, 12, €y, and =y only depend on §,
the size of the neighborhood of K*. In particular, 7 is independent of e.

We now examine the specific form of II7%"»* and its properties, which we assumed
for the 2-dimensional case. We do this by expanding ITf%™¢ around the point (0,0) =
W (o') N xeubi. We then neglect the quadratic and higher order terms.

The first term is TI/9™%((0,0), u, €) and we write it as

Hfar’i((0,0),lt,E) = (v (m,€), 2% (@, €)).

Notice that when p; = 0 we have y?(u,€) = 0 for all 0 < e < €y, because of the
existence of the heteroclinic orbit ¢° at yu; = 0. By H3 and H4 we can assume
without loss of generality that there exists a change of variables in Rlzoc so that
pi =y (p,€) for all p € R and 0 < e < €. Notice that y’(u,€) is simply the
Melnikov function defining the separation of W*(o%) and W¢J. We also have that
27((0,0),0) = z*J when p; = 0. By truncating the expansion of this function we

assume that 27 (u,€) = 2*J for all p € RZ  and 0 < € < €.
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Since I/ is a diffeomorphism we have that

det(A((0,0),0)) # 0 where A(p,€) := D(m’z)Hf”’i((0,0), woe) = (ag).

Since A is non-singular for all g € R?  and 0 < € < ¢ we neglect the high
order terms in the expansion of A(u,e€) at (u,e) = (0,0) and assume that A =

A((0,0),0). This gives the expansion of I1F2" as

ari((. i i _ i a11 a2 z’ _ Z/j
Hf ((x7z)aui)_<z*,j>+<a21 a22><zi>_<zj)'

We have in fact obtained that the leading terms of I1/% are independent of u;
and €, just as what we assumed for the 2-dimensional case.

We now translate the strong inclination property, H3 and Remark 2, into a
property of TI/9™%. Consider the preimage of We*7 N = {(0, 27)} under 1127,
Solving

Hfm”i((xi) Zi)a Mi) = (07 Zj)

for (x%, 2%) yields

o\ — 1 —agapi; — ar2(z7 — 2*9)
(3:.19) ( zt ) =4 ( 2 — 2% > ~ det(A) ( a1 i 4 ann (27 — 2%79) > )
See Fig. 7. By the strong inclination property, we have that the tangent space of
Wes3d at p; = 0 under the flow is close to the tangent spaces of W*(o%) and W**(0?)
as t — —oo. The later spaces are spanned by the vectors (0,1,0) and (1,0,0) in the
local coordinates of S*. In other words, W4 N 2°% is approximately the vector
(1,0) in the coordinates of ¥°%*. Thus we have that

2 = qercay (ampi +an(z = 279) ~ 0
when p; = 0. So we can conclude a;; =~ 0, and take a;; = 0 for simplicity.

We translate the twist assumption, H5, into a property of II/%™ as well. Recall
that e’ = (0,0,1) € S* and e/ =(0,1,0) € S7 point to opposite sides of WS,
see Fig. 4. In the coordinates of ¥ we have that any vector (¢, 2%) with 0 < z*
points to the same side of W¢J N L% as €’ . In the coordinates of ¥/ we have
that any vector (y7,27), 47 < 0, points to the opposite side of W¢s:i N XinJ ag ¢ .
Thus, at p; = 0, we have

0 0 . a122" . yj
(2)ea(2)- (et ) (%)

It follows that 37/ = a122* < 0 when 2 > 0, or a;» < 0.
The strong inclination property together with the twist assumption will give us
the subsets of X% on which the y-component of ITfe™

(3.20) pi — |aiz|z

is positive or negative. We need to track the sign of the y-coordinate of IT/e"
because y > 0 iff the corresponding point can be further continued without escaping
a tubular neighborhood of I'® in which bifurcated pulses and n-fronts are sought
after. Recall that W N X"J = {(0, 2)} and hence

i — laiz|z = 0 if and only if 2 = u;/|a;a|.

This leads to the following characterization:
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(1) If (2%, 2%) € Loub? satisfies 0 < 2° < p;/|aia], then the y-component of
IIFemi((2?, 2%), ) is positive;
(2) If (2%, 2%) € Boubi satisfies p;/|ar2| < 2* < n1, then the y-component of
[ ami((z?, 2%, u;) is negative.
The condition p;/|a12| < 7/la1z| < m1 imposes another constraint on p;. We
take

7 < min{|ai2|n1, 0}
and reset R? . = {|p| < ~}. This should be compared to (3.11) in the 2-dimensional
case. Also, one should compare (3.20) to the form of IT¥%" in the 2-dimensional
case, (3.7). They are exactly the same.

