INEQUALITIES ON TIME SCALES: A SURVEY
RAVI AGARWAL, MARTIN BOHNER, AND ALLAN PETERSON

ABSTRACT. The study of dynamic equations on time scales, which goes back to its
founder Stefan Hilger (1988), is an area of mathematics which is currently receiving

considerable attention. Although the basic aim of this is to unify the study of

“

differential and difference equations, it also extends these classical cases to “in
between”. In this paper we present time scales versions of the inequalities: Holder,
Cauchy-Schwarz, Minkowski, Jensen, Gronwall, Bernoulli, Bihari, Opial, Wirtinger,

and Lyapunov.

1. UNIFYING CONTINUOUS AND DISCRETE ANALYSIS

In 1988, Stefan Hilger [13] introduced the calculus on time scales which unifies
continuous and discrete analysis. A time scale is a closed subset of the real numbers.
We denote a time scale by the symbol T. For functions y defined on T, we introduce a
so-called delta derivative y>. This delta derivative is equal to ¢/ (the usual derivative)
if T = R is the set of all real numbers, and it is equal to Ay (the usual forward

difference) if T = Z is the set of all integers. Then we study dynamic equations

2 n
fty, v, 9™ ™) =0,

which may involve higher order derivatives as indicated. Along with such dynamic
equations we consider initial values and boundary conditions. We remark that these
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dynamic equations are differential equations when T = R and difference equations
when T = Z. Other kinds of equations are covered by them as well, such as ¢-

difference equations
T =q¢*:={¢*| k€ Z} U{0} forsome ¢>1
and difference equations with constant step size
T =hZ :={hk| k € Z} for some h > 0.
Particularly useful for the discretization purpose are time scales of the form
T ={tx| k € Z} where t; €R, t; <ty forall k € Z.

This survey paper is organized as follows: In Section 2 we introduce the basic con-
cepts of the time scales calculus. Section 3 contains the Cauchy-Schwarz, Holder
and Minkowski inequalities, which can be proved by following the methods similar
to those described in [12], see also the paper of Bohner and Lutz [8]. In Section 4
we derive a time scale version of Jensen’s inequality. The obtained inequality reduces
to the classical Jensen inequality in case T = R, and becomes the arithmetic-mean
geometric-mean inequality in case T = Z. Next, in Section 5 we state the Gronwall
inequality, which is essentially due to Hilger [13], and discuss its several interest-
ing special cases. In particular, we shall show that this inequality reduces to the
well-known Bernoulli inequality in case T = Z. A Bihari type inequality by Ozgiin,
Kaymakcalan, and Zafer [16] is mentioned as well. Following the lead of Bohner and
Kaymakcalan [7] and Hilscher [15], in Section 6 we obtain Opial and Wirtinger type
inequalities. Finally, in Section 5 we present Lyapunov type inequalities and give
some of their applications. This supplements the recent work of Bohner, Clark and

Ridenhour [6].
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2. THE TIME SCcALES CALCULUS

A time scale is a closed subset of the reals, and we usually denote it by the symbol
T. The two most popular examples are T = R and T = Z. We define the forward

and backward jump operators o,p: T — T by
o(t)=inf{s € T| s >t} and p(t) =sup{s € T|s <t}

(supplemented by inf() = sup T and sup() = infT). A point ¢ € T is called right-
scattered, right-dense, left-scattered, left-dense, if o(t) > t, o(t) =t, p(t) < t, p(t) =1t
holds, respectively. The set T* is defined to be T if T does not have a left-scattered
maximum; otherwise it is T without this left-scattered maximum. The graininess

w: T — [0, 00) is defined by
p(t) =o(t) —t.

Hence the graininess function is constant 0 if T = R while it is constant 1 for T = Z.
However, a time scale T could have nonconstant graininess. Now, let f be a function
defined on T. We say that f is delta differentiable (or simply: differentiable) at t € T*
provided there exists an « such that for all € > 0 there is a neighborhood N around

t with
|f(o(t) = f(s) —a(o(t) —s)| <elo(t) —s| forall seN.
In this case we denote the a by f2(¢), and if f is differentiable for every t € T*, then

f is said to be differentiable on T and f* is a new function defined on T*. If f is

differentiable at ¢ € T", then it is easy to see that

1ims—>t,s€’E MOS0 if :u(t) =0

t—s

fA) =

W it u(t) > 0.
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Other useful formulas are as follows:

(2.1) flo(t)) = F(t) + u(t) F2(t)
(2.2) (f9)2(8) = f2()g(t) + fla(t)g™ (1)

A PO - F0gP )
(23) (g) 0= ety

A function f defined on T is rd-continuous, if it is continuous at every right-dense

point and if the left-sided limit exists in every left-dense point. The importance of rd-
continuous functions is revealed by the following existence result by Hilger [13]: Every
rd-continuous function possesses an antiderivative. Here, F' is called an antiderivative
of a function f defined on T if F» = f holds on T*. In this case we define an integral
by

/tf<T>A7' = F(t) — F(s) where s,teT.

