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ABSTRACT. In this work we investigate the exponential stability of the zero solution
to systems of dynamic equations on time scales. We define suitable Lyapunov-type
functions and then formulate appropriate inequalities on these functions that guar-
antee that the zero solution decay to zero exponentially. Several examples are given.

1. INTRODUCTION

This paper considers the exponential stability of the zero solution the first-order
dynamic equation

(1) 2 = f(tx), t=0,
subject to the initial condition
(2) Z(](to) = Xy, t() Z O, To € R,

where f :[0,00) x R” — R™ is a continuous function and ¢ is from a so-called “time
scale” T (which is a nonempty closed subset of R). Throughout the paper we assume
that f(¢,0) = 0. Equation (1) subject to (2) is known as an initial value problem (IVP)
on time scales.

If T = R then 22 = 2’ and (1), (2) become the following IVP for ordinary differential
equations

(3) v =f(t,x), t=0,
(4) .’I?(to) = Xy, to Z 0.
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Recently, Peterson and Tisdel [9] used Lyapunov-type functions to formulate some suf-
ficient conditions that ensure all solutions to (1), (2) are bounded and unique. On the
other hand, Raffoul [10] used the same idea to obtain boundedness on all solutions
of (3) and (4). while in a more classical setting, Hartman [4, Chapter 3] employed
Lyapunov-type functions to prove that solutions to (3), (4) are unique. Motivated by
[10] and [4] (see also references therein), we investigate the boundedness and uniqueness
of solutions to systems of dynamic equations in the more general time scale setting.
We define suitable Lyapunov-type functions on time scales and then formulate appro-
priate inequalities on these functions that guarantee solutions to (1), (2) are uniformly
bounded and / or unique. In fact, our theory generalizes some of the results in [10]
and [4] for the special case T = R.

To understand the notation used above and the idea of time scales some preliminary
definitions are needed.
Definition A time scale T is a nonempty closed subset of the real numbers R. We
assume that 0 € T (for convenience) and T is unbounded above.

Since a time scale may or may not be connected, the concept of the jump operator
is useful.
Defn Define the forward jump operator o(t) at ¢ by

o(t)=inf{r >t:7 €T}, forallteT,

and define the graininess function u : T — [0,00) as u(t) = o(t) —t. Also let z7(t) =
x(o(t)), that is 27 is the composite function x o 0. The jump operator o then allows
the classification of points in a time scale in the following way: If o(¢) > t then call
the point ¢ right-scattered; while o(t) = ¢ then call the point ¢ right-dense.

Throughout this work the assumption is made that T has the topology that it inherits
from the standard topology on the real numbers R.

Definition 1. Fizt € T and let z : T — R"™. Define z2(t) to be the vector (if it exists)
with the property that given € > 0 there is a neighbourhood U of t with

[zi(o(t)) — 24(s)] — 22 (t)[o(t) — s]| < €|o(t) —s|, foralls€ U and eachi=1,...,n.
Call z2(t) the (delta) derivative of x(t) and say that x is (delta) differentiable.
Definition 2. If G2(t) = g(t) then define the Cauchy integral by

/ g(s)As = G(t) — Gla).

For a more general definition of the delta integral see [2], [3].
The following theorem is due to Hilger [5].

Theorem 1. Assume that g : T — R"™ and lett € T.
(i) If g is differentiable at g then g is continuous at t.
(i1) If g is continuous at t and t is right-scattered then g is differentiable at t with

t)) —g(t)
Ay — g(o( '
9=(t) r—
(111) If g is differentiable and t is right-dense then
t) —
A (t) = lim 9(t) —g(s)

s—t t—s
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(iv) If g is differentiable at t then g(o(t)) = g(t) + u(t)g™(t).

We assume throughout that to > 0 and ¢y € T. By the interval [¢y, c0) we mean the
set [to,00) N T.

Definition 3. Define S to be the set of all functions x : T — R"™ such that
S =A{z:x € C([ty,00); R™)}.
A solution to (1) is a function x € S which satisfies (1) for each t > t.

The theory of time scales dates back to Hilger [5]. The monographs [2], [3] and [6]
also provide an excellent introduction.

