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Abstract

We will study the Henstock-Kurzweil delta and nabla integrals, which generalize the
Henstock—Kurzweil integral. Many properties of these integrals will be obtained. These
results will enable time scale researchers to study more general dynamic equations. The
Hensock-Kurzweil delta (nabla) integral contains the Riemann delta (nabla) and Lebesque
delta (nabla) integrals as special cases.
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1 Introduction

In this paper we shall study the so-called Henstock—Kurzweil delta and nabla integrals, which
generalize the so-called delta and nabla integrals respectively, which have been widely used in
the study of dynamic equations on a time scale. This will inable one to solve more general
dynamic equations and hence will be of great interest to researchers in this area.

First we introduce the following concepts related to the notion of time scales. A time scale
T is just any closed nonempty subset of the real numbers R.

Definition 1.1 Let T be a time scale and define the forward jump operator o(t) at t , for
teT, by
o(t):==inf{r >t: 7€ T},

and the backward jump operator p(t) at t, fort € T, by
p(t) :=sup{r <t:7eT}

where inf ) := sup T and sup () := inf T, where O denotes the empty set.
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We assume thoughout that T has the topology that it inherits from the standard topology
on the real numbers R. If o(t) > ¢, we say t is right-scattered, while if p(t) < ¢ we say t is
left-scattered. If ¢ < supT and o(t) =t we say t is right-dense, while if ¢ > inf T and p(t) =t
we say t is left-dense. A function f : T — R is said to be right-dense continuous provided
f is continuous at right-dense points in T and at left-dense points in T, left hand limits exist
and are finite. We shall also use the notation pu(t) := o(t) — ¢, where pu is called the graininess
function and v(t) := ¢t — p(t), where v is called the left-graininess function. We denote the
natural numbers by N and the nonnegative integers by Nj.

Definition 1.2 Thoughout this paper we make the blanket assumption that a,b € T and we
define the time scale interval in T by

[a,b]y :={t € T such that a <t <b}.

The notion of a time scale was introducted by S. Hilger [5]. Related work on the calculus of
time scales may be found in Agarwal and Bohner [1], and Erbe and Hilger [4]. See also the
introductory books on time scales [2], [3], and [6].

Definition 1.3 Assume z : T — R and fix t € T, then we define 2 (t) to be the number
(provided it exists) with the property that given any € > 0, there is a neighborhood U of t such
that

[2(a(t)) — a(s)] = 22 ()]0 () — s]| < elo(t) — 5],
for all s € U. We call x*(t) the delta derivative of z at t.

It can be shown that [2, Theorem 1.16] if  : T — R is continuous at ¢ € T and t is right-
scattered, then
x(o(t x(t)

Ay ) —
T = o(t) —t

Note that if T=Nj, then
22 (t) = Az(t) == z(t + 1) — z(t),

here A is the forward difference operator [7]. If ¢ is right-dense, then it can be shown that [2,

Theorem 1.16]
22(t) = lim o(t) —2(s)

s—t t—s

In particular, if T is the real interval [a, 00), then z2(t) = 2/(¢).

Definition 1.4 We say 0 = (01,0r) is a A-gauge for |a, bl provided 6.(t) > 0 on (a,b|r,
dr(t) > 0 on [a,b)r, dr(a) > 0, dr(b) > 0, and dg(t) > u(t) for all t € [a,b)r. Similarly we
say v = (Yr,Yr) 15 a V-gauge for [a,bly provided v(t) > 0 on (a,blt, Yr(t) > 0 on [a,b)r,
vr(a) >0, yr(b) > 0, and vy (t) > v(t) for allt € (a,blr.



Since for a A-gauge, J, we always assume d07(a) > 0 and dg(b) > 0, we will sometimes
not even point this out. Similarly for a V-gauge, v, we will not always make the point that
v2(a) > 0 and yr(b) > 0.