For further basic results about the time scales calculus we refer the reader to [3, 1,

13, 5].

3. HOLDER’S INEQUALITY

The following version of Holder’s inequality on time scales appears in [8, Lemma
2.2 (iv)], and it’s proof is similar to that of the classical inequality as given e.g. in

[12, Theorem 188].

Theorem 3.1 (Holder’s Inequality). Let a,b € T. For rd-continuous f,g : [a,b] — R

we have
1
q

[ irwaenar<{ [ \f(t)lpAt}; [ oot}

where p > 1 and ¢ =p/(p —1).
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Proof. For nonnegative real numbers « and 3, the basic inequality

(3.1) al/rple < & s
P q

holds. Now suppose, without loss of generality, that

[ rorad { [iorad) 20

Apply (3.1) to

e
J2lg(r)Jear

[F@OF

T Ppopas M 0=

a(t)

and integrate the obtained inequality between a and b (this is possible since all oc-

curing functions are rd-continuous) to find

b f(t)] lg(2)] - b -
! {1 |f Jeart ™ { fb|g(i)|qA7-}l/th_ [ arosa

J
< [{)
N WO }At
PAT a4 [P ]g(r)|iAT

_ /{1 (1)

o« P S 1F()

I o S VT PV s { gl } N
p/a {ijf(T)ypAT} +q/a [P 1g(m)|eAT

1

1
P q
1

This directly yields Holder’s inequality. 0

The special case p = ¢ = 2 reduces to the Cauchy-Schwarz inequality.
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Theorem 3.2 (Cauchy-Schwarz Inequality). Let a,b € T. For rd-continuous f,g :

la,b] — R we have

/ OIS \/ {/ b rorach{ [ b g0,

Next, we can use Holder’s inequality to deduce Minkowski’s inequality.

Theorem 3.3 (Minkowski’s Inequality). Let a,b € T and p > 1. For rd-continuous

f,g9:|a,b] = R we have

{/ab v g)(mw}”” = {/b e 'p“}% + {/b lg<t>|w}1/p.

Proof. We apply Holder’s inequality, Theorem 3.1, with ¢ = p/(p — 1) to obtain

[ G+ awrae= [T+ P + 9l

b b
< /If(t)ll(f+9)(t)|p‘1At+/ lg@OIIf + gl () At

{/ab !f(t)\pAt}l/p {/ab I(f + g)(t),(pl)th}l/q
+ {/ab Ig(t)lmt}l/p {/b I(f + g)(t)l(p‘”mt}
- [{/ab!f(t)\%t}l/er A |g<t>|w}l/p [+ o] v

1/
We divide both sides of the obtained inequality by [ fab |(f + g)(t)|pAt] " to arrive

IN

1/q

at Minkowski’s inequality. 0

4. JENSEN’S INEQUALITY

The proof of Jensen’s inequality on time scales follows closely to the proof of the

classical Jensen’s inequality (see for example [11, Problem 3.42]). If T = R, then our
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version is the same as the classical Jensen inequality. However, if T = Z, then it

reduces to the well-known arithmetic-mean geometric-mean inequality.

Theorem 4.1 (Jensen’s Inequality). Let a,b € T and ¢,d € R. Suppose g : [a,b] —

(¢,d) is rd-continuous and F : (¢,d) — R is convex. Then

F (ffbg@m) RRAUOLY

Proof. Let zg € (¢,d). Then (e.g., by [11, p. 109]) there exists 5 € R such that
(4.1) F(z) — F(xg) > f(x —x9) forall z € (c,d).
Since g is rd-continuous,

f: g(T)AT
Tg = "
b—a

is well-defined. F'og is also rd-continuous, and hence we may apply (4.1) with x = g(¢)

and integrate from a to b to obtain

f; g(T)AT)

/ F<g<t>>At—<b—a>F( JOST) = [ P®)at- - a)F G

b
- / F(g(t)) — F(zo)

> B[ lg(t) — zo] At

a

_ 3 Uabg(t)m—xo(b— a)

= 0.

