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1. Preliminary Results

Consider the pair of linear equations

Ly[z] := (7'1(73).1:A)A +q1(t)z? =0, (1)

Lofz] := (r2()z®)> + g2 (t)2” = 0, (2)

We will be interested in obtaining comparison theorems of integral type
for (1) and (2). However, for the sake of simplicity, we assume r; = ry and
therefore restrict our attention to the pair of equations

Lyifz] == (r(t)z™)® + ¢ ()2 =0, (3)

Lofa] = (r()z®)® + g2(t)2” =0, (4)
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since the comparison of r; and 7 in the Hille-Wintner theorems below will
follow from the Sturm type result. For details concerning calculus on time
scales and other pertinent definitions, we refer to the books [1], [2], and [9].
We start with several auxiliary lemmas which are crucial in the proof
of the main results. The following two statements are usually referred to
as the Riccati technique. Denote
2

r(t) + p(t)z
Lemma 1.1. ([10], [4]) The equation
Lyglz] := (r()2%)2 + q(t)2” = 0 (5)

Slz] =

is nonoscillatory if and only if there is a function z satisfying the Riccati
dynamic inequality z>(t) + q(t) + S[2](t) < 0 with v(t) + p(t)z(t) > 0 for
large t.

If the assumptions are strengthened, then nonoscillation of (5) can be
expressed in terms of the solvability of a Riccati integral inequality involving
improper integrals.

Lemma 1.2. ([11]) Let [7°1/r(s) As = oc with r(t) > 0. Assume that

/ T ()25 >0

(and Z 0 for large t). Then (5) is nonoscillatory if and only if there is a
positive function z satisfying the Riccati integral inequality

2(t) > /too q(s) As + /too S[z](s) As
for large t.

Remark 1.1. We note that under some additional conditions, nonoscil-
lation of (5) implies the existence of a solution z of the Riccati equation
22(t)+q(t)+S[z](t) = 0 with lim;_, o 2(t) = 0, which consequently satisfies
the integral equation z(t) = [~ q(s) As + [, S[z](s) As. One such suffi-
cient condition is contained in the following lemma, whose proof is similar
to the proof of [Theorem 2.1,[5]]:

In the statement of the result, we will need to consider sequences of
points in the set of right-scattered points, T, defined by

T={teT:ut) >0}
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Lemma 1.3. Suppose that Lz = 0 is nonoscillatory on [a,o0)T,
[ ﬁAt =00, r(t) >0, [T q(s)As > 0 (and # 0 for large t). As-

a

sume there exists a sequence {ty} C T such that ty — oo with ME;:% <M

for some M > 0. Then Lz = 0 has a solution x satisfying x(t)x™(t) > 0
for large t and

lim r(t)z?(t)

t—00 x(t) =0.

The following lemma will be useful in the case when [ 1/r(s) As con-
verges.

Lemma 1.4. Assume h € C!,(T) with h(t) # 0. Then x = hu transforms
the equation L,,[x] = 0 into the equation Lrg[u] := (R(t)u®)> + Q(t)u’ =
0 with R = rhh? and Q = h?[(rh®)? +qh°]. This transformation preserves
oscillatory properties.

Proof. To show that h? L,,[z] = Lgrg[u], when x = hu, it suffices to show
that

[ 1) Luafal(s) 85 = [ Laglul(s) As. (6)

Using integration by parts of the left-hand side of (6) yields
/t h?(s)Lyq[z](s) As = /t h?(s)Lrq[hu](s) As
= [rh(hu)?] / hAr(hu)® As + / (h)2qu° A
= [{rhh°u® + rhhAu}(s)]Z - / {RA7(hu)®}(s) As + /t{q(h")Qu"}(s) As,

which is the same as the expression obtained when integrating by parts the
right-hand side of (6). Since h # 0, Ly4[z] = 0 is oscillatory if and only if
Lgrg[u] = 0 is oscillatory. O

2. Main Results

Because of Lemma 1.2 we can now easily prove the following important
comparison theorem.

Theorem 2.1. Assume r(t) > 0 with [~ 1/r(s) As = co. Further assume

/fm(smsz/fq?(smszo
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(with ftoo q1(s) As £ 0) for large t. Then if Li[z] = 0 is nonoscillatory, it
follows that Lyz] = 0 is nonoscillatory.

Proof. From Lemma 1.2, there exists a T' € [a, c0)T and a positive function
z satisfying the Riccati inequality

z(t) > /too q1(s) As + /too S[z](s) As (7)

on [T, 00)r. Hence,

z(t) > /too q2(s) As + /too S[z](s) As.

Then by Lemma 1.2 we have that the equation Lo[z] = 0 is nonoscillatory
on [a, o0)T. |

In the next result, we are able to conclude that the corresponding so-
lution of the Riccati equation for Ls[z] = 0 has limit 0 at infinity, if an
additional assumption is made on some sequence of points in T. Since the
proof is similar to the proof of Theorem 1.1 of [5] , we shall omit it.

