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Condition (A) integers. In particular, no explicit sign assumptions are made with respect to the coefficient
Condition (A) p(t). We give conditions under which every positive solution of the equations is strictly
Condition (B) increasing. For « = 1, T = R, the result improves the original theorem [see: [Lynn Erbe,

Oscillation theorems for second-order linear differential equation, Pacific J. Math. 35 (2)
(1970) 337-343]]. As applications, we get two comparison theorems and an oscillation
theorem for half-linear dynamic equations which improve and extend earlier results. Some
examples are given to illustrate our theorems.
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1. Introduction

Let T be a time scale (i.e., a closed nonempty subset of R) with sup T = oo. Consider the second-order half-linear dynamic
equation A

r(OE* ) + pO)x* (o (1)) = 0, (1.1)

where r(t) > 0, p(t) are continuous, ftso (r(t))”« At = o0, « is a quotient of odd positive integers. We emphasize that no

explicit sign assumptions are made with respect to the coefficient p(t).
For completeness, we recall some basic results for dynamic equations and the calculus on time scales. The forward jump
operator is defined by

o(t) =inf{se T:s > t},
and the backward jump operator is defined by
p(t) =sup{seT:s <t}

where inf & = sup T, where & denotes the empty set. If o (t) > t, we say t is right-scattered, while if p(t) < t we say t is
left-scattered. If o (t) = t we say t is right-dense, while if p(t) = t and t # infT we say t is left-dense. Given a time scale
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interval [c,d] := {t € T : ¢ <t < d}in T the notation [c, d]“ denotes the interval [c, d] in case p(d) = d and denotes
the interval [c, d) in case p(d) < d. The graininess function p for a time scale T is defined by @ (t) = o (t) — t, and for any
function f : T — R the notation f° (t) denotes f (o (t)).

The theory of time scales was introduced by Stefan Hilger in his Ph.D. Thesis in 1988 in order to unify continuous and
discrete analysis (see [1]). Not only does this unify the theories of differential equations and difference equations, but it also
extends these classical situations to cases “in between”— e.g., to the so-called g-difference equations which are important
in the theory of orthogonal polynomials. Moreover, the theory can be applied to numerous other time scales. We refer to
the two books on the subject of time scales by Bohner and Peterson [2,3] which summarize and organize much of time scale
calculus and applications to dynamic equations.

A function f : T — R is said to be rd-continuous provided it is continuous at right-dense points in T and its left-sided
limits exist (finite) at left-dense points in T. The set of rd-continuous functions f : T — R will be denoted by C,4. The set of
functlions f : T — Rthatare delta differentiable on [c, d]* and whose delta derivative is E\d—continuous on [c, d]* is denoted
by C.,.

V(}je recall that a solution of Eq. (1.1)is said to be oscillatory on [a, 00) in case it is neither eventually positive nor eventually
negative. Otherwise, the solution is said to be nonoscillatory. Eq. (1.1) is said to be oscillatory in case all of its solutions are
oscillatory. The study of the oscillatory and nonoscillatory properties of Eq. (1.1) and its many generalizations and extensions
is voluminous and we refer to [4,5] and the references therein.

The following condition (A) was introduced in [6] for the continuous case in order to obtain some new oscillation and
comparison results for the linear homogeneous differential equation in the case when the function p(t) can take on both
positive and negative values for large t.

Definition 1. We say that a function g : T — R satisfies condition (A) if the following condition holds:

t
liminf/ g(s)As >0 and =0,
T

t—00
for all large T.

We wish to extend this notion to a triple of functions («, p, r), so we introduce the following definition:

Definition 2. We say that the triple («, p, r) satisfies condition (A), if there exists a continuously differentiable function
h : T — R, such that either h4(t) is of one sign for all t € T or h*(t) = 0 and is such that p(t)h**1 (o (t)) — r(t)(h? (£))**!
satisfies condition (A).

Notice that if h(t) = 1, « = 1, then this means that p(t) satisfies condition (A).
A continuous version of the following definition appeared in [7], Page 814.

Definition 3. We say that a function p : T — R satisfies condition (B) in case there exists a sequence {t,} C T, 7, = 00,
such that f;n p(s)As > 0, fort > T,.