Definition 1.5 A partition P for [a,b]r is a division of |a, bl denoted by
P={a=t <& <t <o <ty <§, < t, =10}

with t; > t;_1 for 1 < i <n and t;,& € T. We call the points & tag points and the points t;
end points. Asin Peng—Yee [8], we sometimes denote such a partition by P = {[u,v]; {}, where
[u,v] denotes a typical interval in P and & is the associated tag point in [u, v].

Definition 1.6 If ¢ is a A-gauge for [a,blr, then we say a partition P is §-fine if
§i—0n(&) <tioy <ty <&+ 0r(&)
for 1 < i <n. Similarly, if v is a V-gauge for |a,b|r, then we say the partition P is y-fine if
& — (&) Stion <t <&+ Yr(&)
for1 <i<n.
Now we can define the Henstock—Kurzweil delta and nabla integral.

Definition 1.7 We say that f : [a,blr — R is Henstock—Kurzweil delta integrable on [a, by

with value I = HK fabf(t)At, provided given any € > 0 there exists a A-gauge, d, for [a,b|r
such that

11— Zf(fi)(ti —ti)| <e

for all 6-fine partitions P of [a,bly. Similarly we say that f : [a,bly — R is Henstock—Kurzweil

nabla integrable on [a,blr with value I = HK fabf(t)Vt, provided given any € > 0 there exists
a V-gauge, vy, for [a,blr such that

11— Zf(gl)(tl —ti1)] <e

for all vy-fine partitions P of [a, b]r.

Remark 1.8 If f is Riemann delta integrable on [a,bly according to the Riemann sums defi-
nition given for a bounded function f(t) on [a,blr in Definition 5.10 in [3], then it is H K -delta
integrable on [a, bl and

HE /abf(t)At _ /abf(t)At.



The proof of this remark follows from the fact that if we define 6(t) = (6.(t),dr(t)), by d.(t) =
dr > 0 a constant for t € [a,b]r and Og(t) = I, for all right-dense points in [a,b]r and
dr(t) = pu(t) for all right-scattered points in [a, b|t, then ¢ is a A-gauge of [a, b].

As in Lee Peng—Yee [8] we sometimes in proofs use the abbreviation

> FE)u—v) = Zf(&)(ti — ti-1).

For the Henstock—Kurzweil delta and nabla integrals to make any sense we prove the fol-
lowing lemma. In this lemma and later we use the notation, if s € [a, b, then

Br(s) :=sup{t € [a,b]r : t < s}, Pr(s) :=inf{t € [a,b]7 : t > s}.

Lemma 1.9 If§ is a A-gauge for |a,b|r, then there is a 6-fine partition P for a,blr. Similarly
if v is a V-gauge for |a,blr, then there is a y-fine partition P for [a,b]T.

Proof: We just prove the first statement. Assume there is no such d-fine partition P for [a, b]r.
Let ¢ = 1(b— a) and let
d=pBr(c), e=pPr(c).

Then either [a,d|r or [e,b]r does not have a d-fine partition. Assume [ay,bi]r is one of these
two intervals such that [aq,b;]r does not have a J-fine partition. Repeating this argument we
get a nested sequence of intervals [a;, b;]r with |b; — a;| < %2, each of which does not have a
0-fine partition. Let

1— 00 1— 00

Then for 7 sufficiently large

& —01(&0) < a; < b; <&+ dr(&o).

But then
{a; <& < b}

is a d-fine partition of [a;, b;]T, which is a contradiction. O

We next give an interesting introductory example. In this example we use the fact [2,
Theorem 1.79] that if [c,d]r = {to = ¢, t1,t2,- -+ ,t, = d}, then
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Example 1.10 Let T = {+ :n € N}U{0}. Let f : T — R be defined by
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then we claim that f is Henstock—Kurzweil delta integrable with

HE / CFA =

even though the delta integral fo t)At does not exist (although it does exist as an improper
delta integral). To see that f is Henstock Kurzweil delta integrable on [0, 1], let 0 < e < 1
be given. Assume that § is a A-gauge on [0, 1]1r satisfying 6. (t) = tv(t) for t € (0,1]r and
dr(t) = u(t), for t € (0,1), with 6(0) = 2. Let P be a d-fine partition of [0,1]r. Since

op(t) = v(t) on (0,11, we have that our first tag point is & = 0. Also for 1 <i<mn—1 we

have dg(t;) = u(t;) and 5p(o(t;)) = 2v(o(t;)) which implies that

2
&4_1 = ti, and ti—l—l = O'(tz’), 1 S ) S n—1.

