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ABSTRACT. We obtain Willett-Wong-type oscillation and nonoscillation
theorems for second order linear dynamic equations with integrable co-
efficients on a time scale. The results obtained extend and are motivated
by oscillation and nonoscillation results due to Willett [20] and Wong
[21] for the second order linear differential equation. As applications of
the new results obtained, we give the complete classification of oscilla-
tion and nonoscillation for the difference equations

A’z(n) + b(;?nm(n +1)=0

and

A?z(n) + Lcil + b( ;) } z(n+1)=0,
for t € N, a,b,c € R. We also improve a nonoscillation result of Min-
garelli [17] and extend an oscillation result of Del Medico and Kong [7].
Keywords and Phrases: oscillation, nonoscillation, dominant solu-
tion, dynamic equations, time scales.
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1. Introduction

In two fundamental papers [20], [21], Willett and Wong extended and
improved oscillation and nonoscillation criteria which had been obtained
1
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earlier by many authors for the differential equation
(1.1) "+ p(t)x = 0.

Their goal was to be able to handle the difficult cases which arise when p(t)
is not eventually of one sign. Their work also surveyed earlier results of
Wintner [19], Fite [11], Hille [13], and Hartman [15] for the cases when
J *p(s)ds exists. In this paper we obtain ‘Willett-Wong-type’ criteria for
dynamic equations on time scales by means of a ‘second-level Riccati equa-
tion’ (see [3] for the discrete case) or what Wong refers to as a new Riccati
integral equation in the continuous case. Using this approach, one is able
to handle various critical cases. These ideas are of particular importance in
treating the case when P(t) := [ p(s)ds is also not eventually of one sign.

Suppose that lim;_, o, ftto p(s)ds exists and let us define P(t) := [ p(s)ds.

Willett [20] and Wong [21], respectively, proved the following:
Theorem A. Suppose that

for large t, where P(t) = [ P?(s)Qp(s,t)ds, Qp(s,t) = exp (2 [ P(7)dr).
Then the equation 2" + p(t)z(t) = 0 is nonoscillatory.
Theorem B. If P(t) £ 0 satisfies

for some € > 0 and all large t. Then the equation z” + p(t)z(t) = 0 is
oscillatory.

As applications of Theorem A and Theorem B, Willett [20] gives the
complete classification of oscillation and nonoscillation for the equation

(1.2) 2" + (ut"sinvt)r =0

for |£| # %, i1 # 0,v # 0,7 constants, and the equation

(1.3) " + (M2 4 pttsinvt)r =0
for A # 1 — 2(£)2, pu, A, v # 0 constants.

v

Wong [21] established the following theorem.
Theorem C. If there exists a function B(t) such that

/too(P(S) + B(5))*Qp(s,t)ds < B(t),

for large t, then the equation " + p(t)xz = 0 is nonoscillatory.

As an application of Theorem C, Wong was able to treat the critical

cases and showed that equation (1.2) is nonoscillatory, for |[£| = % and

that equation (1.3) is nonoscillatory, for A =  — £(£)2.
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In this paper, we extend Theorems A, B and C to second order dynamic
equations on time scales. As applications, we give the complete classification
of oscillation and nonoscillation for the difference equations

A?z(n) + b(nlc)na:(n +1)=0

and

A%z(n) + [nfﬂ + b(_nlc)n} z(n+1)=0,

fort=neN, a,b,ceR.

Let T be a time scale (i.e., a closed nonempty subset of R) with sup T =
0o. Since the introduction of time scales calculus by Stefan Hilger [12] in
1988, there has been a great deal of interest in extending and unifying the
discrete and continuous cases. Consider the second order dynamic equation

(1.4) 228+ p(t)x? (t) = 0,

where p is a right-dense continuous function on T. We shall assume through-
out that ftzo p(s)As is convergent.

For completeness, (see [5] and [6] for elementary results for the time
scale calculus), we recall some basic results for dynamic equations and the
calculus on time scales. The forward jump operator is defined by

o(t)=inf{s € T:s > t},
and the backward jump operator is defined by
p(t) =sup{s € T:s < t},

where inf @ = sup T, and where @ denotes the empty set. If o(t) > ¢, we
say t is right-scattered, while if p(t) < t we say t is left-scattered. If o(t) =t
we say t is right-dense, while if p(t) = ¢ and ¢ # inf T we say ¢ is left-dense.
Given an interval [¢,d] := {t € T : ¢ <t < d} in T the notation [c,d]"
denotes the interval [c, d] in case p(d) = d and denotes the interval [¢,d) in
case p(d) < d. The graininess function p for a time scale T is defined by
wu(t) = o(t) — t, and for any function f : T — R, the notation f7(t) denotes
f(o(t)). A function f : T — R is said to be rd-continuous provided it is
continuous at right-dense points in T and its left-sided limits exist (finite)
at left-dense points in T.
We say that f: T — R is differentiable at ¢ € T provided

- f(s)
FA@) = lim ==,

exists. (Here by s — t it is understood that s approaches ¢ in the time
scale). When f is continuous at ¢ and o(t) > ¢

flo(t)) — f(t

PN LORI0)
p(t)

Note that if T = R , then the delta derivative is just the standard derivative,
and when T = Z, the delta derivative is just the forward difference operator.