Theorem 2.2. Assume r(t) > 0 with f;o 1/r(s) As = oo, and assume that

/twa(smsz/tqu(smszo

Assume in addition that there exists a sequence {ty} C T such that
tp — oc with ;((i’;)) < M for some M > 0, and suppose that Lyx = 0 is
nonoscillatory on [a,00)r. Then Loz = 0 is nonoscillatory on [a,c0)t and

has a solution y satisfying y(t)y™(t) > 0 for large t with

i TV
t=oo y(t)

=0.

Under some additional further restrictions, we are able to obtain the
following extension of the more general version of the Hille-Wintner Theo-
rem.

Theorem 2.3. Assume that r(t) >0 and [~ 1/r(s) As=oco. Let
. N o0
T, = {tE'IF: / qg(s)AsZO}
t
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and let x denote the characteristic function of Ti. Further suppose that
there exists m > 0 such that

mpu(t) <r(t)x(t), teT, (8)
> A
lim inf w > 1, 9)
t—o0, teT ft q1(s) As
and
/ q1(s) As > / g2(s) As (10)
t t
for large t. Then if Li[x] = 0 is nonoscillatory, it follows that Lo[zx] = 0 is
nonoscillatory.

Proof. Using Lemma 1.2, there exists aT € [a, 00)r and a positive function
z satisfying (7) on [T, 00)1. Define

v(t) = /too g2(s)As + /too S[z](s)As. (11)
Note that (using (10)), for ¢ € [T, o),
lv(t)] < /too g2(s)As| + /foo S[z](s)As
< /too q1(s)As + /too S[z](s)As
= z(t).
We would like to prove that
S[2](t) > S[](¢), (12)

for large t. This inequality is clearly true for any point which is right-dense
or where v(t) > 0. Hence it remains to show that (12) is true for all large
right-scattered points where z(t) > —wv(t) > 0. Note that this may happen
only for t € T. First we show that

r(t) + u(t)v(t) >0 (13)

for large t € T. Clearly we may restrict our consideration only to ¢t € Ty
(even to the right-scattered ¢’s at which v(¢) < 0 which form a subset of Ty;
we denote T, := {t € Ty : v(t) < 0}). Inequality (13) is then equivalent
to r(t)/u(t) > —v(t), which however holds for large ¢ because of (8), since
v(t) = 0 as t — oo For t € T, mote that (12) is equivalent o

r(#)(z(t) +v(t)) = —p(t)v(t)z(t). (14)
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Since z(t) + v(t) > 0, (14) is equivalent to

r(t) v(t)z(t) u(t)
— > — =— ) 15
w(t) = z2(t) +ou(t) 1+v(t)/2(t) (15)
If there is no sequence {t,} of points in T, such that lim,,_,. ¢, = oc and
e U(t) _
R ey T T 1o

then, since lim;_, o, v(¢) = 0, it would follow that

v(t)

lim ——F—-=0
t—oc, teT 1+ 0(t)/2(t)

Since for t € ']T., we have

ﬂ >m >0
u(t)
it would follow that (15) and hence (12) holds for all sufficiently large ¢.
It remains to prove that (16) does not hold for any sequence in T,
tending to co. We do this by contradiction, so assume there is such a
sequence {t,} with
v(tn)
i
n—oo z(t,)
holds. Recall that v(t,) < 0 and ftoo g2(s) As < 0. Then we have from (7)
and (11),

z(tn)
—v(tn)

Since from (9)

-1 (17)

L(:O%(S) As—i—ftjoS[z](s)As . ft(zo(h(S)AS
_ftio q2(s) As—ftio S[z](s) As — —ftio(h(s) As’

v

i I a(s) As N
imsup —2—— > 1,
n—oo ftio q2 (S) As

we get a contradiction to (17). Therefore it follows that (12) holds and this
implies that

V(1) < —a2(t) = S[v](#).

Consequently, it follows that Ls[z] = 0 is nonoscillatory. O

Remark 2.1. Conditions (9) and (10) can be replaced by one condition:
There exists £ > 0 such that
o
| s
t

(1-xe) [ T () As >
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for large t (where x(t) denotes the characteristic function of Ty).

Next we consider the complementary case, namely that

<1
/a @As<oo, r(t) >0

Theorem 2.4. Assume r(t) >0 and [ 1/r(s) As < oo, and that

/too%(s) </OO %AT)ZASZ/;O(D(S) (/OO %AT)ZASZO

(with [ q1(s) (fa(s T AT) As # 0 for large t). Then if Li[z] = 0 is
nonoscillatory, it follows that Lo[z] = 0 is nonoscillatory.

holds.