Now consider

= 1_2]051 i — ti— 1
= 1—Zf(ti—1)ﬂ(t—1

- 1—/f At‘
= [1-[Vi,

- \/E S 5R(O) =g,
where we used the fact that F(t) =/t is a delta antiderivative of f(t) on (0,1)r.

1_Zf§z i — lie 1

Example 1.11 Assume [a,b)r contains a countable infinite subset U2 {r;} with o(r;) = r;.
Define [ : [a,b]lr — R by
1, t=r;

1) = {O t#r,;.

Let € > 0 be given. Then define a A-gauge, §, on [a,blr by 6(r;) = 0r(ri) = 572, 1 > 1,
dr(t) = max{l, u(t)} and oL(t) = 1 fort € [a,b]y\ U2, {ri}. Let P be a 0-fine partition of
[a, b]T, then

|Zf E)(ti—tic)l < > (00(r:) + Oa(ry)

i=1
oo

— 22; <e.

=1

Hence, even though in many cases f is not delta integrable on [a,blr, we get f is Henstock—
Kurzweil delta integrable on [a,blr and

HE / HAd =



Similarly, one can show that if above U2 {r;} is a countable infinite subset of left dense points
in (a,b]r, then f as given above is Henstock—Kurtzweil nabla integrable on [a, bl with

HE /bf(t)Vt _0.

2 Main Results

The results in the following theorem in the special case of delta and nabla integrals are used
all the time in the study of dynamic equations on time scales.

Theorem 2.1 Assume [ : [a,b]lr — R. If f is HK-delta integrable on |a, b, then the value of
the integral HK fj f(t)At does not depend on f(b). On the other hand if ¢ € [a,b)r and c is
right-scattered, then HK fabf(t)At does depend on the value f(c)u(c). Also, if f is HK-nabla
integrable on [a,b]r, then the value of the integral HK f; f(t)Vt does not depend on f(a) and
if ¢ € (a,bly and c is left-scattered, then HK fabf(t)At does depend on the value f(c)v(c).

Proof: We will just prove the statements concerning the H K-delta integrals. Assume that f
is HK-delta integrable on [a, b]r. We consider the two cases p(b) < b and p(b) = b. If p(b) < b,
we choose d,(b) < v(b). In this case b is not a tag point for any d-fine partition and hence

HK fab f(t)At does not depend on the value f(b). Next consider the case p(b) = b. In this case

given any € > 0 we can choose
€

o) < T

so if b = &, is a tag point, then

[f (&) (tn = tn1)| = [f(D)(b = tnv)| < [f(D)[OL(b) < | (D)]

e
HOET

and the result follows. Next assume that ¢ € [a,b)r and c is right-scattered. From Theorem
2.12 we get that

HE / N

c o(c) b
_ HK/a f(t)AH—HK/C f(t)At+HK/U(c)f(t)At

b

_ HK/Cf(t)At+f(c)u(c)+HK A

Since the first and last terms do not depend on f(c)u(c) we get the desired result. O

Remark 2.2 From the proof of the first statement in Theorem 2.1 we see that in the definition
of the Henstock—Kurzweil delta integral we can without loss of generality assume that the last
tag point satisfies &, # b.



In the proof of the next theorem we use the notation
N, ={z; € [a,b)r : p(z;) > 0}
and note that N, is a countable set.