4 ERBE, BAOGUO, AND PETERSON

We always have the relation f(o(t)) = f(t) + u(t)f2(t). The set of rd-
continuous functions f : T — R will be denoted by C,.4. The set of functions
f: T — R that are delta differentiable on [c, d]” and whose delta derivative
is rd-continous on [¢,d]* is denoted by Cl,. If FA(t) = f(t) for t € T,
then F'(t) is said to be a (delta) antiderivative of f(t). If F(¢) is a (delta)
antiderivative of f(¢) then we define the Cauchy (delta) integral of f(¢) on
[a,b] by

b
/lﬂﬂAt:Fwy—Fm)

See [5] for elementary properties of the Cauchy integral. A very basic result
([5, Theorem 1.74]) is that if f : T — R is rd-continuous on T, then it
has a (delta) antiderivative on T and hence the integral f; f(t) At exists.
Therefore, our results contain the discrete and continuous cases as special
cases and generalize these results to arbitrary time scales.

We recall that a solution of equation (1.4) is said to be oscillatory on
[a,00) in case it is neither eventually positive nor eventually negative. Oth-
erwise, the solution is said to be nonoscillatory. Equation (1.4) is said to be
oscillatory in case all of its solutions are oscillatory.

We say that a function p : T — R is regressive provided that

1+ pu(t)p(t) #0, teT.

We denote the set of all f: T — R which are right-dense continuous and
regressive by R. If p € R, then we can define the exponential function by

eatt) = o | e Oy

for t € T,s € T*, where &,(%) is the cylinder transformation, which is given

by
Log(1+hz) -
n(z) = { h if b #0

z h=0.

(Here Log denotes the principal logarithm function.)
We say that a function p : T — R is positively regressive (denoted by
p € R+) provided that

1+ u(t)p(t) >0, teT.

2. Notation and Preliminary Lemmas

Lemmas 2.1, 2.3, and 2.4 and the definitions of condition C and condition
D were introduced in [2].

Let T := {t € T : u(t) > 0} and let x denote the characteristic function
of T. The following condition, which will be needed later in Section 4,
imposes a lower bound on the graininess function u(t), for ¢ € T. More
precisely, we introduce the following: (see [8]).
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Condition C : We say that T satisfies condition C if there exists an M > 0
such that
x(t) < Mpu(t), teT.

LEMMA 2.1. Assume that T satisfies condition C and suppose that equa-
tion (1.4) is nonoscillatory. Let x(t) be a solution of (1.4) with x(t) > 0 on
[to,00). Then

is a solution of the Riccati equation
A+ p(t) + T a()z =0

on [to,00). Moreover, if [ p(t)At is convergent, then [, %As is

also convergent and lim;_, 2(t) = 0.

We will also need below conditions which guarantee that || f %As does not
grow faster than M Int, for some M > 0. For a time scale T, the following
example shows that the inequality flt %As < M nt, for any M > 1, does
not hold in general without some additional restrictions.

EXAMPLE 2.2. Consider the time scale
T = {22k € No}.

It is easy to see from the definition of the integral that for ¢ = 22" we have
ik 1Ag k—1
1 1 j
lim 22— gim 3 (27 1) = oo,
TR T D OO

k—o0

So we shall impose an additional assumption on the time scale T to
establish the oscillation results in Section 4. We note first that if T satisfies
condition C, then the set

T = {t € T| t > 0 s isolated or right scattered or left scattered}

is necessarily countable since a bounded real interval can contain only finitely
many elements of T.

We introduce the following
Condition D Suppose that T satisfies condition C and let

T = {to,t1,ta, - ytp, -},
where
O<to<ti<to<- - - <tp<---.
Then we say T satisfies Condition D if there is a constant K > 1 such that
tgv1 — 1

P <K, forallk>1.
le — th—1



6 ERBE, BAOGUO, AND PETERSON

That is, for right or left-scattered points or for isolated points, condition D

says that the ratio % is uniformly bounded for all k¥ when we consider

the time scale T.
LEMMA 2.3. [2, Lemma 2.3] Assume that T satisfies condition (D) and

suppose that x(t) is a solution of (1.4) that satisfies x(t) > 0 fort > T = ty,
for some k > 0. Then we have, fort € T, t > T,

t A t
nx(t)g/ 7~ (s) As and 1Anglni.
o) = Jr als) s T
LEMMA 2.4. [2, Lemma 2.4] Assume that ft t)At is convergent, P(t)

[ p(s)As, u(t) is bounded and that T satisfies condztwn (D). If (1.4) is
nonoscillatory, then there is a T € [ty,00) such that

/ P%( €2P (t, T)At < oc.

Also, if z(t) > 0 is a positive solution of (1.4) on [T,00) and z(t) :=
then z(t) is a solution of the Riccati equation
A 22
Aypt)+———— =0.
PO+ T

on [T,00), with 1 4+ u(t)z(t) > 0 on [T, 00). Furthermore,
- o) ZQ(S)
w(t) .—/t WAS >0
satisfies the integral equation
_ [ P2(s) + w(s)w(o(s))
(2.1) w(t) = /t € 2 (s,t) 1= 1(s)P(s)

for large t € [T, 00).

As.

The following lemma appears in [9].

LEMMA 2.5 (Riccati technique). Equation (1.4) is nonoscillatory if and
only if there exists T € [tg,00) and a function u satisfying the Riccati dy-
namic inequality

A1) +p(t) + u (1) <0
u D —_—
1+ p(t)u(t)

with 1 + p(t)u(t) > 0 fort € [T, 00).