It is obvious that condition (A) implies both condition (A) and condition (B) (see [6]), but the converse is not true (see
Examples 1.1 and 1.2). In Section 2, we prove that if p(t) satisfies condition (B) and the triple («, p, r) satisfies condition
(A), then positive solutions of (1.1) are strictly increasing. This improves and extends a result of [6].

In Sections 3 and 4, we prove two comparison theorems that improve two main results of [8] and give two examples to
illustrate that our theorems are new.

In Section 5, we obtain an oscillation theorem that extends the results of [4,9,10] and give several examples to illustrate
our theorem. R

The following examples show that the class of functions which satisfy condition (A) and condition (B) but do not satisfy
condition (A) is nonempty.

Example 1.1. Let ¢ > 1. Consider the time scale T = ¢q"0 := {g* : k € Ng}. In this case, o (t) = qt, u(t) = (q — 1)t for all
t € T. (Recall that any dynamic equation on the time scale g™ is called a g-difference equation.) Let
A B(—=1)" __Int
t@®)” " te®® " Ing
where A > 0,0 < b < 3. Let @ = 3. Consider the g-difference equation

(x*(©)*)* +pOX (o (1)) = 0.

pt) =

Let
_¢-1
-5
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and assume further that 0 < A < mgB. Then we have, for t, = q",

/OO p(s)As
th

1 1
@ Z W[A + B(=D"(g - D"
k=n

_@=n/ B
qnb qb -1 qb +1
(g—1 1
Notice that this last expression may be negative, for large n, since 0 < A < mg. Hence, p(t) does not satisfy condition (A).
Take h(t) = t%, r(t) = 1. Then we have, for t = q"

t ¢ 3 ﬂ
/ {p(h* (o (s)) — r(s)[h*(s)]*}As = / ot
1 1

Ins b
(=1)Mma g4 —1
S q—1

41
:|s4b ASs — 0.

So the triple (3, p, 1) satisfies condition (A).
Let 7, = g*". It is easy to see that f; p(s)As > 0, fort > 1, and so p(t) satisfies condition (B).

Example 1.2. Let T be the real interval [1, 00), g(t) = 1 4 t sint. Then we have
(i) g(t) does not satisfy condition (A), since fToog(t)dt does not converge and fToo g(t)dt # oo.

(ii) Let h(t) = t~ 3, r(t) = 1. Then
4 5t 5 1 .5 4 1
-+t 3 sdsinsds | + —t74 — —T4 — —T" 4,
3 . 80 3 80

Integrating by parts twice, it is easy to see that
A

Alw
Alw

Bl

—
—
N

—

t
/ {g($)h*(s) — r()[N'(9)]*}ds =t
T

t t
. _3 3, | 3.
limsupt 4/ s4sinsds =1, liminft 4/ s4sinsds = —1.
T T

t—o00 t—>00

Take € = 3. We have
3 s 10
—— =1—€e<t 3 s4smsds§1—|—e=§,
T

for large t.
Therefore, for large t, we have

4 3 (f s 1.3
— 4t 4 sasinsds ) > —ta.
3 . 9

Hence by (1.2), we obtain

EN[Y

t

/ {g(s)h*(s) — r(s)[I (5)]*}ds = oc.
T

Similarly, we also can get
/ {g(&)h*(s) = r(S)[I (5)]*}ds = oo.
T

Therefore the triple (1, g, 1) and (3, g, 1) satisfy the condition (A).
(iii) In the following, we show that g(t) satisfies condition (B).
Assumethat0 < t; <t < -+ <ty < byptq < bysa < - - - are the positive zero points of g(t). It suffices to prove that

Dok+2
/ g(s)ds > 0,
[5)

k

tk+1 k42
/ g@mz—/ £(s)ds,
t t

k k41
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for large k. That is,
takt1 — b1 COS bopq1 =+ SiN o1 — (bar — tak COS Loy + Sin byk)
> —(takt2 — tok+2 COS oz + SiNbagt2) + (k1 — a1 COS bogy1 + SIN Eapy1). (1.3)
Using the fact that sint; = ’t—l and rearranging, we see that (1.3) is equivalent to
)

1 1
——,/tzzm—lthk—a—,/t;k—l. (1.4)

b2 —
Cok+2
If we set
1
f@=x—-—vVx -1,
X
then it is easy to see that f’(x) > O for large x and therefore it follows that (1.4) holds for large k. This completes the proof.