Theorem 2.3 Assume F : [a,blr — R is continuous, f : [a,blr — R, and there is a set D
with N, C D C [a,b]§ such that FA(t) = f(t) for t € D and [a,blr\D is countable, then f is
H K —delta integrable on |a,b]t with

HE / " H)AL = F(b) — Fla).

Proof: By hypothesis there is a set D with N, C D C [a, b]% such that F2(t) = f(t) for t € D
and [a, b]p\D is countable. Let

Y :=[a,b]r\D = {y1, 2, - },

which is countable (could be finite). Let € > 0 be given. We now define a A-gauge, 4, for [a, b]t.
First let t = z; € N, then we define dg(z;) = u(z;). Since F is delta differentiable at z;,
there is a 0} (z;) > 0 such that

|[Fo(z)) = F(s) = F2(zi)lo(z) — s]] < 10 —a) [o(2i) — s] (2.1)

for all s € [z; — 8} (2), zi]r. Also, since F' is continuous at z;, we get there is a §%(2;) > 0 such
that

[F(2) = F(s) = FA(2)lei = ol| < 53

(2.2)

for all s € [z; — 07 (2i), zi]r. Then we define
01(2;) = min{dp (), o7 (=)}

so that (2.1) and (2.2) both hold for s € [z; — d1(2;), 2]t
Next assume t € Y, then ¢t = y; for some j. In this case, since I is continuous at y;, there
is an 7(y;) > 0 such that

B(r) = F(s) = fu)(r = )| < 575 (2.3)

for all v, s € [y; — n(y;),y; + n(y;)]r- In this case we define

Or(Y;) = dL(y;) = n(y;)-
Finally, consider the case t € D\N,. Since F' is differentiable at ¢ we get that there is an
a(t) > 0 such that

[F(t) = F(s) = F2(t)(t = )| < |t — 5] (2.4)

4(b —a)



for s € [t — a(t),t + a(t)]r. In this case we define

Hence § is a A-gauge on [a, b].
Now assume P is a o-fine partition of [a, b|r. Consider

F(b) = Fla) = - J()lts =t

- Z {[F(t:) = F(ti)] + f(&)[t: — ti—l]}‘

< Z [[F(t:) — F(tio1)] + f(&)[ti — tia]l- (2.5)

We now look at the terms in this last sum for the cases
@- S N,ua & € }/, and 52 € D\Nu

respectively. First assume ¢ € N, then § = z; for some j and o(z;) > z;. Then, since
0r(&) = dr(z;) = p(z;), we have that either ¢; = z; or t; = o(z;). If t; = z;, then using (2.2)
we have that

F(t) — Fltir) = FE)lt —tid]l = [F(z) — Fltio) = FA(2))lz — ti]

< S
~ Wa

(2.6)

where s = t;_1 € [2; — 0L(%/), zj]r- On the other hand if t; = o(z;), then using (2.1) with
s =t;_1 we get that

[F(t) = F(tia) = fE)t = tia]l = [Flo(2)) = Ftima) = F2(2)[0(25) — ti1]

< 4(b€_a>[a(zj)—ti_1]Sﬁ[ti—ti_l]. (2.7)

Next assume &; € Y, so & =y, for some j. Then by (2.3) with r =¢; and s =t,_4

|F'(t:) — F(tim1) = f(&)[ti — timal| = [F(t) — F(tim1) — fyy)[ts — tizl
< . (2.8)
i +2
Finally, assume that {; € D\N,. Then by the triangle inequality and (2.4)
|E(t:) = F(tia) = f(&)[t = tia]| = [F(t) = F(tioa) = FA(&)[t — tii]]
< |F(t) = F(&) — FAE)[t — &l + |F(&) — F(tioa) — FA(&)[& — tia]]
< 5 [t (2.9)

4(b —a)



The result now follows from (2.5)—(2.9). O

In most papers concerning dynamic equations on time scales the author(s) define the
Cauchy—Newton delta integral as follows: If F': [a, by — R is a delta antiderivative of f(¢) on
la, b]r, then we say f is C'N-delta integrable on [a, by and we define

CN/v@At:mm—F@.