3. Wong-Willett-type nonoscillation theorems

In the results of this section, which give sufficient conditions for nonoscil-
lation, we do not need to assume that p(t) is bounded nor that condition D
holds, in contrast to the results in Section 4 dealing with oscillation criteria.
The first result may be regarded as an extension of Theorem C above.
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THEOREM 3.1. Assume that ft t)At is convergent and define P(t) =
[ As and let T € [to, 00) be such that 1+ u(t)P(t) > 0, fort > T. If
Jr- P3(t)e 25 (t,T)At converges and there exists a function w(t) > 0, for

large t > T satzsfymg
> P2(s) + w(s)w(o(s))
1 t As < w(t
(3.1) /t 613513 (5,2) 1— u(s)P(s) s <w(t)
for large t > T, then equation (1.4) is nonoscillatory.

PRrOOF. Let

o 2 S wls)w\o\s
(3.2) u(t) :== P(t) +/t 6%(3#’)]3 (1):ru(i)§3((s)( ) A

for large t. We recall the following facts dealing with elementary properties
of the exponential functions ([5, Theorem 2.36)):

ep(o(t),T) = (1+u(®)PW)er(tT), e p(o(t),T) = (1-u(t)P()e_p(t,T),
e e (s,t) = e 2r (t, T)e 2p (s,T),

1—uP

e_p(t,T) ep(s,T)
—op (t,T —_— T = ——"—-.
1+2;ﬁv( )= ep(t,T)’ e%(s, ) e_p(s,T)
From these relations we obtain after some manipulations
2P o P?
’UJA(t) — *p(t) - (t) / e op (S,t) (S) + ’U)(S)QU(O'(S))AS
L+ pu()P() Jy TaP 1 — p(s)P(s)

P2(t) + w(t)w(o(t))
1+ p(t)P(t)

= 00~ (g P 0~ PO
_ ;[PQ(t)er(t)w(a(t))]

1+ pu(t)P(t)
_ P2(t) — 2P(t)u(t) — w(t)w(o(t))
= )+ 1+ p(t)P(t) '
From 1+ p(t)P(t) > 0, w(t) > 0, (3.1) and (3.2), we have that w(t) >
u(t) — P(t) > 0, for large ¢. Hence, we have

(3.3)
P2(t) — 2P(t)u(t) — (u(t) — P(t))(u(o(t)) — P(a(t)))
UA(t) S —p(t) + 1 + /,L(t)P(t) .

Then from (3.3), noting that
P(o(t)) = P(t) = u(t)p(t), u(o(t) = u(t) + p(t)u(t),

we obtain after some manipulations (suppressing arguments)

N _u2+uuuA—,upP+upu—PuA,u
=P 1+ uP ’
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So multiplying both sides by 1 + uP, and simplifying we get
(3.4) (1 + pu)u® < —p(1 + pu) — u?.

From (3.2), we have u(t) — P(t) > 0, so 1 + u(t)u(t) > 1+ u(t)P(t) > 0, for
large ¢t. Hence solving (3.4) for u® we obtain
u?(t)

(3.5) uB(t) < —p(t) — T 00

for large ¢. From (3.5) and Lemma 2.5, it follows that (1.4) is nonoscillatory.
This completes the proof. O

THEOREM 3.2. Assume that ftzo p(t)At is convergent, and suppose that
wu(t) is bounded. If f;o P2(t)e_ap_(t,T)At is convergent for sufficiently large
1—pP
T and

oo 2 s
(3.6) Plt) = /t e ar (s,t)l_];(i);(s)As
satisfies
(3.7) /twe%(s,t)mAs < 1P

for large t, then equation (1.4) is nonoscillatory.

PROOF. From (3.7), one has immediately that w(t) = 2P(t) satisfies (3.1),
so the result is a consequence of Theorem 3.1. O

For T = 7Z, Theorem 3.2 yields the following

COROLLARY 3.3 (Chen and Erbe [3]). Suppose that ) p; and Zlqif
converge, where Py, =372 pj.
Let N >0 be so large that |P,| < 1, for n > N. Define

dn

g(j;n) = —"—— for j>n>N,
Gin) gj+1(1+ Fj)
n—1 1 o)
— 7 D . 2
=[] TP "ZN+L B .—Zg(],n)PJ
J= j=n
If P satisfies
00 o 1.
Zg(j;n)PJF)]+l < an, n > N, for some N >0,
j=n

then the difference equation A%x, + PnZn+1 = 0 s nonoscillatory.
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4. Willett-Wong-type oscillation theorems for dynamic equations

In order to obtain the desired oscillation analogues of Theorem B above,
we need to place additional restrictions on the time scale T.

THEOREM 4 1 Assume that ft t)At is convergent, tg > 0, and let

= [Tp . Assume that u(t ) is bounded and that T satisfies con-
dition D. Let

P(t) := Ooe s 7P2(S) s
(4.1) P(t) := /t 135}3( ,t)l — ,u(s)P(s)A .
If P(t) # 0 satisfies
(4.2) P(t) = oo, for all large t,
(4.3) /tmeﬁg(s,t)mm > 1 h0,

for some € > 0 and all large t, then equation (1.4) is oscillatory.
We shall first establish the following lemma.

LEMMA 4.2. Assume that ,u( ) is bounded the improper integral ftzo p(t)At

is convergent and let P(t) := [ p(s)As. Assume that Q(t) is a non-
negative continuous functzon deﬁned for T <t < oo. If there exists € > 0
such that

(4.4) /:OQIE’;P (s,t)WAs L I “Q), t>T,

then the inequality

1—pP
does not have a continuous nonnegative solutwn v(t).