2. Lemma

Lemma 2.1. Let x(t) be a nonoscillatory solution of (1.1) and assume that p(t) satisfies condition (B), the triple («, p, r) satisfies
condition (A), and ftzo(r(t))‘%At = o0. Then there exists T > to such that x(t)x*(t) > 0, for t > T.

Proof. Suppose that x is a nonoscillatory solution of (1.1) and without loss of generality, assume x(t) > 0 for t > t,. Since
p(t) satisfies condition (B), let 7, be the corresponding sequence with fT[n p(s)As > 0, fort > 1.

Let us assume, for the sake of contradiction, that x2 (t) is not strictly positive for all large t. First consider the case when
x4(t) < O for all large t. Then without loss of generality, we can assume that x2(t) < O fort > 7, > to, where k is large and
fixed. An integration of Eq. (1.1) for t > 7 gives

t

(O (0))* + / P()X* (0 (5)) As = r(m) (x* (1))“. (2.1)

Tk

Now integrating by parts, we have
A

/[p(s)x“(a(s))As = x*(t) /[p(s)As — /[(x‘)‘(s))AS (/Sp(u)Au) As. (2.2)
T Tk Tk T

k k
By the P6tzsche Chain Rule, ([2] Theorem 1.90) we have

1
(@) = { / a(x(t) + hu(t)xA(t»“‘ldh} x“(t) <0,
0

since (x(t) + hu(H)x(£))*~! > 0 and x2(t) < 0. Hence, it follows that

t S
/u%mA(/mmAQAssm
T T

and so from (2.2), we have

t t
/p@wmmmzwmfp@mzo

k

Consequently, from (2.1), we have

rOEO) < r@)E* (@)Y, = .

Hence

t
x(t) < x(7) + (r(fk))%XA(Tk)/ [r(ls)] As — —00,
Tk

R|=

ast — oo, which is a contradiction.

So x2(t) is not negative for all large t and since we are assuming x“(t) is not positive for all large t, it follows that x (t)
must change sign infinitely often.

Make the substitution

XA(t) ¢ a+1
x(t)] o,
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for t > T,. We may suppose that T is sufficiently large so that

t
lim inf / {(p(S)h* (o (5)) — r(s)[h*(s)]*T 1} As > 0, (2.3)
—00 T

holds and is such that w(T;) < 0, (i.e., x*(T;) < 0).

A o A
[r(t) (" m) ] B (o () + 1 (t)[ ()} (H+ (1))

A
@) x(0) x(©)

—p(Oh** (o (0) + () (B (£)* "

_ Agpyyatl x4 (0)\* a1 (p))A 4 F ()" x* (0)? po+ ]
r(t) |:(h (t)) (Tm) (h*T(t)) —X“(t)x“( ©) (o ()

If we define (omitting arguments)
x2\*
F({._} —r [(hA)a+1 _ <7) (hOH-l)A +
X
then we have

@?(t) = —pOh*T (o (1) + O O = F(©). (24)
(i) Suppose that t € T is right-dense. Then (h*+!(t))? = (a 4+ 1)h*(t)h* (t), so we have (again omitting arguments)

xH (x4

o\a+1
X (7 ) (h*) ]

at+1
e enye [5]
Ftty = 1 —h? | — _—
We use Young’s inequality [11], which says that
|ul? lv]? 1 1
—uw+-—2>0, p>1,q>1, -+ - =
p q p 4
with equality if and only if v = u%, o := ‘a’.
So if we let
x*(Oht) 1" 1
u:hA(t)s = M 3 p:a-"_l? q:a+ ’
x(t) o
then we have that F(t) > 0 and
A(t)h(t
Foy =0 iff OO _pagy
x(t)

(ii) Suppose next that t € T is right-scattered. Then x* () = % x* ()2 = W h4(t) = M,

+1 _pa+l I
(h“t(@)2 = W Let us puta : h(,;’(g)), b= "(;’(g)) Then after substituting and rearranging we have
r(t)hoﬁ—l (t)aa+l
F(t)= ——f(a,b
() a0 f(a, b)

where f(a,b) .= (1 —a )" — (b= 1D*(1 —a @Dy + (b — 1)¥(1 — b™9).
Notice that f (a, a) = 0 and

1 -2
—f< b) = %[(u—na—(b—l)“].