With I1°%%% we can track solutions near I'V between S and S7. We also wish to
track solutions of (2.3) near I'? as they pass through S?. To do this we define the
local map I1°¢? from a subset of 3% to $°%?. This map will be singular at € = 0,
as in the 2-dimensional case.

To begin we consider the so-called Shilnikov solutions of (3.16) ([6, 7, 17, 3]).
Let A(t) := fg f(z(s))ds and B(t,7) := f: g(2(s))ds, 0 <t < 7,0 < 7, and consider
the functions

z(t;7,20) = e AW
(3.21) y(t;7,20) = deBHT)
2(t;7,20) = zoe”

with |zg — 2**| < n2. Since 0 < z(t;20,7) < 29, and as f,g > 0, and 0 < ¢t < 7
we have that 0 < x(7;20,7) < § and 0 < y(0;20,7) < 6 as B(t,7) < 0. It is
straightforward to check that (3.21) defines a solution to (3.16). Furthermore, if

T > ln((zo/nl)l/e) = 7_*(2076)7

then 0 < z(7;20,7) < m1. In other words, 7*(zp, €) measures the time required for
the solution to cross z = 7, from above from a neighborhood |z — z*’| < ny of 2%?
which lies above z = 1; because of the choice of the coordinates of S and the small
magnitude of n;,7,. Examining 7*(zo,€) = In((zo/n1)"/¢) we see that if 7, < zo
then as € — 07, 7%(29, €) — o0o. Since both x(7; 29, 7) and y(0; 29, 7) are decreasing
in 7, we may choose €y > 0 such that if 0 < e < ¢y and 7 > 7*(20, €), then

(57, 20) = e A7) <6, y(0; 20, 7) = 0€5O7) <4,

uniformly in |29 — 2% < 9. It then follows that the initial point of the solution
(3.21) is in ™" because

(1'(0, T, 20)7 y(Oa T, ZO)7 Z(Oa T, ZO)) = (57 y(Oa T, 20, )7 ZO) € Ein?i
and the corresponding end point at t = 7 of (3.21) is in X°%"¢ because
(z(737, 20),y(T5 7, 20), 2(T57, 20)) = (x(T37, 20), 0, 2(73 T, 20)) € LU,

Therefore, the flow (3.21) with the choices in €y, 7*(29,€) above defines a map,
denoted by II*°%" from Y to X%, Note that this map is parameterized by the
initial value in z, i.e., 29, and the time of flight, 7 > 7*(20, €), of the flow from %™
to Xouhi, See Fig.7 for a 3-dimensional illustration of the local flow that defines
Hloc,i.

Our strategy next is to write the time of flight 7 as a function of (yo, z0), with
yo = y(t; 7, 20) being the initial value in y. First the domain and range of IT1'°*? are
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(x, y, 2)(5; T, 2))

Wts:i

in,i s wi T1°(d) -
(e} \[\ ) q_ ” 7 z :1]%171 Wc\ / o out,i
g 0@ | | 1™ ()
: loc,i
d . 11 —
I ¥ ’ 0008~ | i
1 :: Wcs’j (b)
*,1
Y 7[: Zin,i Zout’i
e
z

a i

FIGURE 7. Top: Local flows near K' in 3-dimension that define
the local map II'*¢1. Bottom: More details for the 2-dimensional

local map IT'o?,

given as follows

and

g

g

in,t

out,i .__

{((0m,20), 0) : |20 — 21| < o, 7 2 7 (20,0)} € T

{(z(7;7,20), 2(T;7,20)) : |20 — z*’| <, T >7"(20,€)} C youtit
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For reference purposes, we let
Y*¥ (29, €) := y(0; 7% (20, €), 20),

See Fig.7 for an illustration. We point out that o™® does not contain the set
{(0, 29)} = Wesit N2 since solutions of (3.16) on We¥ converge to o® as 7 — 00
(for € > 0) and o' is not in X°»*. However, it is on the boundary since 0 <
y(0;20,7) — 0 as 7 — oo. Also, 0°%"% has a cusp shape tangent to the positive
z-axis of ¥°¢ with the point of the cusp at (0,0). To see this examine the slope
of the individual curves in the union defining o°%**,

.T(T, T, ZO) 6€_A(T) _ g A(T)+er

= = —e_
2(757, 20) zpe™ T )