PROOF. Assume that v(¢) is a continuous nonnegative function which
satisfies (4.5). Then v(t) > Q(¢t) > 0 implies v(o(t)) > Q(o(t)) > 0, which
implies in turn that

v(t) > Q(t)—’_/tooelQip(S’t)mAs

<1+ 1+6> Qt), t>T.

v

4

Continuing in this manner, we obtain
1+e\? (14
1 1
() ()

v(t) = anQ(1),

u(t) >

Q(1).

This gives
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where 1 = ag < a1 <ag < --- < a, — o0, as n — 0o, which is a contradic-
tion. O

Proof of Theorem 4.1: Assume (1.4) is nonoscillatory. By Lemma 2.4,
there exists a function v(¢) > 0 which satisfies

> 2 S vis)vlo(s
(46) o) = [ e s T A

for large t. If P(t) = oo, then it follows that (4.6) cannot hold, which is a
contradiction.
If P(t) < oo then from (4.1) and (4.6), we have

> v(s)v(o(s)) 5
4.7 t) = t)————=A P(1).
(47) o) = [ e ap (57 S As 4 PO
However, Lemma 4.2 and (4.3) imply that no continuous nonnegative func-
tion u(t) can satisfy (4.7) for all t > T'. From this contradiction, we conclude
that (1.4) is oscillatory.

When T = N, we get the following new oscillation counterpart to Corol-
lary 3.3

COROLLARY 4.3. Assume that ) p; is convergent, P, = > 2 p;. Let
N >0 be so large that |P,| < 1, forn > N. We define
n—1 1— Pj - an

q:: ) ;n = b
! jg\,lJer o) gjr1(1+ Fj)

oo
Pu= 3 gUimP, for jznz N,
j=n

If P, # 0 satisfies
(4.8) P, = o,

or

Rl ) - 14+¢€ -
> 9GP = — —Pa,
j=n

for some € and large n > N, then the difference equation A%z, +ppzni1 = 0
s oscillatory.

5. Example 1.
Let

p(t) :== . teT=N, beR, b#0.
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Let us set Pj = P(j). We have

Py = Y p(j)

j=2k

—bi— 1 N 11 N
- 2% 2%k+1  2%+2 2+3

1 1
= b<2k(2k+1)+(2k+2>(2k+3)+'”>‘

It follows that

b~ 1 bl 5~ 1
Sy S|Pl <) =
4 =30 +1) P 4]232

and hence we have

b b1
Py~ — = ——.
PR T 22k
Similarly we have
P b 1
2k+1 2ok + 1
So
b1
5.1 P, ~(—1)"=—.
(1) w~ (<15

Therefore the series Y p- Py converges.
Since ) k% converges, we have that > po  P? converges. Using In(1 +
z) =z — 32?2 + o(2?) as x — oo, we have for large j

2P; 2P; 1/ 2P; \? oP; \?
5.2 In{1-— I ) = — J_ J J
(5:2) n< 1+Pj> 1+ P 2(1+Pj> +O(<1+Pj>>

as j — oo. Also, we have
i
1+ P

= Pj(1 - P+ O(P})).
So from (5.2) we have

= 1— P S 2P;
ln( J>: 1n<1— J )

Jj=N

is convergent. So

n—1 n—1
1-P; 2P,
Qn:H1+]D;:exp Zln(1—1+}j> < 1+ ¢, for large N.
N j=N
We also have
dn

S 14—€h j:2712ip%
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where we used P; — 0,¢q; — 1. So we get that

(5.3) Zg], )P; P11 1+elz Piy1,

where P, = > i g(],n)PjQ. By (5.1), we get that

o oo
Py = ) 9GP} <(1+ea)) P}
j=n j=n

1 1

2

2
< (I+e)(l+e) <I2)> (14—63)%.

From (5.3), we get
s — —
Zg(]v n)Pij+1
j=n

4
< (T4 e)[(d4 €)1 +e) (1 + e3)] <Z>

1 1
. [n<n+1> T DETD +]
4
= (+e)[(1+e)(1+e)(1+es)? (3)

Similarly, we have

P, > (1—-e)(1l—e) ( > 212

> (1—a)(1—e)(l—e) (3)

We note that if (3)* < %(%)2. (i.e., if [b] < 1, b # 0), then Corollary 3.3
shows that

(5.4) A2z(n) + b(_:b)n:c(n +1) =0,

S

V

3\*—‘

is nonoscillatory.
Similarly, when |b] > 1, by Corollary 4.3, it follows that (5.4) is oscilla-
tory. In the same way, we can show that

aa (D" _
(5.5) x +bn+1m(n+1)—0,

is nonoscillatory, for |b| < 1.
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REMARK 5.1. In [17] Mingarelli showed that equation (5.5) is nonoscil-
latory if |b| < i. Therefore, the above example improves the nonoscillation
result in [17] by replacing the constant % by 1, which is sharp, which will
be noted below in Example 3.

6. Example 2.
Let

—1)?
p(t)::(tc), teT=N, c<Ll

We need the following useful comparison theorem [9, Theorem 9.

THEOREM 6.1. Assume a € C, and
(1) a(t) = 1,
(it) u(t)a™(t) = 0
(iii) a®2(t) < 0.
Then 22 +p(t)x? = 0 is oscillatory on [tg, 00) implies x> +a(t)p(t)z” =
0 is oscillatory on [tg, 00).

Take b = £2. From Example 1, we know that the equation
_1)»
(6.1) A%z(n) £ 2(n)x(n +1) =0,

is oscillatory.