It follows that if a > b, then %(a, b) > 0,and so f(a, b) > 0. Likewise, if a < b, then %(a, b) < 0,and sof(a, b) > 0.

In other words, f (a, b) > 0 and

h(o(t x(o (t xA(t h4(t
fa,b)=0&a=>b & (h(i))) = (x(i))) & X(E)) = h(i))‘
From (i) and (ii), we (/)\btain that F(t) > 0 and
h2 () x2()
h(t) x(t)
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Integrating both sides of (2.4) from T to t, we have

t t
o(t) — o(Ty) = — f PO (0(5) — FER* (1) A5 — / F(5) s, (2.5)
Tq T

In the following, we will consider two cases:
Case (I)

F(s) =0, s=>Tj.

We then have
ha(s) _ x*(s)
hGs)  x(s)

So x(s) = Ch(s). Without loss of generality we assume that h(s) > 0, for s > Ty, since the other case is similar. Therefore,
we have C > 0.

(i) Ifh4(s) > 0, for s € [Ty, 00), we have x2(t) > 0, which is a contradiction to the assumption that x*(t) changes sign
infinitely often.

(i) If k2 (s) = 0, we will have p(s) = 0, which contradicts the definition of condition (1:\).

(iii) If 4 (s) < 0, for s € [Ty, 0o), we have x*(t) < 0. which is also a contradiction to the assumption that x*(t) changes
sign infinitely often.

Case (II)

F(s) # 0,

fors > T;.
In this case we can choose € > 0and T, > T; such that fort > T,

t
/ F(s)As > €.

Ty

By (2.3), there exists T3 > T, such that for t > T3,

t
PO (0(5)) — r©)[h (5)]1* '} s > —g.

T

So by (2.5), when t > T3, we have
€
o(t) < o(Ty) + 37€< 0,

which implies that x*(t) < 0 for all large t > T3, which is again a contradiction to the assumption that x2(t) changes sign
infinitely often. This completes the proof of Lemma 2.1. O

3. Comparison theorems

We are now in a position to obtain some comparison results. Consider the sAecond—order half-linear dynamic equations
rOE* ()% 4 pO)x*(o () =0, (3.1)
and
ROEE)) + aOP(OX* (o (1) = 0, (32)

where r(t) > 0, R(t) > 0, p(t), P(t) are continuous, a(t) is continuously differentiable, and « is a quotient of odd positive
integers.

The following two lemmas from [8] are very useful in establishing oscillation, nonoscillation, and comparison results for
iecond—order linear and half-linear dynamic equations on time scales.

Lemma 3.1 (Riccati Technique). Eq. (3.1) is nonoscillatory if and only if there exists T € [ty, 00) and a continuously differentiable
function w : [T, 00) — R such that ra (t) + u(t)we (t) > 0 holds and

w?(t) + p(t) + S[w, r](t) <0, fort [T, 00), (3.3)

Please cite this article in press as: B. Jia, et al., New comparison and oscillation theorems for second-order half-linear dynamic equations on time scales,
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CAMWA: 4402

B. Jia et al. / Computers and Mathematics with Applications xx (xXxx) XXx—-xxx 7

where

1
{ ao” } (®) at right-dense t,

(t) atright-scattered t.
[powd i

If in Lemma 2.1, we let h(t) = 1 then it is easy to obtain the expression for S[w, r](t) from the expression for F(t).

Q\~

Slw, r](t) =

Lemma 3.2 (Sturm-Picone Comparison Theorem). Consider the equation

[FO G (©)*1% +POx* (0 (1) =0, (3.4)

where T and p satisfy the same assumptions as r and p. Suppose that 0 < 7(t) < r(t) and p(t) < p(t) on [T, o) for all large T.
Then (3.4) is nonoscillatory on [ty, co) implies that (3.1) is nonoscillatory on [tg, 00).

The proofs of the following two theorems may be found in [8]:

Theorem A. Assume a € Ccld, 0 < r(t) <R(t),P(t) < p(t) for t € [ty, 00) and
(i) the function p(t) satisfies condition (A),

(ii) [ (r(£) @ At = 00

(iii) 0 < a(t) < 1,a?(t) < 0.