This directly yields Jensen’s inequality.
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Ezample 4.1. Let T = R. Obviously, F' = —log is convex and continuous on (0, 00),

so we may apply Theorem 4.1 with a = 0 and b = 1 to obtain

1 1
log/ g(t)dt 2/ log g(t)dt
0 0

and hence

/01 g(t)dt > exp [/01 log g(t)dt}

whenever g : [0,1] — (0, 00) is continuous.

Example 4.2. Let T = Z and N € N. Again we apply Jensen’s inequality, Theorem
41, witha=1,b=N+1,and g: {1,2,...,N +1} — (0,00) to find

log{%ig(t)} = 1og{%/lN+lg(t)At}

1 N+1
N / log g(t)At
1

v

1 N
= 2 logg(t)
t=1

N 1/N
= log{Hg(t)} :

t=1

and hence

N 1/N
3l > {Hg<t>} .

t=1 t=1

This is the well-known arithmetic-mean geometric-mean inequality.
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Example 4.3. Let T = 2% and N € N. We apply Theorem 4.1 with a = 1, b = 2%,
and g : {2¥] 0 < k < N} — (0,00) to find

N— 2N
o [T 200 R st
2N — 1 2N — 1

ff log g(t)At
oN 1

N 2% log g(2%)
2N —1
Sio log(g(25)*
2N —1
log { T4 (9(24)* }
2N —1

Ne1 1/(2N-1)
= log { 11 (g(2k))2k}

k=0

v

and therefore

N—1 ok (ok N-1 1/(2N-1)
o 2 g(2 ) k
k=0 k)2
= -1 z{H@@»} .

k=0

5. GRONWALL’S INEQUALITY

Definition 5.1. An rd-continuous function f is called regressive provided
T+pu(t)f(t)#0 forall teT.

The set of all rd-continuous functions f that satisfy 14 p(t)f(t) > 0 for all ¢t € T will
be denoted by R*.

The following existence theorem has been proved by Hilger, see [13].

Theorem 5.1. Let to € T. If p is rd-continuous and regressive, then

y* =pt)y, ylte) =1
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has a unique solution.

We call the unique solution from Theorem 5.1 the exponential function and denote
it by e,(-,t0). In fact, there is an explicit formula for e,(t,s), using the so-called

cylinder transformation

Log(1+hz) if h # 0
&n(2) =
z it h=0.

The formula, see [14], reads

i) =exo{ [ 6 (r)ar .

We now proceed to give some fundamental properties of the exponenetial function. To
do so it is necessary to introduce the following notation: For regressive p,q: T — R

we define

PR G=p+q+upg OSpi=— , POq:=p®(Sp).

L+ pp
Note that the set of all regressive and rd-continuous functions together with the

addition @ is an Abelian group.

Theorem 5.2. Assume p,q : T — R are regressive and rd-continuous, then the

following hold:

(i
(ii

) eo(t,s) =1 and ey(t,t) = 1;
) ep(a(t),s) = (14 p(t)p(t))ep(t, s);
) ep(%e,s = eep(t, s);
(iv) eplt,s) = = = eonls. 1)
) ep(t,s)ep(s, 1) = ey(t,r);
1) ep(

ep(t, s)eq(t,s) = epaq(t, s);

(iii
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<\ epl(t,s
(vii) ezgt,si = epeq(t, s).
Next we note the following result from [9].

Theorem 5.3. If p and f are rd-continuous and p is regressive, then the unique

solution of the initial value problem

y> =pt)y+ f(t), ylto) =vo

s given by

o) =westst0) + [ eylt o)A

to

A comparison theorem follows.
Theorem 5.4. Let y and [ be rd-continuous and p € R*. Then

y2(t) <p(t)y(t) + f(t) forall teT
implies
¢
y(t) < yla)ey(t,a) +/ e,(t,o(7))f(T)AT  forall teT.
Proof. Note that p € R" implies 1 + p(¢)p(t) > 0 and hence e, > 0. Now

eap( a)](t) = y=(t) ecpla(t),a) + y(t)(Ep)(t) ecp(t,a)

= 2O + u(t)(©p) ()] ecp(t, a) + y(t)(Sp)(t) ecp(t, a)
1 p(t)

= |0 WOp® 1+ up?]
= [0 - pty(1)]5 i@fz((?)??)(t)
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Therefore
t
y(t) ecp(t,a) —y(a) = / [y (1) — p()y(7)] ecp(a(7), a) AT
t
< [ 1@)ealotn)anr
t
= [ elaonrmar
and hence the assertion follows by applying Theorem 5.2. 0

The above comparison Theorem 5.4 gives the following interesting results.