_ O(e(—)\+e)T)
as T — 00, see Fig. 7.
To write 7 as a function of (yo, z9) we consider the set
A= {(7,20) : |20 — 2% < M2, T (20,€) < TV

Clearly there exist two smooth functions, p* and p*, mapping A’ into o°“* and
in,t

o'™* respectively, by
(1,20) € A? N (2(T57, 20), 2(T5 7, 20)) € OO
p°
N

(y(07 T, 20, )7 ZO) € O-in’i-

These maps are bijective by the construction. Examining the determinant of the
derivative of p® yields

oy @
32 9207 20) | _ Oy

0 1 Coor
and thus, by the Inverse Function Theorem, p® is a diffeomorphism. Implicitly this
defines 7 as a function of (yg, z9). Hence I1'°*? from o™ onto o°%*' can be written
as

(0;7,20) = —eB(O’T)g(z(T;T, z9)) > 0,

I ((y0, 20), €) = p* © (p°) " (40, 20), €)-
We extend I1°°¢ onto the closure of ™% (that is we include W¢* N %% in the
definition of o™%) by the fact that 7 — oo if and only if

(157, 20),y(0; 7, 20), 2(75 7, 20) — 0.

Hence we define
1'°“((0, 20), €) = (0,0).

Finally, when writing I1'°>* in component form we will use the notation
HlOC,i = (Xz(y07 20, 6)7 Zi(y()a 205 6))

Remark 3.3: For each 2 fixed, the T-parameterized curve in o°%%? crosses WeJ N
youti transversely exactly once if at all (see Fig. 7). To see this we note that
Wesd n xouti given in (3.19), is a curve transversal to the z-axis of X°%5¢ more
or less parallel to the x-axis, and for u; > 0 this intersection lies above (0,0).
The cusp of 0" is tangent to the z-axis at (0,0), and as € — 0 they become
more so (steeper). This implies that the crossing is transversal. The crossing is
unique because z(7; 29, 7) increase monotonically to 7y as yo increase to Y*(zq, €),
or equivalently 7(yo, z0) decreases to 7*(2g, €). This fact will allow us to uniquely
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define H]f"l. O

3.2.3. Homoclinic Bifurcation. Recall the definition of a pulse of o' around o? made
in the previous section. It remains the same for the 3-dimensional case except that
its passing through S? requires the trajectory to spend a time of O(1/e)-order
near K%, Our goal is to show the existence of a pulse bifurcation curve in R? .
= H:iml(ﬂg, €), whose domain of definition is independent of e.

Finding a pulse of o' is equivalent to finding
[TAS R%oc? with y; =0

to satisfy the following equations

1710, 0, 1) = (¥
(3.22) yo 0
2 (X0, 2000, () = ()= (D).
1 21

We will use a shooting method in two steps as we did in the 2-dimensional case.
Step 1: We need to show that the compositions implied by these equations are
well-defined. Notice that

far,1 _ K1 _ [ %
I (Ovoa/'l’) ( Z*,Q ) ( 20 )v

thus we need 0 < yo = p1 < Y*2(2%2 €) := y*?(e), the same relation as illustrated
in Fig. 5.

Step 2: We now perform the shooting. We need to show that for each fixed
0<e<eand0 < py <7, if uf =0then y; > 0, and if u] = y*2(e) then y; < 0.
Indeed, setting p = yo = 0 implies that (X2(yo, 20, €), Z%(y0, 20, €)) = (0,0) and
hence, by the characterization of £°“*2 given at the end of the section of the global
map, we have yf = pg > 0. On the other hand, we show that if we let

pr=1yo =y">(e)
then y; < 0. Indeed, by the definition of y*2(e) we have

Z%(yo, 20) = m > v/|ai2| > pa/laral,

thus, by the characterization of %°%*2 given at the end of the section of the global

map, y; < 0. As everything is continuous, by the Intermediate Value Theorem,
there exists a value of pp, between uf = 0 and pu; = y*2(e), such that y; = 0.
This defines the function y; = HZ™ (s, €) € (0,y%%(€)), o € (0,7]. This function
is unique since the curves in o°“4? defined by moving yo = 1 from 0 to y*2(e)
crosses Wesl N g°ut:2 exactly once and transversely, as stated in Remark 3.2.2.
Finally, we point out that 0 < puo < v is fixed, independent of ¢, thus the domain
of definition of H2*! is independent of e.

The proof for n-fronts follows much the same as the proof in the 2-dimensional
case. This concludes the proof for the 3-dimensional case.
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