Let a(n) = An® A > 0,0 < a < 1, then we have Aa(n) > 0, A%a(n) <0
for large n. Using Theorem 6.1 repeatedly and (6.1) is oscillatory, we get
that

2 (="
A*x(n) £ 2Bn z(n+1) =0,
n
is oscillatory, for all B > 0, 6 > 0. So the equation

_1)m
A%z(n) + 2B (nl)ﬂ z(n+1) =0,

is oscillatory, for all B > 0, § > 0. This means that the equation

(6.2) A%z(n) + b(_nlc)nx(n +1)=0,

is oscillatory, for all b # 0, ¢ < 1.
Similarly, we also have

(6.3) A2a(n) + bfl_)x(n +1) =0,
is oscillatory, for b # 0, ¢ < 1.

REMARK 6.2. In [7], Del Medico and Kong prove that the equation

A%z(n) + %m(n +1)=0

is oscillatory. Their result is a special case of (6.3).
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7. Example 3—Critical Case ¢ =1, |b| = 1.
The following theorem is a time scales version of Wong’s Theorem 5 in
[21].

THEOREM 7.1. Assume that [, p(t)At is convergent, P(t) = [ p(s)As,

and let T € [tg,00) be such that 1 £ u(t)P(t) >0, fort >T. If
/ P%(t)e_ap (t,T)At
T 1—pP

converges and there exists a function B(t) > 0, such that
(7.1) /too Qp(s,t) [P(s) + B(s)] [P(a(s)) + B(a(s))] At < B(t)

for large t, where Qp(s,t) := We 2p_(s,t), and where P(s) is defined

1—pP

in (4.1). Then (1.4) is nonoscillatory.

PrOOF. By Theorem 3.1, it is sufficient to show that (7.1) implies the
existence of a solution to equation (3.1). Define ug(t) = P(t) + B(t) and
inductively, for n =1,2,-- -,

(7.2) un(t) = P(t) +/ Qpr(s,t)un—1(s)up—1(c(s))As.
t
From (7.1) and (7.2), it is easy to show by induction that
0< P(t) <un(t) <up—1(t) < P(t) + B(t).
Thus the sequence of functions {uy(t)} has a pointwise limit function u(t) =

lim;, oo un(t). Since the integrand in (7.2) is nonnegative, it follows from
the Monotone Convergence Theorem [1, Theorem 4.1] that u(t) is a solution

of (3.1). O
Example 3. We claim that the critical case (¢ = 1, |b| = 1 in equation
(6.2))

2 (=" _
(7.3) Az(n) + - z(n+1)=0

is nonoscillatory. We only show (7.3) is nonoscillatory for the case p,, = (Gl

n
as the case p, = —% is similar. In this example we need to make more
precise calculations than those given in Example 1. First we will show

g(d,n) = m =1+ O(%) Note that
i
P

(7.4) I _ exp [(—1) > (1 - 12+P

qj+1

By the Taylor expansion, we have

2P; 2P, 1 ( 2P \? 2P, \?
5) In(1- _ _1 '
(7.5) n( 1+B~> 1+ P, 2<1+P1-> +O<<1+Pi>)
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Note that

g 1 1 S
< < -
/k 22+ 1) S22k 1) @Rk 43) T /,C_1 20(2t 1)

Therefore, we have

1 1)?

Py, = — — .
2 = g5 T O ((%) )
1 1 \?
P = .
2kt 2(2k+1)+0<(2k+1> )

So we have

(7.6) P, = (—1)”% +0 (<i>2> .

Again, by the Taylor expansion, we have

1 1 1\?
. =1-P P =1-(-1)= - .
From (7.6), (7.7), we have
P;

1 1
= (~1)i— =.
i+ Y 22‘*0(@'2)
So, from (5.1), we get that for large n

[e'e) _17; 0o _]_i
<E G| G

=n i=j+1

Similarly,

J

P
2P

i=n

(7.8)

J 2
2P, 1 1 1
: > < 4+ 4. )< -
(7.9) <1+Pi> _Cl(n2+(n+1)2+ )_C’1( +61)n

Since ¢” =1+ O(z), for small x, we have from (7.4)—(7.9), that
n 1
(7.10) " —1+0 () :
dj+1 n
From (7.7) and (7.10), we get

n L
e — S 1+i7
gj+1(1 + Py) n

for some constant L > 0. From (7.6), we get that
oM
2n  n?’

(7.11) 9(j,n)

(7.12) |P(n)| <
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for some constant M7 > 0. Therefore

Pn:zg(jvn)Pjg
j=n
~li+o(t f: CY oL 2
B n)l =l 2 32
I\]<x[1 1
12 -0 ()X o (7))
Note that % = n(n1+1) + (n+1)1(n+2) + ---. Therefore, we have
1 1 1 1 1

14 — = =0 = ).
D S CES VR ey ey O(n2>

So from (7.13), we get

oo (D)o ()] vol)

Let K > 0 be the constant such that P(n) < L + n—lg We choose B(n) =
ﬁ + n—]\/g[, where M is to be determined in terms of K and L. Note that

© 1 > 1 00 1
—— _dt< - < E——;
/n tt+1)2 — kz% k(k+1)2 — /n1 t(t+1)?

It is easy to get that

- 1 1 1 - 1 1 1
—=—+0(—= ——=—+0—=|.
;k(lﬂ—i—l)Q oz * <n3> ’ gk%k%—l) oz * <n3>
Considering (7.1) in this case and noting that Qp(s,n) = g(s,n), we have

/OO Qp(s,n) [P(s) + B(s)] [P(a(s)) + B(a(s))] As

: (1+i)§[22+KZ2M] [2<k1+1>+<[ljifw>2]

k=n

1 2M + 2K + L 1
_47”L+4712+O<)’

n3
In order that (7.1) be satisfied, it is sufficient to require: M > % So by
Theorem 7.1, the equation (7.3) is nonoscillatory.
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8. Example 4.