Theorem 5.5 (Bernoulli’s Inequality). Let o € R with « € RT. Then

ea(t,s) >1+a(t—s) foral t,seT.

Proof. Since aw € R, we have e,(t,s) > 0 for all t,s € T. First, suppose t > s. Let
y(t) = a(t — s). Then
ay(t) +a=a’(t —s)+a>a=y>).

Since y(s) = 0, we have by Theorem 5.4

y(t) g/ oot o(r))aAT = 1+ eu(t, 5)

so that e, (t,s) > 1+ a(t — s) follows. O

Theorem 5.6 (Gronwall’s Inequality). Let y and f be rd-continuous and p € R™,
p > 0. Then

y(t) < f(t) + /ty(T)p(T)AT forall teT
implies

y(t) < f(t)+ /t ep(t,o(m))f(T)p(T)AT  for all teT.
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Proof. Define

Then z(a) = 0 and

By Theorem 5.4,
t
A0 < [ elt.olr)fD)p(r)A,
and hence the claim follows because of y(t) < f(t) + z(t). O

If we take T = hZ and a = 0 in Gronwall’s inequality we get the following.

Ezample 5.1. If T = hZ and y is a nonnegative function on [0,00) and b > 0 is a

constant such that
1

y(t) < c(t) + bhz y(kh)
k=0
for ¢t € [0, 00), then
y(t) < cft) + bhz_:c(k:h)(l +bh) TR,
k=0

If we let h = 1 in the above example we get the following.

Ezample 5.2. Assume {y,}>2, is a sequence of nonnegative real numbers and b > 0

is a constant such that
n—1

Un < cn+0 Y y(k)

k=0
for n € Ny, then it follows that

n—1

Yn < Cp + bz cr(1 4+ b)" L
k=0
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Corollary 5.1. Let y be rd-continuous and p € R* with p > 0. Then

t
y(t) §/ y()p(t)AT  forall te€T
implies
y(t) <0 forall teT.

Proof. This is Theorem 5.6 with f(¢) = 0.

Corollary 5.2. Let y be rd-continuous and o, 3,y € R with v > 0. Then
y(t) < alt—a) +ﬁ+7/ty(T)AT forall teT
implies
w0 < (245) e ) -2
Proof. In Theorem 5.6, let f(t) = a(t —a) + 3 and p(t) = . Then

o) < 1O+ [ et o) @pinar

_ a(t—a)+ﬁ+7/ e, (t, o(r))a(r — a) + AT

To proceed we observe that for

we have

wA(r) = —%(@7)(7)(3@(7,15)
1
~ T Y

= [+ p(m)(E7)(7)] ey (T, 1)

= e, (0(7),t) = ey(t,a(7)).
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Hence
[ estoiatr -+ gar = [ wA0iatr -+ giar
= [{winta(r-a)+91* - autotr)} ar
= wllatt—a)+ 5 - v@d-a [ w(em)sr
= -+ 9+ Leta)+ %/ e.(t, o(r)) AT
= ot -a)+ 8+ Do ta)+ S /at w?(1)AT
= —la(t—a)+ B+ = e (t.a) + Sw(t) —w(a)
so that
y(O) < alt=a)+ 0 lalt—a)+ B+ Bey(t.a) = =+ et
- e
shows the correctness of our claim. O

We conclude this section with a Bihari type inequality from [16]. To prove this
inequality, we need the following comparison result, whose proof can be found in [16,

Theorem 3.1].

Theorem 5.7. Let h : T x R — R be continuous and nondecreasing in the second

variable. Suppose v and w satisfy the dynamic inequalities
v® < h(t,v) and w® > h(t,w).
Then v(ty) < w(ty) for some tog € T implies v(t) < w(t) for allt € T.

The Bihari type inequality, see [16, Theorem 4.2], now reads as follows.
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Theorem 5.8 (Bihari’s Inequality). Suppose that g is continuous and nondecreasing,

p s rd-continuous and nonnegative, and y is rd-continuous. Let w be the solution of

and suppose there is a bijective function G with (G ow)® = p. Then

y(t) < B +/ p(T)g(y(T))AT forall teT
implies

y(t) < G [G(ﬁ) + / t p<T>AT] forall teT.