It follows from Theorem 2.3 that every C'N-delta integrable function f(¢) on [a, b|r is H K-delta
integrable on [a, bt and

HKl%@m:Cva@N.

Hence the class of H K-delta integrable functions on [a, bt contains the class of Riemann delta
integrable functions on [a,b]r and the class of C'N-delta integrable functions on [a,b]y. If
T:=[0,1]U[2,3],and f : T — Ris defined by f(t) := 0, ¢ # 1 and f(1) := 1, then f is a simple
example of a function which is Riemann delta integrable on [0, 2]y (with f: f(t)At = 1), but is
not C'N-delta integrable on [0, 2]r. For the next example let T := {t9, = % :n € N}U{topi1 =
L L :n=234,--}1U{0} and let F : T — R be defined by F(ts,) = t},,n € N
F(tyy1) = 0 = F(0), n > 2 and note that F2(0) = 0. Let f(t) := F2(t),t € [0, 1)1, f(1) =1,
then f(t) is C'N-delta integrable on [0, 1]y with CN fol f(t)At = F(1) — F(0) = 1, but since,
for n > 3,

F(ta,) — F(tan
fltznir) = F2(tznn) = (t2n) (t2nt1) =n
ton — tant1

we have f(t) is not bounded on [0, 1]1, so f(¢) is not Riemann delta integrable on [0, 1]r.
Similar to the proof of Theorem 2.3 one can prove the following theorem.

Theorem 2.4 Assume f : [a,blr — R and F : [a,blr — R is continuous and there is a set
D C [a, by such that FV(t) = f(t) for t € D and [a,blr\D is countable and contains no
left-scattered, right-dense points, then f is HK -nabla integrable on |a, bl with

HK/%@W:F@—F@.

For each of the remaining examples and theorems concerning Henstock—Kurzweil delta in-
tegration there are the corresponding results for Henstock—Kurzweil nabla integration which
we won’t bother to state. We next give an example of a function which is not delta integrable
on [0, 1]y, but is H K—delta integrable on [0, 1]r, but is not absolutely H K-delta integrable on
[07 1]T

Example 2.5 Let T = {t = 1 : n € N} U{0} and define f : T — R by

1
f(t)::{L, i:ﬁ,



where L is any constant. Note that f is not delta integrable on [0, 1]y. Then it can be shown
that if F': T — R is defined by

0, t=1
k+1
F(t) = Zk? 19117 t:%
—In2, t=0,

then FA(t) = f(t) for t € (0,1)r and F is continuous [0, 1]y ( note the value of F(0) is
determined so that I is continuous at 0). It follows by Theorem 2.3 with D := (0,1)r, that f
is HK -delta integrable on [0, 1]r and

HK/ FOAL = F(1) — F(0) = In2.
However it can be shown that HK fo |f(t)|At does not exist (f is not absolutely HK-delta

integrable on [0, 1]t ).

Remark 2.6 Lebesgue integration is an absolute integration. By this we mean f is Lesbesque
integrable on [a,b] iff |f| is Lebesque integrable on [a,b]. Ezample 2.5 shows that Henstock-
Kurzweil delta integration does not have this weakness and is a nonabsolute integration. Indeed
the Henstock-Kurtzweil delta integral is designed to integrate highly oscillatory functions.

Corollary 2.7 If f : T — R is requlated and a,b € T, then f is HK-delta integrable on |a, b|t

and , ,
HK/ o :/ FHAL
Moreover, if G(t) f f(s)As, then GA(t) = f(t) except for a countable set.