In this section we consider the difference equatuion

(8.1) A%z(n) + b(il)nx(n +1)=0,

nC
where ¢ > 1.

We will use the following useful comparison theorem for nonoscillation
[9, Corollary 10].

THEOREM 8.1. Assume (1)» € C}, and for large t

() 0<alt) <1,
(ii) p(t)a™(t) <0
(iii) (ﬁ)AA <0.

Then 222 + p(t)x(o(t)) = 0 is nonoscillatory on [tg, 00) implies
a(t)p(t)z(o(t)) = 0 is nonoscillatory on [tg, c0).

Take b = j:%. By Example 1, we know that the equation

1(—=1)"
(8.2) A%z(n) + 2( ) z(n+1) =0,
n
is nonoscillatory.
Let a(n) = n%, A>0,0<a<1l Wehave 0 < a(n) <1, for large n,
Azx(n) <0, AQ(ﬁ) < 0. Using Theorem 8.1 repeatedly, we get that
B -1"
A%z(n) £ 9B (n)x(n +1)=0,

is nonoscillatory, for all B > 0, 8 > 0. So the equation
2 (=1)"
Azx(n) + anHﬁx(n +1)=0,

is nonoscillatory, for all B > 0, 8 > 0.
This means that the equation

A?z(n) + b(_l)n:r(n +1)=0,

nC

is nonoscillatory for all b #£ 0, ¢ > 1.
In conclusion from Examples 1-4, we have for the difference equation

(8.3) A2z(n) + b(_nl)na:(n 1) =0,

C

the following conclusions.

(I) For ¢ = 1, we have
(1) if |b| <1, (8.3) is nonoscillatory
(#3) if |b| > 1, (8.3) is oscillatory.

(IT) For ¢ < 1, b # 0, we have (8.3) is oscillatory.
(III) For ¢ > 1, we have (8.3) is nonoscillatory.
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9. Example.
Consider the equation
(9.1) A%z(n) + p(n)xz(n +1) =0,
for n € N, where p(n) = % + b(_l)n, a,b, e R.

n?2 n

We will use the following lemma.

LEMMA 9.1. Assume that o > 0. Then we have

(9.2) T Gt DA Gt Vi

@ 2ne

i=n
ProOF. By an appropriate Taylor expansion, we get that
1 1 (I+5)"—1  l+o0(1)]

(k) (2k+ 1>  (k+1>  (2k+ 1’

So

- [@;a_(%i&”]+[@kima_(%iaw}+”'
(1))] N [Qk"j&(l + 0(1))]

(2k +3)°
(6% (6]

CRMk+ 1) 2k +2)(2k+3)°
1
2(2k)

Similarly, we have

i=2k+1
S0
S Uy
; 1 2ne
1=n
This completes the proof. ([l

The following Lemma may be found in [10, page 270].

LEMMA 9.2. If there is an integer N and a function u(n) > 0 for n €
[N, ) such that

Y p(n)u’(n) — [Au(n — 1))} = oo,
n=N

then A%z(n) + p(n)z(n + 1) = 0 is oscillatory on [ng, 00).
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In (9.1), if a > 1, take u(n) = nz. Then we claim
(9.3) > {pm)u?(n) — [Au(n — 1)} = oo,

and so (9.1) is oscillatory by Lemma 9.2. To see this notice that the expres-
sion on the left side of (9.3) is given by

i {(;2 + b(_nl)n) n—[n} - (n— 1)%}2}

t=no

=3 {E46-1)" =0} + (-1}
S {401 =+ (=12} = o,

[n2 +(n-1)2)?
It is easy to see that from (7.14) and (7.6) that

ijl? :rlerO(n:_,L?)’ i(_.l)j = (_22)n+0<1>.

for a > %, since lim,,_,

2
j=n j=n J n
So
a (=)™ 1
9.4 p=2 40 o) .
(94) n o T (nz)

Using appropriate Taylor expansions, we have

2P; 2P; 1/ 2P; \? 2P, \?2
95 Inf(1--"9 |=__=J _ - J Sl
(9:5) n( 1+Pj> 1+ P 2<1+Pj olirp

and (using (9.4)),

I a (—1) 1
(1+P1~)_1_?_b 2i +O<¢2>‘

Note that (using (9.4)-(9.6)) the series

(9.6)

o0

1- P = 2P;
Su(irp)-Su(i-3%)
N 4 j=N 4

Jj=

is not convergent.
Note also from (7.4) that
J

T S

Qj+1 i=n




20 ERBE, BAOGUO, AND PETERSON

From (9.7) and the fact that

2P, 2a 1
22 Li0(=
v B i <@2>

o { o (3]}

< fr‘zfl 1dt = In(-L7), we have given 0 <

we obtain

Using the inequality Zf:n
€1 < 1, for sufficiently large n,

J . 2a
(9.8) T < (14 1) exp [Zﬂ < (1+€1) (71]_1) .

qj+1 =n

1

So by (7.11) and (9.6) there is a constant L; > 0 such that for sufficiently
large n

(9.9) gt < (14 e (142 ) (2 )

n—1

From (9.4), we have

b\? 1 1
2 n

j=n

o0

< e+ Iy <a+<—1>f§)2;+0(;)]
o) ()
(9.10) ij “2;_(2%)2+(;§_)§Zb+0(j£2a)]-

Using >°72, (_1?;j2a ~ & 2):2n2a for a < 1 (which follows from Lemma 9.1)

and Z]Oin j212a ~ (1_25”1_2(1, for a < 3, we have that given 0 < €3 < 1, for

all sufficiently large n,

(9.11)