Proof. We denote

Then v satisfies

and so v satisfies

Therefore, by Theorem 5.7, v(t) < w(t). Next,

G(w(t))—G(ﬁ)Z(GOW)(t)—(Gow)(a)Z/(Gow)A(T)ATz/ p(T)AT

so that
w(t) =Gt [G(ﬂ) +/atp(T)AT:| .

But y(t) < v(t) < w(t) now shows the correctness of our claim. O
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6. OPIAL’S INEQUALITY

Opial inequalities and many of their generalizations have various applications in
the theories of differential and difference equations. This is very nicely illustrated
in the book [4] “Opial Inequalities with Applications in Differential and Difference
Equations” by Agarwal and Pang, which is the only book devoted solely to continuous
and discrete versions of Opial inequalities. In this section, following [7], we present
several Opial inequalities that are valid on time scales. Throughout we assume 0 € T
and let h € T with h > 0.

We will need two simple consequences of the product rule: First,
(6.1) (2= -N>=F2F+ 712 =+ )15,

and in general, one can use mathematical induction to prove the formula

(6.2) (fH)2 = {Z f’“(f")”“} /4 leN.

Theorem 6.1 (Opial’s Inequality). For a differentiable  : [0,h] N T — R with
x(0) = 0 we have

h h
[ st imar<n [ ptpoar
0 0
with equality when x(t) = ct.

Proof. Consider

y(t) = / ()| As.
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Then we have y® = |z2| and |z| < y so that

/0h|(:v+:na):17A|(t)At < /Oh[(|$|+|:ﬁ"|)|:cA|](t)At
< [wrrtioar
= /Oh[(y+y")yﬁ](t)At
= /Oh(?f)A(t)At

= y*(h) —*(0)

_ {/Oh :cA(t)|At}2
< h/oh |22 (1) At,

where we have used formula (6.1) and Theorem 3.1 for p = 1/2.
Now, let #(t) = ct for some ¢ € R. Then #2(t) = ¢, and it is easy to check that

the equation
h

/0 (5 + 37| ()AL = h/ (0 At

0
holds. O

We next state a generalization of Theorem 6.1 where x(0) need not be equal to 0.
Theorem 6.2. Let x: [0,h| NT — R be differentiable. Then

h h h
/ (2 + 2%)22| () At < a/ |xA(t)|2At+25/ 22 (0)| At
0 0 0
where
(6.3) a €T with dist(h/2,a) = dist(h/2,T)

and = max{|z(0)|, |x(h)|}.
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A consequence of Theorem 6.2 is the following result.

Theorem 6.3. Let : [0,h| NT — R be differentiable with x(0) = x(h) = 0. Then

h h
/ (2 + 27) 22| (t) At < a/ |22 (1)|2At,
0 0
where « is given in (6.3).

Now we offer some of the possible generalizations of the inequalities presented
above. The continuous and/or discrete versions of these results may be found in [4].
We have not included all of such results, but most of them may be proved by using

similar techniques as the ones presented in this section.

Theorem 6.4 (see [4, Theorem 2.5.1]). Let p, q be positive and continuous on [0, h),
foh At/p(t) < oo, and q non-increasing. For a differentiable x : [0,h] N T — R with

z(0) = 0 we have

/Oh[qa|(x + x”)xﬁu(t)At < {/ohl%} {/th(t)Q(t)\xA(t)FAt} .

Theorem 6.5 (see [4, Chapter 3|). Suppose I,n € N. For a n-times differentiable
z:[0,A]NT — R with z(0) = 22(0) = ... = 22" (0) = 0 we have

h l .
/0 {;; xk(x”)l_k} 2

Theorem 6.6 (see [4, Theorem 3.2.1]). Suppose n € N. For a n-times differentiable

h
()AL < hl”/ 22" (1) A,

0

z:[0,h]NT — R with 2(0) = 22(0) = ... = 22" (0) = 0 we have

h h
/ ](x+x”)xAn\(t)At§h"/ 22" (1)) At.
0 0
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Theorem 6.7 (see [4, Theorem 2.3.1]). Suppose | € N. For a differentiable x :

[0,A]NT — R with x(0) = 0 we have

r

We conclude this section with a Wirtinger type inequality from [15].

h
(H)At < hl/ 226" At
0

{Z l’k(l’a)l_k} .YZA

Theorem 6.8 (Wirtinger’s Inequality). Let M be positive and strictly monotone such

that M* exists and is rd-continuous. Then we have
’ P M(t)M°(t)
e @Par< v [T A @)
/a o M2
for any y with y(a) = y(b) = 0 and such that y* exists and is rd-continuous, where

o) (]
<t6[a,b¥])ﬂ'ﬂ' Ma(t) > - (te[a,bl])ﬂ']l” Ma(t)>]