2. LYAPUNOV FUNCTIONS
The following Chain Rule shall be very useful throughout the remainder of the paper.

Theorem 2. Let p: R — R be continuously differentiable and suppose that q : T — R
is delta differentiable. Then p o q is delta differentiable and

@@@»P:=(1;ﬂ@u>+huuMAa»wQ 20,

Proof. Keller [7] and Potzsche [8]. See also Bohner and Peterson [2], Theorem 1.90. [
Definition 4. Call V : R* — R a “type I” function when

ZV ZEl ‘/1 flfl) .+ Vn(xn)a

where each V; : R — R 1s contmuously differentiable.

Now assume that V' : R™ — R is a type I function and x is a solution to (1). Consider

n

wam]:mew%

=1

V(®))* =

::z/v’ )+ hu(t)a (1) dh x2(¢),

= Z V'( i(t) + hu(t) fi(t, (1)) fi(t, (1)) dh,

i=1 Y0

= VV(x(t) + hu(t) f(t,2(1))) - f(E, (1)) dh,

0
where V = (9/0x1,---,0/0x,) is the gradient operator.
This motivates us to define V : T x R" — R by

(5) V(t,x) :/0 VV (x4 hu(t)f(t,z)) - f(t,2)dh.

Next we find another formula for V (¢, z). If u(t) = 0, then we simply get
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On the other hand if u(t) # 0, then

V(t,x) = /0 VV(x+ hu(t)f(t,x))- f(t,z) dh
= D Vit () it ) filt, ) dn

_ Zﬁ / V(s + ha(t) filt, @) () fit, ) dh

(t, ) — Vi(xi)
p(t) '

znl: V(xz + ,u( )f

Summarizing, we get that
i Vil + p(t) fi(t, 2)) — Vi(zi)]/p(t), when p(t) # 0,

VV(x)- f(t,z), when p(t) = 0.

If, in addition to the above, V : R" — [0, 00) then we call V a
type I Lyapunov function. Sometimes the domain of V' will be a subset D of R™.
Note that V' = V(z) and even if the vector field associated with the dynamic equation
is autonomous then V still depends on ¢ (and  of course) when the graininess function
of T is nonconstant. _
Using formulas (5) and (6) we can easily calculate V (¢, z) for each of the following
examples:
Example 1 Let V(z) = 2", 21/, for # € D, where

zlz

D={zeR":2;>0, x; + pu(t)fi(t,z) >0, i =1,2,--- ,n}.

(6) V(t,z)=

Then
fi(t, x)
Z < Vi +u) filt,x) + a

Example 2 Let V(z) = >0 a;a?, forz €e R* and @; > 0,7=1,2,--- ,n. For z € R",
we define the associated weighted vector by

w(x) = (a1, a2%2, - -+, ApTy).
Then _
V(t,x) =2w(x) - f(t,z) + p)w(f(t 2)) - f(t, ).
In particular, if V(z) = ||z]|> = Y, 27, then

(7) V(t,x) =2z f(t, )+ pt)| £t )],
Example 3 Let V(z) =" aa} for x € R" and a; > 0,i=1,2,--- ,n. Then

Yoimy il (i + p(t) filt, 2))* = ] /u(t), when p(t) # 0,

Z:’Lzl 4@21113‘/:‘2(15, x)a When /,L(t) = O

V(t,z)=
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Example 4 Let V(z) =>"" | aix?/?’ forx € R and a; >0,i=1,2,--- ,n. Then

S il (i + p(t) filt, o)V — 2] /), when u(t) £ 0,

V(t,x) =
D i 4(11'1’2/3]%(15, z)/3, when u(t) = 0.

Example 5 For Lyapunov functions which may not be power functions, let

V() = Z | it

where each p; : R — R™ is continuous. Then
. n 1
Vita) = 3 [ ot A0t )
i=1 70
= P(t,x)- f(t,z),

where

P(t,x) := (/0 p1(zy + hu(t) f1(t, z))dh, . .. ,/0 (T, + hu(t)fn(t,x))dh) )
Note that if T = R, then
P(t,z) = P(x) = (p1(x1), ..., pn(xy)).