Proof First note that by Lemma 1.4, the transformation x = hu with
= [ 1/r(s) As transforms L;[z] = 0 into

(RMu?)? + Qi(t)u” =0, i=1,2, (18)

where
o= ([ ) ([ )
and
Qi) = (/: %Asfqi(t).
Since

1 S
ftoo 1/r(s) As T R(t)’

we get f 1/R(s) As = o0, and so we may apply Theorem 2.1 to equations
(18). The statement now follows from the fact that oscillatory properties
of transformed equations are preserved. O

Similarly, applying Lemma 1.4 and Theorem 2.3 we obtain the following.
Theorem 2.5. Assume that r(t) > 0 and [°1/r(s) As < co. Let

2
T, = tGT:u(t)SOand/ qz(s)</ %AT) As< 0
t a(

s) ’I’(T
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and let x, denote the characteristic function of T,. Further suppose that
there exists m > 0 such that

mut) < ( / N - As) ( / : 5 As> HOxe(t), 1ET,

2
[ ga(s) f:os TIT AT) As
lim inf ! ( (s) r(7) )

. 2
fmvoo, teth LOO 0 (s) (fao(os) r(lr) AT) As

> -1,

and

e (/cr:)%Ar)QAsz /tooqz(s) (/i%A)A

for large t. Then if Li[x] = 0 is nonoscillatory, it follows that Lo[zx] = 0 is
nonoscillatory.

Next we give an application of the Hille-Wintner theorem.

Example 2.1. (Hille-Nehari type criteria) Let T = ¢V :=
{1,q,¢*>--+}, g > 1. Then the g-difference equation
22 4+ p(t)ax® =0 (19)
is nonoscillatory if
& 1
0<t / p(s) As < ——— 20
) (s) (Ve + 17 (20)

for large ¢, and is oscillatory if

o0
1
) b As>a > s (21)
¢ (Va+1)?
for large t, and some .
To verify this we use the fact that the Euler—Cauchy type ¢-difference
equation

AA T s
0 = 22
r=c 4+ to () x7 =0 (22)

is oscillatory if and only if v > 1/(,/q + 1)?, see [3].
Since the Euler—Cauchy type equation (22) is nonoscillatory for v =
—=L— then, using (20), we have

(Va+1)?
1 > 1 1 1 o
As= —— - > As >0
(ﬁ+1)2/t to® <ﬁ+1>2t—/t pls)As 2
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for large t. Tt follows from Theorem 2.1 that (19) is nonoscillatory. Con-
versely, if (19) is nonoscillatory and (21) holds for some v > W, then
it would follow from Theorem 2.1 that (22) is also nonoscillatory, which is a
contradiction. Hence, (19) is oscillatory if (21) holds. Note that 1/(,/g+1)*
is different from 1/4 which is the well-known critical constant from the con-
tinuous and the discrete cases.

Also recall that in [10] it was shown (even for the half-linear case)

that 1/4 is the critical constant in Hille-Nehari type criteria (i.e., involv-
ing the expression ( f; 1/r(s) As) [ p(s) As) for the dynamic equation
(r(t)y®)A + p(t)y° = 0 for all time scales satisfying

p(t)
r(t) [L1/r(s) As

If r(¢) = 1, then this condition reduces to u(t)/t — 0 as t — 0, and in the
case when T = ¢"° this condition is not satisfied since u(t)/t = ¢ — 1. This
justifies somehow the presence of the additional condition (23), since from
the above we know that the critical constant 1/4 is not universal for all
time scales.

—0 as t—0. (23)

Another application concerns the oscillatory behavior of an equation
which is compared with that of a conditionally oscillatory equation whose
oscillation constant is known. We recall that the equation

(r(t)y™)> + Aa(t)y” =0, (24)

r(t) > 0, is conditionally oscillatory if there exists a constant 0 < Ag <
oo such that (24) is oscillatory for A > A¢ and nonoscillatory for A <
Ao. The value Ag is called the oscillation constant of (24). Since this
constant depends on the coefficients of the equation, we often speak about
the oscillation constant of the function ¢ with respect to r. If the equation
is oscillatory (resp. mnonoscillatory) for every A > 0, then this equation
is said to be strongly oscillatory (resp. strongly nonoscillatory). Using
Theorem 2.1 it is not difficult to see that the following statement holds.

Theorem 2.6. Let ¢ and g2 be nonnegative functions. Further assume
faoc 1/r(s) As = co. Denote by A1 (0 < A\ < 00) the oscillation constant of
q1 with respect to r. If A and B are defined by

A =1i28£p </tooqz(8)A8//tooq1(8)A8>
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10
and

- e I

then the | I = 0 will be oscillatory if B > X\ NG
if A< A\

Since A = B =11if ¢1(t) = ¢2(t), both bounds are evidently sharp. If

e -i
then _ = _ and the above theorem reduces to
In

Y -y A5 <

00. We leave the details to the interested reader.
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