Proof. For convenience we skip the argument (¢) in this proof. Let

M) \*
v = sup +
(te[a,b]mr Mo (t) )

b b o
A= / MA|(AL B = / MMT sy,

o M2
Mi(t)
o = su
te[a,l}])mT Ma(t>

N|=

(o HODPO)
’ ﬁ_<t€[a,l¥])ﬂ'lr Mo (t) )
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Without loss of generality we assume that M* is of positive sign. Then we apply the

Cauchy-Schwarz inequality, Theorem 3.2, to estimate
b
A = / M2 (y7)2 At

b

- / [(My?*)® = My>(y +y7)] At

b

— —/ My®(y +y7)At
b

< / Mly®(ly +y°|At

b
= [ Ml =

b b
< 2 [ MpAliacs [ untrar
b I MMe M b puMA MM°
— 9 Al —|MAlyT| At At
| Tty g et an s [ )
MM"
< 2 M=2|(y?)?A B
= {/ IE } {/ e t} w0
< 2aVAB+ (B.

Therefore, by denoting C' = VAB, we find that C? — 2aC — 3 < 0, and solving for

C > 0 we obtain

C* < (a++a2+p)?2 =V

so that the proof is complete. 0

t t
sup & + sup &
te€la,bNT 13 tela,b)NT t

FExample 6.1. Let a > 0 and

t 2
v = sup ﬂ +
tela,b)NT t

=
(VI
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Then

(6.4) /(yA(t)VAtz %/ WOF n

to(t)

To show this we remark that M (t) = % satisfies the assumptions of Theorem 6.8, and

M(o(t)) —M(s) _1/o(t)—1/s (s—oa(t))/(so(t)) 1
t)—s

o(t) o(t)—s o(t)—s so(t)
implies
MA(H) = —%
Therefore
M) o) p@BAOI_pe) L MOM)
Me(t)y ¢t M) t | MA(2)] ’

and (6.4) follows from Theorem 6.8.

As an application of Theorem 6.8 and Example 6.1 we now state a sufficient criterion

for nonoscillation of a certain second order dynamic equation, see [15, Theorem 3].

Theorem 6.9. Let N € T and define

1 1 2
t)\ 2 t t 2
t>NiteT t t>Nter L t>NteT

If
0 <limsupV¥y =V < o0,
N—oo
then the equation
1
AA o
=0
U Sey?

18 monoscillatory.
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7. LYAPUNOV’S INEQUALITY

Lyapunov inequalities have proved to be very useful in oscillation theory, disconju-
gacy, eigenvalue problems, and numerous other applications in the theory of differen-
tial and difference equations. A nice summary of continuous and discrete Lyapunov
inequalities and their applications can be found in the survey paper [10] by Chen. In
this section we present several versions of Lyapunov inequalities on time scales. The
established results supplement those presented in [6]. Throughout we assume a,b € T
with a < b.

We let T C R be any time scale, p : T — R be rd-continuous with p(¢) > 0
for all t € T, and consider the Sturm-Liouville dynamic equation together with the

quadratic functional
b
Fw)= [ () = s} ()t
To prove a Lyapunov inequality for
(7.1) 22+ p(t)x” =0

we need the following auxiliary results.

Lemma 7.1. If z solves (7.1) and F(y) is defined, then
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Proof. Under the above assumptions we find

+p(y°)? — 2py°a” + p(x7)?} (t) At

b

= 2 [ At - e 4 e - (@8} ()
b 2 2

= 2/ {yAxA—l—y"a:A — 2%z —(xA)z}(t)At
b A

= 2/ {yxA—a:xA} At

_ 2/ab{(y—:v)xA}AAt

= 2(y(b) — (b)) (b) — 2(y(a) — z(a))z*(a),
where we have used the product rule (2.2).

Lemma 7.2. If F(y) is defined, then for any r,s € T witha <r <s<b

[ rpars W)

S—7T

Proof. Under the above assumptions we define
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Hence x solves the special Sturm-Liouville equation (7.1) where p = 0 and therefore

we may apply Lemma 7.1 to Fy defined by

to find
Foly) = Folx) + Foly —2) + (y — 2)(s)z(s) — (y — 2)(r)a>(r)
= Folz) + Foly —x)
> Fo(z)
_ / {y(S) —y(r) }QN
_ W) -y
and this proves our claim. 0

Using the above Lemma 7.2, we can now prove one of the main results of this

section, a Lyapunov inequality for Sturm-Liouville dynamic equations of the form

(7.1).