Proof: By [2, Theorem 1.70] we have, since f is regulated, that there is a function F : [a, by — R
which is continuous on [a, b]r and there is a set D with D C N, C [a, b]% such that F2(t) = f(t)
for t € D and [a,b]7\D is countable. Then using Theorem 2.3, f is H K-delta integrable on
[a, b]'ﬂ‘ with

HE /bf(t)At = F(b) — F(a). (2.10)

Since f is regulated we have by [3, Theorem 5.21] that f is delta integrable on [a, b]t, and then
by [3, Theorem 5.39]

/bf(t)At — F(b) — F(a). (2.11)

Hence from (2.10) and (2.11) we have the desired result
b b
HK/ FBAL = / () At

Many of the simple properties of the H K-delta integral go through like the classical Henstock—
Kurzweil integral where the following remarks are useful.

0
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Remark 2.8 Let 6',8 be A-gauges for [a,bly such that 0 < 61(t) < 0.(t) for t € (a,bly and
0 < 0k(t) < Og(t) fort € [a,b)r (write 6' <& and we say 0" is finer than §). If Py is a 6*-fine
partition of [a, b, then Py is a 0-fine partition of [a,b].

Remark 2.9 Ifc € [a,blr and P is a 0-fine partition, then there is a d-fine partition with ¢ as
a tag point.

Remark 2.10 If ¢ € [a,b]y and t;_1 < ¢ <t; is a tag point in a §-fine partition P, then
Pi={ty=a<&H< <t <c<ce<e<t; < <ty =1b}

where ¢ is an end point and a tag point for the two intervals [t;_1,c| and [c,t;] is a d-fine
partition and the Riemann sum corresponding to these two partitions is the same. This follows
from the simple fact that

[t = tia] = f(O)[ti = o] + f(c)[e — tiza].
Remark 2.11 Let a < ¢ < b be points in T, then we may choose our gauge 6 so that dg(t),
dp(t) < |t—c| for allt € T\{c}. Then, if P is a §-fine partition of [a,b]r, then &, = ¢ for some
9. If xip—1 < &, then we may add y;, to partition so that
{a:tOS& <ty < <t < & = Vi S"'Sb}
so that
and

{e=y, <& < <t, =0}

are d-fine partitions of [a,c|r and [c, b respectively.

Using these remarks and simple adjustments of the results in Lee Peng—Yee [8] one can
prove the following theorem.

Theorem 2.12 Let f : [a,blr — R. Then f is HK-delta integrable on |a, b|r iff f is H K -delta
integrable on [a,c|t and [c,bly. Moreover, in this case

HK/bf(t)At:HK/Cf(t)At+HK/bf(t)At. (2.12)

Also if f, g : [a,blr — R are HK -delta integrable on [a, b]r, then af + (g is H K -delta integrable
on la,blr and

HE /ab(af(t) 1 Bg(t)At = a (HK /abf(t)At> 1B (HK /abf(t)At> |

11



Proof: We will just show that if f is HK-delta integrable on [a,c|t and [c,b]r, then f is
H K-delta integrable on [a, bt and (2.12) holds. Let

A::HK/Cf(t)At, B = HK/bf(t)At

Let € > 0 be given. Then there is a A-gauge, 6, of [a,c]r and a A-gauge, 6%, of [c,b]r such
that for all §'-fine partitions P of [a,c|y and all §2-fine partitions P’ of [c, b]r we have that

- € - ! / / €
A=) flE)ti— i)l < 5 1B- o FENE -ty < 3 (2.13)
i=1 i=1
We define a A-gauge, & = (0r,0r), on [a,b]r by first defining &y, as follows: 6.(t) = dL(¢),
t € a,c)r,
_J oile), v(e)=0
0= { a0 ), 10> 0.
or(t) = min{d7 (t), 5%}, t € (¢, blr, and then defining dg as follows: dg(t) = 0%(t), t € [c, b]r,

5R@):nﬁnw2@%nwxﬂdﬂ,cgt}h t € [a,c)r

Now let P” be a d-fine partition of [a, bJr. Because of the way we defined §, there are two cases:
either ¢ is a tag point for P”, say ¢ = &/, and t] > c or p(c) < ¢, p(c) is a tag point for P”, say
p(c) =&, and t] = c. In the first case we have using