3. EXPONENTIAL STABILITY

In this section we present some results on the exponential stability of the zero solution
of (1), (2). First a few more preliminaries.

Definition 5. Assume g : T — R. Define and denote g € C,q(T;R) as right-dense
continuous (rd-continuous) if g is continuous at every right-dense point t € T and
limg ;- g(s) exists and is finite, at every left-dense point t € T.

Now define the so-called set of regressive functions, R, by

R={p:T—R; pe Cy(T;R) and 1+ p(t)u(t) # 0 on T}
and define the set of positively regressive functions by
Rt={peR: 1+pt)u(t) >0 onT}.

For p € R, the generalized exponential function e,(-,ty) on a time scale T is (]2,
Theorem 2.35]) the unique solution to the IVP
% = p(t)r, x(ty) = xo.
If p € R, then [2, Theorem 2.48] e,(t,to) > 0 for t € T. It follows from Bernoulli’s
inequality ([2, Theorem 6.2]) that for any time scale, if the constant A € R*, then
1
0< ttg) < —— ., t > 1.
69/\(’0)_1—1—/\(75—150)7 — L0
It follows that
thrn €@>\(t, to) = 0.
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In particular if T = R, then egy(t,t9) = e %) and if T = ZT then eqy(t,ty) =
(1 4+ X\)~¢=%) For the growth of generalized exponential functions on time scales see
Bodine and Lutz [1]. With all this in mind we make the following definition.

Definition 6. We say the zero solution of the IVP (1), (2) to > 0, gy € R" is
exponentially stable if there exists a positive constant d and constant C € RT and a
M € R* such that for any solution x(t,to,zo) of the IVP (1), (2)

(%, to, z0)|| < c(nxou,to) (eon(t,t0))?,  for all t € [ty, 00).
The zero solution of (1.1) is said to be uniformly exponentially stable if C' is independent
Of to.

Note that if T = R, then (eqy(t,t))? = e =) and if T = Z*, then (eqy(t,t0))? =
(1 + )\) —d\(t— tg)
We are now ready to present some results.

Theorem 3. Assume D C R"™ and there exists a type I Lyapunov function V : D —
[0,00) such that for all (t,z) € [0,00) X D:

® Wlsl) < V(@) < o(lol)

- Ulllal) + Leea(t, to)
0 Vita) < SRR
(10) YET V@) + MV(@) < yeasltit)

where W, ¢, 1 are continuous functions such that ¢, W : [0, 00) — [0,00), ¥ : [0,00) —
(—00,0], ¥ is nonincreasing, W is strictly increasing with W (||z||) # 0 for x # 0 and
W(0) =0 and ¢~ exists; L, M and vy are nonnegative constants with § > M. then all
solutions of (1), (2) that stay in D satisfy

K
HiL‘H < Wﬁl{<V(l’0) + 5@—]\/[>€@M(t,to)};f07’ all t > to.

Proof. Let x be a solution to (1), (2) that staysin D for all t >ty > 0. For 0 < M < ¢
consider

[V(w(t))en(t, to))®
= V(t,z(t))e(t, to) + V(x(t))ens (¢, to),
(

< ¥ Hx(t1)|J|2 :(L)jjé(t’t()) (1 + p(t)M)err(t,to) + MV (z(t))en(t, to), by (9),

< (el + Leea(t o) Je(t, to) + MV (a(t))en (b, ).

= (VU@ + Leas(t, to) + MV (x(t)) )en(t, o),

< (@O (V@) + MV(2(t) + Leas(t,to) et to), by (8),
§ (’76@5(t, t()) + Le@(g(t, to))eM(t, to), by (10)

= Kegs(t,to)en(t, to)
K€M6§(t7 tO)
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Integrating both sides from ¢ to t with zq = z(to), we obtain

VEO)ealtote) = Vieo) + s (earealtsto) — 1),
_|_

K

o
< .
= Mo V(o)

It follows that

(11) V(z(t) < <V(x0)+ )e@M(t,to) for all € [tg, 00).