Theorem 7.1 (Lyapunov’s Inequality). Let p : T — R, be positive-valued and rd-
continuous. If the Sturm-Liouville dynamic equation (7.1) has a nontrivial solution

x with x(a) = x(b) = 0, then the Lyapunov inequality

b
b—
(7.2) / pt)At > 22
holds, where f : T — R is defined by f(t) = (t —a)(b—1t), and d € T is such that

a+b—d‘:min{
2

a+b

— S

D s € [a,b]ﬂ?l‘}.
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Proof. Suppose z is a solution of (7.1) with z(a) = x(b) = 0. Then we have from

Lemma 7.1 (with y = 0) that
b
F) = [ @ -7} @t = o
Since x is nontrivial, we find that M defined by
(7.3) M =max {2°(t) : t € [a,b]}

is positive. We now let ¢ € [a,b] to be such that z*(c) = M. Applying the above as
well as Lemma 7.2 twice (once with r = @ and s = ¢, and a second time with r = ¢

and s = b) we find
M / p(OAL > / [p(z°)?} (At

c b
_ / (z2)2(1)At = / (z2)2(£) At + / (2®)2(t) At
(2(c) = x(a))* | (2(b) = 2(c))”

- c—a b—rc

- xQ(C){cia—i_bic}

b—a b—a
Yo 2 e

where the last inequality holds because of f(d) = max{f(t): t € [a,b]}. Hence,

dividing by M > 0 yields the desired inequality. O

Example 7.1. We shall discuss the two classical cases T =R and T = Z.

(i) If T = R, then

min {

a+b

b
oth_ :se[a,b]}zo so that d = :

5 2
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Hence f(d) = % and the Lyapunov inequality from Theorem 7.1 reads

(ii) If T = Z, then we consider two cases. First, if a 4 b is even, then

min {

Hence f(d) = % and the Lyapunov inequality reads

: sG[a,b]}zO so that d:a;b.

a+b_

S

b—1
4
> .
> p(t) = —
t=a
If a + b is odd, then
b 1 b—1
min{%—s‘:se[a,b]}—— so that d—%.

This time we have f(d) = (b7a4)271 and the Lyapunov inequality reads

! 4 1
;pﬁ)zb—a{l—;}'

(b—a)?

As an application of Theorem 7.1 we now state a sufficient criterion for disconjugacy

of (7.1), see [6, Theorem 3.6] and also [2].

Theorem 7.2 (Sufficient Condition for Disconjugacy of (7.1)). If p satisfies

b b—a
(7.4) / AL <

then (7.1) is disconjugate on |a, b].

Remark 7.1. Note that in both conditions (7.2) and (7.4) we could

h—
replace °—a by

f(d)
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and Theorems 7.1 and 7.2 would remain true. This is because for ¢ < ¢ < b we have

L1 (atb-22 4 4
c—a b—c (b—a)(c—a)b—c) b—a  b—a

In the remainder of this section we present corresponding results for the linear

Hamiltonian dynamic system
(7.5) & = A(t)a” + B(t)yu, u®=—C(t)z — A*(t)u

where A, B, and C' are rd-continuous n X n-matrix-valued functions on T such that
I — p(t)A(t) is invertible and B(t) and C(t) are positive semidefinite for all ¢ € T.

The corresponding quadratic functional is given by
b
F(zx,u) = / {u*Bu — (27)"Cz?} (t)At.
We denote by W(-,r) the unique solution of the initial value problem
WAh =AW, W(r)=1,

where r € [a,b] is given, i.e., W(t,7) = e_a«(t,7). Note that W exists due to our
assumption on the invertibility of I—pA. Observe that W (¢, r) = I provided A(t) = 0.

Finally, let

F(s,r) = /S W*(t,r)B(t)W (t,r)At.

Theorem 7.3 (Lyapunov’s Inequality). Assume (7.5) has a solution (x,u) such that
x 1s nontrivial and satisfies x(a) = x(b) = 0. With W and F as above, suppose that
F(b,c) and F(c,a) are invertible, where ||x(c)|| = maxicppnr ||2(t)|]. Let X be the

largest eigenvalue of

F= /b W*(t,¢)B(t)W (¢, ¢)At,
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and let v(t) be the largest eigenvalue of C(t). Then the Lyapunov inequality

b
4
> —
/a V(t)At \

holds.