FO) (g = tiy) = (Ot — o) + fle) (e — 1)

that
(A+B) - Zf(éé')(té’ — ;)|
k—1
< A= FENE — 1) = fle)e =t )|+ |B - Z FENE —t]) — flo)(t; — o)l
i=1 i=k+1

< S+t
2 2

by (2.12), where we have used that the partition corresponding to the first term is finer than
the partition P of [a, ¢|]r and the partition corresponding to the second term is finer than the
partition P’ of [¢, b]r. The other case is easy and hence will be omited. UJ

The proofs of the following two results are very similar to the proofs of Theorem 3.6 and
Theorem 3.7 in [8] respectively and hence the proofs are omited.

Theorem 2.13 If f and g are H K -delta integrable on [a,blr and
ft)<g(t) a.e onlab)r

HK/U@MSHK/Z@N
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Theorem 2.14 Assume f is HK-delta integrable on [a,b]r. Then given any € > 0 there is a
A-gauge, 0, of a,blt such that

SHE [ FOA = ()t~ 1) <

for all 5-fine partitions P of [a, b]r.

Definition 2.15 We say a subset S of a time scale T has delta measure zero provided S
contains no right-scattered points and S has Lebesque measure zero. We say a property A holds
delta almost everywhere (delta a.e.) on' T provided there is a subset S of T such that the property
A holds for allt € S and S has delta measure zero.

Theorem 2.16 (Monotone Convergence Theorem) Let fi, f : [a,blr — T and assume
that

(i) fr is HK-delta integrable, k € N;
(ii) fr — f delta ae in [a,b)r;
(11i) fr < fni1 delta ae on |a,b)r, k € N;
(iv) limy oo HK [7 fr(t)AE = 1.

Then f is HK-delta integrable on |a, bl and

I= HK/bf(t)At.
Proof: Considering fr, — f1 if necessary we can assume without loss of generality that
fr(t) >0 delta ae on [a,b)r.
Also to keep things easier we will just do the proof in the case where we replace (ii) by
fx — f foreach t¢€ a,b)r (2.14)
and in place of (iii) we assume
i) < fera(t), t € [a,b)r. (2.15)

Let € > 0 be given. Since HK f: fr(t)At is monotone nondecreasing with limit 7, we can pick
a positive integer kg so that

€

; (2.16)

b
0< [—HK/ fet)At <

13



for all k > ko. From (2.14) we have for each ¢ € [a, b) there is a positive integer m(e,t) > ko
such that

|fm(a,t) (t) - f(t)| <

T (2.17)

Since each fy is HK-delta integrable on [a, bjr we have from Theorem 2.14 there is a A-gauge,
6%, of [a, b]y such that

v €
SHK [ f0at- @@ -l < 55 (2.15)
for each §*-fine partition of [a,b]r. Now define a A-gauge, d, on [a, b|y by
5(t) := 6mED(2).

Let P be a é-fine partition, then using and (2.17) and (2.18)

| Zf(&)(ti —tia) — 1|

IN

D (&) = Fneen (€)](8 — tica)

=1

+ D e ()t — tioy) — HK/ i feg) (DAL
i=1 ti—1

n t;
Y HE / Futeen (AL~ T
=1 -1

i

g goo 1 n t;
< b—a)+3) = HK e (DAL — T
3(b—a)( a)+3;21+|; /ti_lfml)() |

i

2e = ti
= ? + | E HK/ fm(&&)(t)At — I‘
i=1 tim1

To complete the proof we need to show that the last term above is less than £. To see this let
pr=min{m(t,&) : 1 <i<n} > k.

Then since

HE / " A

2
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is monotone nondecreasing with respect to k we have

HK/bfp(t)At _ zn:HK/ti (AL
a i=1

ti—1

n ti
< S HK [ fueey (At
i=1 ti-1
t
< HEK lim fr(t)At
T Jti
b
= lim HK/ f(OAL =

It follows from this that

n t;
DIy R IONE
=1

ti—1

Wl M

and the proof is complete. 0

The proofs of the remaining results in this section are now very similar to the proofs for the
analogous results given in Lee Peng—Yee [8] and hence the proofs are omitted.