Pus (14 a)(1+20)(—

)Za

n—1 1—2a nl-2a

(1+e) (a® + (2)?) L0 <1>] |
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For a > %, we have by Lemma 9.2, equation (9.1) is oscillatory. Given
0 < €3 < 1, we have for n sufficiently large that

2a
( n ) <1+ e€3, forlarge n,
n—1

sofora<%

(9.12) P, < (1+Ll> (I+e€)(1+€)(l+e3) (a2+(g)2)

1—2a n
1 C 1
oE)-geole)
n n n
_ (a®+(3)?)
where C' = (1 4+ €1)(1 4 €2)(1 + €3)—5—4— From (9.9) and (9.12), we get

given 0 < ¢4 < 1 and 0 < €5 < 1, for n sufficiently large,

Zg(ja n)p]‘p]-‘rl
j=n

: O+%)éﬁgégywﬁu{%;”[ﬁ:+0(ujnﬂ]
< (00 3) 5 [ o ()
<

(1 —2a)n n2

Similarly, as in (9.12), we have given 0 < €5 < 1, for n large,

a><“*@”“*9%+o(1)

(1+65)(1+61)(1+64)02+O(1>.

- n 1—2a n2
2, (b\2 21 (b)2
It is easy to see that when lfza < (i(;(;i)), that is, when ‘glfég)é < }1

which is equivalent to a < % — (%)2, then by Corollary 3.3, equation (9.1) is
nonoscillatory.

Likewise, when a > %— (%)2, using Corollary 4.3, it follows that equation

(9.1) is oscillatory.
10. Example—Critical Case a = 1 — (5)?

Consider the equation
(10.1) A%z(n) + p(n)xz(n +1) =0,
for n € N, where p(n) = % + b(_i)n, a=1- (Y2, a,b,c € R.

As in Example 3 and Example 9 (see (9.8) and (9.9)), we have there are
constants L > 0, L1 > 0 such that for all sufficiently large n,

. 2a
= (+2) )
qj+1 n) \n—1

[\
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and
) . Ly L i\
10.2 = <|(14+— 1+ —
w2 @etim=gtim < (1+2) (1+7) (1)
Note that
1 | =1
10. _ = ——dt <
( 0 3) (1 _ 2a)n172a /n t272a — JZ;L j272a
and
=1 S| 1
10.4 - </ dt = .
( ) J;n .72—2(1 1 t2—2a (1 _ 2&)(7’1, _ 1)1—20,
Also
1 1 (n—1\!
(TL _ 1)1—2(1 - n1—2a n
1 1—2a 1
103 L o))
1 1
(106) — ﬁ |:1 + O <n>:|

We have by (10.4) and (10.6) that

(10.7) ia2+(g)2: @+ (3) +0< = )

j272a (1 _ Qa)nlea n272a

j=n

Now, similar to the way we went from (9.10) to (9.11) in Example 9, we use
the more precise estimate (10.7) to get the result

(10.8)
a2+ (2)2 1
(1- 2a)<232a +0 <n22a)] ‘

e () 8) ()"

Note that
2a —2a
n 1 2 1
—(1-= -1+ -
() -(-2) —reieol()
We have
_ 1
(10.9) P, < % + O <nQ> :
a2 (b2
where C = 1J:(22a) .

Below we will use the following results

1\ > 1
(10.10) <1—> :1+2a+0<2>,
n n n
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(10.11)
<1 1 1 <1 1
> jim = +0(m) Lo =0 ()
3—2a 2_9 2—2a 3—2a |’ 4—2a 3—2a
= (2 —2a)n n = n
S - Y
= JjU+1) = g2 J
<1 1 1
(10.12) = > {1—.+0(2)]
j:n] J J
1
(10.13) = ZJQ 2% Z 3 5+ ( 3—2a>'
Jj=n

o 24 0o o 1 1
_2 .
10 14 Z ,7 _|_ 1 Z 3 2a ,] - Z j3—2a +0 <n3—2a> :

00 -2a 00 00
j B 1 1, 1 1
(1015) ]z;b m — Jz;l ]3 2a(]‘ + ) - Z j372a + O n372a .

j =
From (10.4) and (10.5) we have

[e.9]

1 1 1 1
(10.16) D = (1 — 2a))ni—2a too2a O <n3_2“>

j=n’

Let K > 0 be a constant such that P, < % + % We choose B,, =

% + %, where M is to be determined in terms of K, L and L. Next we
want to show that (7.1) holds. Using (10.2) and (10.9) we get

I = /Oo Qp(s,n)(P(s) + B(s))(P(a(s)) + B(o(s)))As

: (1 DD )

R [201+M+K} {201 +M+K]

= T it ey

(=) () )
= 4+ — —

n n—1

i 403 N 2C1 (M + K) N 2C1 (M + K) N (M + K)?

= LG+ G+ PO+ PG+
Using (10.12)—(10.15) we get that
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I, < (1+=2)1+ )1 - =) 20—
< (4 S+ )= )7
>[40 403 4()1(M+K)] 1
S — e T —— + O(——-
jgn |:j2—2a ]3—2a 33—2a (n3—2a)

Using (10.10), (10.11) and (10.16) yields

pe (10 2) (1) e 2o (L)) 4
n n n n n

4C% ACT  4C} —4C1 (M + K) o 1
(1 _ 2a)n1—2a n2—2a (2 — 2a>n2—2a, n3—2a
_ 40?% N 402_4012—401(M+K) +4012(L1+L+2a) 1
(1—2a)n ! 2—2a 1—2a n?