‘eM
Thus by (8),

(12) ()] < W—1{<V(a;0) n 5@M)69M(t, to)};for all ¢ > t.
This concludes the proof. 0
We now provide a special case of Theorem 3 for certain functions ¢ and .

Theorem 4. Assume D C R"™ and there exists a type I Lyapunov function V : D —
[0,00) such that for all (t,z) € [0,00) X D:

(13) MOJelP < Vi) < Mb)]lz]
(14) V(t, LE) < —A3 (t)g:jl_‘ ]\;_Iul(fte)eé(t? O) :
(15) V(J}) — VT/Q(Z.) S 7666(75;0);

where A\ (t), Aa(t) and \3(t) are positive functions where \i(t) is nondecreasing; p, q, r

are positive constants; L and 7 are nonnegative constants, and § > >1nf>O )‘(3%2/(1. Then
t>to>

the zero solution of (1), (2) is exponentially stable.

Proof. As in the proof of Theorem 3, let = be a solution to (1), (2) that stays in D for

allt >ty > 0. Let M = inf ’\3(tr/ € R*. Then, 0 < M < 6 and so ey (t, o) is well
t>t0>0 [A2(8)]7/9

A3(t)
P2 (8)]7/9

[V ((t))en(t, to)]*
Vi(t,2(t)ef; (t to) + V(a(t))eqy (t, to),

defined and positive. Since > M, we have

)

< (= Mal®)ll2ll" + Leas(t,to) )enr(t, to) + MV (2(t)) e (¢, to)
)\3(t> Tq

< (0 V) st et

< (M) = V(@) + Lecs(t,to) )en(t.to), - by (14),

< (ves(t.to) + Leas(t,to))ear(t, to), by (15)

K€@5(t, to)GM (t, to)
KeM@(s(t, t0)7
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where K' = M~+ L. Integrating both sides from ¢, to t with zo = x(t¢), and by invoking
condition (13) and the fact that Ait) > Ato) we obtain

16) ol < 20 { (Vi + 5257 conttto)}

K 1
(17) < )\1(t0>71/p{ (V(mo) + 5@—M>66M<t’ to)} p;fOI‘ all ¢ > to.

This concludes the proof. l

Remark 1. In Theorem 4, if \;,i = 1,2, 3 are positive constants, then the zero solution
of (1), (2) is uniformly exponentially stable. The proof follows of the Remark from

: A _
Theorem 4 by taking § > W and M = W

Theorem 5. Assume D C R"™ and there exists a type I Lyapunov function V : D —
[0,00) such that for all (t,z) € [0,00) X D:

(18) Allz|[P < V),

—AsV (x) + Less(,0)

I

(19) V(t,z) < T

where A1, \3,p,6 > 0,L > 0 are constants and ¢ = min{As3,d}. Then the zero solution
of (1), (2) is uniformly exponentially stable.

Proof Let z be a solution to (1), (2) that stays in D for all ¢ € [ty, 00). Since ¢ € R,
e-(t,0) is well defined and positive. Now consider

[V (2(t))e(t,0)1% = V(t,x(t))el(t,0) + eV (2(t))ec(t, 0),
< ( V(@) + Leos(t, 0))65@, 0) + eV (x(t))e(t,0), by (19),
= e(t,0)[eV(2(t)) — A3V (2(t)) + Lees(t,0)]

e«(t,0)Lecs(t,0)

Lee@(S(t? 0)

Integrating both sides from ¢y to ¢t we obtain

V(x(t))e.(t,0) < V(a:o)es(to,O)—i-(s—égegeg(t,O)

< (V(x()) + 5 é €>6a(t070)'

Dividing both sides of the above inequality by e.(to,0), we obtain
L
Viz(t) < (V(xo) + @)@(to, 0)ece(t, 0)

— <V($0) + é)ees(ﬂto)-

The proof is completed by invoking condition (18).
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4. EXAMPLES

We now present some examples to illustrate the theory developed in Section 3.
Example 1 Consider the IVP

(20) o2 = ax 4 br'Peqs(t,0),  x(ty) = xo,

where a, b are constants, g € R, and tq € [0,00). If there is a constant M = A3 > 0
such that