Theorem 2.17 (Dominated Convergence Theorem) Assume
(i) fx — [ ae on [a,b]r;
(i) g < fr < h ae on [a,blr;

(i1i) fx, g, h are HK-delta integrable on [a,b].

Then f is HK-delta integrable on |a, bl and

limHK/ filt At_HK/f

k—oo

Definition 2.18 We say f : [a,b]lr — R is absolutely H K -delta integrable on [a,blt provided
f and |f| are HK delta integrable on [a,br.

Theorem 2.19 The function f is Lebesque delta integrable on [a,blr iff f is absolutely HK -
delta integrable on |a, b]t.

Theorem 2.20 The function F is absolutely continuous on [a, bly iff FA(t) = f(t) delta ae on
la, b]T is absolutely H K -delta integrable function f on [a,bly. Moreover

HK/a P ()| At = /MT FAMIdt+ 3 [Fo(t) — F(t)].

tieNy

Theorem 2.21 If f(t) =0 delta a.e. in [a,b]y, then f is HK-delta integrable on [a,blr and
HE / £(6)
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3 Applications

In this section we indicate that our results lead to a more general Taylor’s theorem with
remainder and a general mean value theorem. First we need the following lemma.

Lemma 3.1 (Integration by Parts) Assume f,g : [a,blr — R are differentiable and f* and
g® are HK -delta integrable on [a, blt, then

b b
HE [ f09° 05 = [f0a(0), ~ HE [ 1 0(0ae
Proof: This follows directly from the product rule

(f(Dg()™ = F(B)g™ (1) + 2 (t)g(a (1))
and properties of H K-delta integrals. O]

Before we state our next result we define as in Section 1.6 in [2] the so-called Taylor mono-
mials {hy(t,s)}72, as follows:

t
hO(ta 8) = 17 thrl(t:S) = / hn(t,U(S))AS, ta seT.

Note if T = R, then h,(t,s) = 3 and if T = Z, then hy,(t,s) = 32 where (t — s)2 =
(t—s)(t—s—1)---(t—s—n+1).

Now we can prove a very general Taylor’s theorem with remainder (we do not need to
assume f2"(t) is rd-continuous!).

Theorem 3.2 (Taylor’s Theorem) Assume f : [a,bly — R, is such that f2"" (t) exists for
te T and A" (t) is HK-delta integrable on [a,bly. Then

F(t) =37 £ (o)l o) + HE / £ () (t,0(5) As

where to,t € T.

Proof: Integrating by parts we get that
t t
HE / P st o()As = [ (Ohuo(t )] — HE / P ()RS (£, 5)As
to to

t
= fAn (to)hn+1(t, to) — HK/ fAn(S)hﬁ_‘s_l(t, S)AS.
to

Simplifying and repeated integration by parts as in the proof of Theorem 1.113 in [2] leads to
the desired result. O

In the next theorem we use the essential sup and the essential inf which we define as follows

essinflap f(t) == iI]\lff iél]g{f(t)’ N C [a,b)r has delta measure zero}
t

16



and

esssuppp f(t) :=supsup{f(t), N C [a,b)r has delta measure zero}.
N t¢N

Theorem 3.3 (Mean Value Theorem) Assume f : [a,blr — R and f* is HK -integrable
on [a,blr, then

_ )~ f@
T Ut —o(s)As
Proof: By Taylor’s theorem (Theorem 3.2) with n = 0,

essinf[a,b)fA(t) < 6555Up[a,b)fA(t)'

fb) = fla)+ HE / () ha(t,o(s)) As

b
= fla)+ HE [ F6)(t - a(s)s
Hence )
£0) = £a) = HE [ 1)t - o(s)s.
The result follows easily from this last equality. O

A special case of this mean value theorem is Corollary 1.68 in Bohner and Peterson [2].
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