()

Note that in this critical case a = % — (
this that

2 2 .
%) ) % = (1 and it follows from

24?2111 < 1. So we can take M > 0 such that
A0t —4C\(M + K) | ACP(Ly + L +2a)
2—2a 1—2a ’
so that (7.1) is satisfied. Hence, by Theorem 7.1, equation (10.1) is nonoscil-
latory.

M > 4C% —

11. Classification of A%zx(n) + [tfﬂ + b(_tlc)n] z(n+1)=0

Consider the equation

(11.1) A2z(n) + LC‘L +b(_;)n] z(n+1) =0,

where n € N, a, b, ¢ € R. For convenience, we use the notation OSC to mean
oscillatory, and NONOSC to mean nonoscillatory. We say that p(t) is OSC
or NONOSC in case the equation 2% 4 p(t)z(co(t)) = 0 is oscillatory or
nonoscillatory, respectively.
The following Hille-type Theorem on time scales may be found in [18].
THEOREM 11.1. If
& 1
lim inft/ p(s)As > —
t—oo ¢ 4
then equation (1.4) is oscillatory. If
3 o o 1
—= < liminft/ p(s)As < limsupt/ p(s)As < —,
4 t—o0 ¢ t—00 n 4

then equation (1.4) is nonoscillatory.
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Case (I): a > 0.
(1) ¢ > 1: From Lemma 9.1, we have

o _1k 1)
SIS}

ke 2nc ’

k=n

and it is also true that > 50 4t ~ -, So

cnc”

o0 > a b(—1)k
t/ p(s)As:nZ {kcﬂ + (k:c) } — 0.
¢ k=n

By Theorem 11.1, equation (11.1) is nonoscillatory.

(2) c=1: See Sections 9 and 10 for the classification of (11.1) in this
case.

< ¢ < 1: By Section 8§, x(n) + _Cnm n + 1) = 0 is oscillatory
3) 0 1: By Section 8, A oD 1)=0 i
if b # 0. By the Sturm Theorem, we have
a b(—1)"
A%afm) + (o + U2 Yot 1) =0

is oscillatory.

(4) ¢ = 0: In this case, [ p(t)At = o0, so by the Fite-Leighton-Wintner
Theorem (see [5, Theorem 4.64]), equation (11.1) is oscillatory.

(5) ¢ < 0, b # 0 : By Section 8, 222 (n)+b(—1)"z(n+1) = 0 is oscillatory
so by the Sturm Comparison Theorem (see [5]),

(11.2) 2% (n) 4 (% + b(—l)”) z(n+1) =0,

is oscillatory.
Applying Theorem 6.1 to (11.2) repeatedly as in Example 2, it follows
that

a b(—1)"
22 (n) + <n1+c + <nc) > z(n+1)=0,
is oscillatory for ¢ < 0.

(6) ¢ <0, b=0: In this case, f]\o,o p(t)At = oo, so by the Fite-Leighton-
Wintner Theorem (see [5, Theorem 4.64]), equation (11.1) is oscillatory.

Case (IT): a = 0: See Section 8 for the results for this case.

Case (III): a < 0:

(1) e< 1t

(i) b # 0: In this case, choose the real number M > 0 sufficiently large
so that aM > 1 — (Y5)2 then by Section 9,

A2z(n) + <“é‘f + bM(_”n) o

n+1)=

is oscillatory.
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Now again by repeated applications of Theorem 6.1,

AZa(n) + <nf”+6 + b(;;)n> s(n+1) =0

is oscillatory for ¢ < 1 and b # 0.
(ii) b=0:
Note that 24 (n) = 0 is nonoscillatory, so by the Sturm Theorem,

A?z(n) + z(n+1)=0

a
nltc
is nonoscillatory.

(2) ¢ = 1: These are the results of Section 9 and Section 10.
(3) ¢ > 1: By Section 8, A2x(n)+ b=L)" xz(n+1) = 0 is nonoscillatory, so

by the Sturm Theorem, A2z (n) + (nfﬂrc + b(—1)"> x(n + 1) = 0 is nonoscil-

ne

latory.

In summary, we get the following complete classification of the difference
equation (11.1):
Case (I): a > 0:

(1) ¢ > 1: NONOSC.
(2) e=1: (i) a> 1 —(2)? OSC. (ii) a < 1 — (2)?2 NONOSC.
(3) ¢ < 1: OSC.

Case (II): a = 0: These are the results of Section 8.

(I
Case (II1): a < 0:
() e<1: (i) b+# o OSC. (i) b= 0 NONOSC.
(2) e=1: (1) a> 1 —(2)? OSC. (ii) a < 1 — (3)2 NONOSC.
(3) ¢ > 1: NONOSC.

12. Classification of 2" + (% + 2824)z =

Similarly, we can get the complete classification of the differential equa-

tion
" a bsin At B
x+<t1+c+tc)x_0

Case (I): a > 0:

(1) ¢ > 1: NONOSC.
(2) ¢ = 1: These are the results of Willett [20]and Wong [21].
(3) ¢ < 1: OSC.

ase (II): @ = 0: These are results of Willett [20] and Wong [21].

ase (III): a < O:
(1) e<1: (i) b# 0 OSC. (ii) b= 0 NONOSC.
(2) ¢ = 1: These are again results of Willett [20] and Wong [21].
(3) ¢ > 1: NONOSC.
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