Remark 7.2. If A= 0, then W = [ and F = [ B(t)AL. If, in addition B = 1, then
F = b — a. Note how the Lyapunov inequality fab v(t)At > § reduces to fab p(t)At >

ﬁ for the scalar case as discussed earlier in this section.

It is possible to provide a slightly better bound than the one given in Theorem
7.3, similarly as in Theorem 7.1, but we shall not do so here. Instead we now give a
disconjugacy criterion for the system (7.5) whose proof is similar to that of Theorem

7.2.

Theorem 7.4 (Sufficient Condition for Disconjugacy of (7.5)). Using notation from
Theorem 7.3, if

b 4
AL < —
/au() <)\,

then (7.5) is disconjugate on [a,b].

We conclude this section with a result concerning so-called right-focal boundary

conditions, i.e., z(a) = u(b) = 0.

Theorem 7.5. Assume (7.5) has a solution (x,u) with x nontrivial and x(a) =

u(b) = 0. With the notation as in Theorem 7.3, the Lyapunov inequality

/a ’ V(t)At >

>

holds.



30

[1]

2]

R. AGARWAL, M. BOHNER, AND A. PETERSON

REFERENCES

R. Agarwal, M. Bohner, D. O’'Regan, and A. Peterson. Dynamic equations on time scales: A
survey. 2000. Submitted.

R. P. Agarwal and M. Bohner. Quadratic functionals for second order matrix equations on time
scales. Nonlinear Anal., 33:675-692, 1998.

R. P. Agarwal and M. Bohner. Basic calculus on time scales and some of its applications. Results
Math., 35(1-2):3-22, 1999.

R. P. Agarwal and P. Y. H. Pang. Opial Inequalities with Applications in Differential and
Difference Equations. Kluwer Academic Publishers, Dordrecht, 1995.

B. Aulbach and S. Hilger. Linear dynamic processes with inhomogeneous time scale. In Non-
linear Dynamics and Quantum Dynamical Systems (Gaussig, 1990), volume 59 of Math. Res.,
pages 9-20. Akademie Verlag, Berlin, 1990.

M. Bohner, S. Clark, and J. Ridenhour. Lyapunov inequalities on time scales. J. Inequal. Appl.,
2000. To appear.

M. Bohner and B. Kaymakgalan. Opial inequalities on time scales and some of its applications.
2000. Submitted.

M. Bohner and D. A. Lutz. Asymptotic behavior of dynamic equations on time scales. J. Differ.
Equations Appl., 2000. To appear.

M. Bohner and A. Peterson. First and second order linear dyamic equations on measure chains.
J. Differ. Equations Appl., 2000. To appear.

S. Chen. Lyapunov inequalities for differential and difference equations. Fasc. Math., 23:25-41,
1991.

G. Folland. Real Analysis: Modern Techniques and Their Applications. John Wiley & Sons,
Inc., New York, second edition, 1999.

G. H. Hardy, J. E. Littlewood, and G. Pélya. Inequalities. Cambridge University Press, Cam-
bridge, 1959.

S. Hilger. Analysis on measure chains — a unified approach to continuous and discrete calculus.

Results Math., 18:18-56, 1990.



INEQUALITIES ON TIME SCALES 31

[14] S. Hilger. Special functions, Laplace and Fourier transform on measure chains. Dynam. Systems

Appl., 8(3-4):471-488, 1999. Special Issue on “Discrete and Continuous Hamiltonian Systems”,
edited by R. P. Agarwal and M. Bohner.

[15] R. Hilscher. A time scales version of Wirtinger’s inequality with applications. 2000. Submitted.

[16] S. A. Ozgiin, A. Zafer, and B. Kaymakcalan. Gronwall-Bihari type inequalities on time scales.

In Conference Proceedings of the Second International Conference on Difference Equations

(Veszprém, 1995), pages 481-490, Amsterdam, 1997. Gordon and Breach.

NATIONAL UNIVERSITY OF SINGAPORE, DEPARTMENT OF MATHEMATICS, SINGAPORE 119260

E-mail address: matravip@nus.edu.sg

UNIVERSITY OF MISSOURI-ROLLA, DEPARTMENT OF MATHEMATICS AND STATISTICS, ROLLA,

MO 65409-0020

FE-mail address: bohner@umr . edu

UNIVERSITY OF NEBRASKA—LINCOLN, DEPARTMENT OF MATHEMATICS AND STATISTICS, LIN-

COLN, NE 68588-0323

E-mail address: apeterso@math.unl.edu