(21) (2a + ap(t) + 1)(1+ Asp(t)) < —Xs,

and
3

Cluppyr + 2220000 G 4y < 1,
for some constant L > 0 and all ¢ € [0, 00), with 0 < M < 6, then the zero solution of
(20) is exponentially stable.
Proof We shall show that under the above assumptions, the conditions of Theorem 4
are satisfied. Choose D = R and V(z) = 22 so p = ¢ = 2, \1(t) = X\o(t) = 1 and (13)
holds. Now from (7)

Vit,e) = 2z f(t.a)+p@)|f ()|,
= 2x(ax + br'Pess(t,0)) + u(t)(ax + ba'Pess(t,0))?,
< (2a+ a®u(t))z® + |2b 4 2abu(t)|z2ecs(t, 0) + V2 pu(t) x> (eas(t, 0)).

To further simplify the above inequality, we make use of Young’s inequality, which says
for any two nonnegative real numbers w and z, we have

e f
wzgw—+z7, with 1/e +1/f = 1.
e

Thus, for e = 3/2 and f = 3, we get

[(ﬂrr‘*/?’)‘{"’/2 L2 2abu(t)|3(ee5(t,0))3}
3/2 3

2 2 [2b+ 2abu(t)(ees(t, 0))°

3 3 !

23|20 + 2abpu(t)|ess(t, 0)

and

(12200) (ecs(t,00)%)
5 372
2 2

= 5+ 3 (uOP) (ecs(1,0)"

Thus, putting everything together we arrive at

AN
S
DN
~
N4

2?0 p(t) (ecs(t, 0))?

V(t,z) < (2a+u( )a® + 1)?
IEPOTARS 'Qb”gb“”' Jeos(t,0))

< Qatplt) + 12
(22) bRty o 2200 o),

3 3
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Dividing and multiplying the right hand side by (1 + Asu(t)) we see that (15) holds
under the above assumptions with r = 2 and v = 0. Therefore all the conditions of
Theorem 4 are satisfied and we conclude by Remark 1, that the zero solution of (20)
is uniformly exponentially stable.

Case 1: If T =R, then p(t) = 0 and (21) reduces to 2a + 1 < —A3. If a < —1/2 then
we take A\3 = —(2a + 1) > 0 and we can choose L = 2/3|b|, concluding that the zero
solution to (20) is uniformly exponentially stable.

Remark 2. If T = Z" then p(t) = 1 and condition (21) can not be satisfied for positive
As.

To get around it we will have to adjust inequality (22) as follow.

g BPR (eas(t,0))?
32 3 ]

23120 4 2abju(t)|eas(t,0) < |20 + 2abu(t)| [<

2 20 + 2abp(t
= 32+ 2abu(t)l2" + M(eeé(t, 0))?,
and
2/3p? 2 < 2 (=) (eos(t,
2?02 u(t) (ees(t,0))* < b /L(t)[ -+ 0 }
2 x? 9
= Vp(t)5 + Zu()b%ees(t,0)
Hence, inequality (22) becomes
; 2 t b?
V(t,o) < (a+p(t)a® + 5120+ 2abu(t)] + “(3) )2
2b 4+ 2abu(t _|_2 b2
(23) N [\ u(3)| 2u(t) ous(t.0).

Now, if T = Z* then u(t) = 1 and a condition similar to (21) is satisfied for positive
As if

2

2 b
2a+a2+§|2b+2ab|+§<0.

Note that the inequality is satisfied for a = —% and b = % Then we may define A3 by
A3 = —(2a + a® + 2(2b + 2ab| + %) > 0.
Case 2: If T = hNy = {0, h, 2h, ...} then p(t) = h and (21) reduces to

(2a + a’h 4+ 1) < =X3/(1 + Ash).
Therefore we want to find those A > 0 such that
ha®+2a+1 < 0.

Now the polynomial
p(a) := ha® +2a + 1,
will have distinct real roots
ar(h) = (=1 =1 —=h)/h
as(h) = (=1 4++1—h)/h
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if 0 < h < 1. Therefore if 0 < h < 1 and a;(h) < a < ay(h), then

A:=ha*+2a+1<0.
Now, for such an h, let A3 be defined by

—A3(1+X3h) =A <0,
that is

A3 :=—A/(1+ hA).