Then (3.1) is nonoscillatory on [t, 0o) implies that (3.2) is nonoscillatory on [tg, 00).

Theorem B. Assumea € Cc]d, 0 < R(t) <r(t),p(t) < P(t) for t € [to, 00) and
(i) the function aP satisfies condition (A),

(i) [ (R@) ™% At =

(iii) a(t) > 1,a?(t) > 0, t € [tg, 00).

Then (3.1) is oscillatory on [ty, o0) implies (3.2) is oscillatory on [tg, 00).

Our goal in this section is to show that condition (A) (i.e., condition (i)) in Theorems A and B can be weakened to the
assumptions that condition (B) and condition (A) hold for the triple («, p, ).

Theorem 3.3. Assume a € C},, r(t) < R(t), P(t) < p(t) and

(i) p(t) satisfies condition (B), the triple («, p, 1) satisfies condition (;\),
(ii) [(r(6) @ At = o0
(iii) 0 < a(t) < 1,a%(t) < 0.
Then (3.1) is nonoscillatory on [tg, 0o) implies (3.2) is nonoscillatory on [tg, 00).
Proof. The assumptions of the theorem imply that there exists a solution x of (3.1)and T € T such thatx(t) > 0and x*(t) >
Oon [T, co) by Lemma 2.1. Therefore, the function w(t) = r(t)("A 0] )¥ > 0 satisfies (3.3) with ru (t) + /,L(t)a)% (t) > 0. We

x(t)
have aS[w, r] = S[aw, ar] (see Lemma 3.1).
Now, multiplying (3.3) by a(t), we get

0 > w?a+ pa+ S[aw, ar](t)

w?a + Pa+ S[aw, ar](t)

w?a + wa® + Pa + Slaw, ar](t)
= (wa)® + Pa + S[aw, ar](t)

=
=

fort € [T, 00). Hence the function ¢ = wa satisfies the generalized Riccati inequality,
¢ +P(t)a(t) + Sle, ar](t) < 0
with (ar)%(t) + //L(t)(/)%(t) > 0, fort € [T, co). Therefore the equation
@®OrOE ()M +a®POx* (0 (1) =0,
is nonoscillatory by Lemma 3.1 and so Eq. (3.2) is nonoscillatory by Lemma 3.2 since a(t)r(t) < r(t) < R(t). O

Please cite this article in press as: B. Jia, et al., New comparison and oscillation theorems for second-order half-linear dynamic equations on time scales,
Computers and Mathematics with Applications (2008), doi: 10.1016/j.camwa.2008.05.014

19

20

21

22

23

24

25

26

27

28
29

30

31

32

33

34

35

36

37

38



21
22
23

24

25

26

27

28

29
30
31

32

33

34

35

36

37

CAMWA: 4402

8 B. Jia et al. / Computers and Mathematics with Applications xx (XXxx) XXX—-XXX

The corresponding “oscillation” result is

Theorem 3.4. Assume a € C}, R(t) < r(t), p(t) < P(t) and

(i) aP satisfies condition (B), the triple (c, aP, r) satisfies condition (12\),
.. o0 _1

(ii) fro (R(t))" = At = o0,

(iii) a(t) > 1,a%(t) > 0.

Then (3.1) is oscillatory on [ty, oo) implies (3.2) is oscillatory on [tg, 00).

Proof. The proof of Theorem 3.4 follows from Theorem 3.3. If we let b = % then b(t) < 1and b2(t) < 0. Therefore if (3.2)
is nonoscillatory, then from Theorem 3.3, it follows that

RO ()M + b(B)at)P(t)x* (o (1)) =0,
is also nonoscillatory. That is,
REOE () + PO (o (1)) = 0,

is nonoscillatory. But then since P(t) > p(t) and R(t) < r(t), Lemma 3.2 (the Sturm-Picone comparison theorem) implies
that Eq. (3.1) is also nonoscillatory. That is a contradiction and completes the proof. O

4. Examples

In this section, we will give several examples to illustrate Theorems 3.3 and 3.4. Since Example 4.1 is somewhat involved,
we give the basic idea of its construction. We would also like to point out that in [12] the linear case (« = 1) for the case
T = R as well as several other illustrative time scales was extensively investigated and a wide class of functions of the form
p(t) = t% + @ was determined which are such that the triple (1, p, 1) satisfies condition (A). This was shown to lead to
a number of very useful comparison and oscillation results for the linear case. The following examples deal in an analogous
way with the case o # 1.