Therefore if 0 < h < 1 then for a;(h) < a < aa(h) the zero solution is uniformly
exponentially stable by Theorem 4.

Remark 3. [t is interesting to note that

lim as(h) = lim (-1 ++v1—h)/h=—-1/2,
h—0+ h—0+

and

lim a;(h) = lim (=1 —+v1—h)/h = —o0,

h—0+ h—0+
recalling that if T = R then for —oo < a < —1/2 then the zero solution is uniformly
exponentially stable.

Example Consider the the following system of IVPs for t > ¢ > 0

(24) 8 = —az; + axy,
(25) r5 = —ar) — axs,
(26) (z1(t0), 22(t0)) = (¢, d),

for certain constants a > 0; ¢ and d. If there is a constant A3 > 0 such that for all
t €0, 00)

(27) As/ (14 Asp(t)) < 2a(1 — ap(t)),

then all solutions to (24) - (26) are uniformly bounded.

Proof We will show that, under the above assumptions, the conditions of Theorem 5
are satisfied. Choose D = R? and V(z) = ||z||* = 2% + 22 so (??) holds. From (7) we
see that

Vit,e) = 20 f(t,) + pOIf )7,
—2a(1 — ap(t))||=]*,
=Asflzl?/(1+ Asult), by (27),
= —AV(@)/(1+ Agpl?))-

Hence (19) holds under the above assumptions with L = 0. Therefore all the conditions
of Theorem 5 are satisfied and we conclude that all solutions to (24) - (26) are uniformly
bounded.

In fact, if there is a constant K such that
(28) 0<au(t) <K <1

for all t € [0, 00) then (27) will hold.
Case 1: If T = R then pu(t) = 0 and (28) will hold for any 0 < K < 1 which, in turn,
will make (27) hold and we conclude that all solutions are uniformly bounded.

IN
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Case 2: If T = {H,}{° defined by

Hy=0, H,=>» 1/r, neN,

then p(t) = 1/(n + 1) and (28) will hold when a < 1 which, in turn, will make (27)
hold and we conclude that all solutions are uniformly bounded.
Case 3: If T = hNj then p(t) = h and (28) will hold when ah < 1 which, in turn, will

make (27) hold and we conclude that all solutions are uniformly bounded.
Remark 4. By using standard methods [2], the system (24) - (26) has solutions
z1(t) = c1e_gtialt, to) + c2e_q_ia(t, o),
zo(t) = aci(—1+1i)e_arialt,to) — aca(l +i)e_o—ia(t, to),
and for T = hNy we see by closely investigating these exponentials that when h < 1/a
all solutions are uniformly bounded and when h > 1/a all nontrivial solutions are

unbounded.
It is interesting to note that even though the eigenvalues of the coefficient matriz

—a a
- ()
are complex with negative real parts, our system is not stable when ah > 1.

5. UNIQUENESS OF SOLUTIONS

In this brief section we present a result on the uniqueness of solutions of the IVP
(1), (2).

Theorem 6. Assume that [ satisfies

(w2 = @1) - (f(tsw2) — f(t,20)) + p(O)| f(t,22) = f(t,20)]* <0,
fort € [ty,00) and x1, x5 € R™. Then there is, at most, one solution to the IVP (1),

2).

Proof Let z1, 25 be two solutions to (1), (2) and let

)
x(t) = xo(t) — x1(t).
Choose V(z) = ||z||* and note that

V(@)® = 2x(t) 2(t) + pt) == O,
= (2a(t) — a1 (1) - (f(t,22(t)) — f(E, 21(1)))
+u()[Lf(t 22(t) — f(t,21(8))]* < 0.

Hence V(x(t)) is nonincreasing and since V(x(to)) = V(0) = 0 we conclude that V'
is identically equal to 0 along x(t). This implies that z(t) = z2(t) — z1(t) = 0 for
t € [to,00) and solutions of (1), (2) are unique and this concludes the proof.
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