Example 4.1. Let « = 3, and let T be the real interval. Let us consider a function p(t) of the form p(t) = t% + bs{g‘”,

a > 0,b > 0.lItis easy to observe that if a > 3b then p(t) satisfies condition (A). So we seek to find conditions on a and b
such that p(t) satisfies the conditions of Theorem 3.3 but does not satisfy condition (A). For simplicity, We consider the case
r = 1so that (1.1) becomes

(X)) () + p(t)x*(t) = 0. (4.1)

Let h(t) = t”,y < 3.Denote
t
I(T) = litm inf f [p(HOR* () — (h'(t))*]1dt
—> 00 T

_ 4 © cint
— -3 {a'y 4 br3 Y / L dt} _ (42)
3— 4)/ T t>—y

The basic idea of constructing Example 4.1 is based on the following steps (i)-(iv).
(i) By Theorem 5.2, when I(T) = +o00, (4.1) is oscillatory. Therefore, in order that (4.1) be nonoscillatory, we choose

/Oop(t)dt =734 +bT3/OO St el
T 3 O

it follows that p(t) does not satisfy condition (A), if% < b.
(iii) Also we have

<
A
Zaiw

lim sup t3/ p(s)ds = g +b,

t—00 t

lim inft3/ p(s)ds = & .
t—o00 ¢ 3
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By Hille’s Theorem [11], if

20 +1 « o
222 ) iminfe? / p(s)ds
a+1 \a+1 t—00 ‘

< limsupt3 /-oo (s)ds ! ( * )a
< — )
- [—>oop t P o + 1 o + 1

then Eq. (4.1) is nonoscillatory. Therefore, if we choose

7 3 a b<% b 33
—— X —=<-—b< = < —,
4 4 3 3 44
then Eq. (4.1) is nonoscillatory. Note thata > 0,b > 0,a+ b < z—i implies g —b > —% X z—;. Therefore, Hille’s condition

holds if we choosea > 0,b > 0Oanda+ b < i—z. That is, Eq. (4.1) is nonoscillatory.

(iv) From (4.2), we see that the triple («, p, r) satisfies the condition (A), if we take g:z; > b.

Therefore, from (i)-(iv), if we choose 0 < g < b with % +b < g:z; > b, then it follows that the
triple (o, p, r) satisfies condition (A). In particular, if we take a = b =g v = g itfollows that p(t) = Iy +
such that Eq. (4.1) is nonoscillatory.

Now if we set a(t) := ct~9(logt)?,c > 0,d > 0,8 € R, then we have 0 < a(t) < 1,d'(t) < 0, for large t. So by
Theorem 3.3, the equation

1 B 1 B s
00+ (G LT 0y

33
47v

3 .
and y < 7 with
sint

gar3 1S

is nonoscillatory on (2, co) forallc > 0,d > 0, 8 € R.

Example 4.2. Leto =3, T = [1, 00). Let
a sint

P(t) = o +

_4C
e T A0 =t

wherea > 0,0 < b < 3,¢c = 32,

2
We have

e pfa ., [ sint
/T a(s)P(s)yds =T <B+T /T tTdt>'

With h(t) = t%, r(t) = 1. Then we have

t
/ {a(s)P(s)h*(s) — r(s)[h'(s)]*}ds
T

t b\* 1
= alnsItT—i—/ sinsds + (—) X s = 00, (t — o0).
. 4 b—3

So when 0 < % < 1,0 < b < 3,a(t)P(t) does not satisfy condition (A), but the triple (3, aP, 1) does satisfy condition
(A) b+c
Take hy(t) =t 4 ,r(t) = 1. Then we have
t
f {P(S)[1(9)]* = 1(s)[M(5)]*}ds — o0,  (t — 00),
T

wherea > 0,0 < b < 3,c = 32;b By Theorem 5.2, ((x))3)'(t) + P(¢)x3(t) = 0 is oscillatory. Since a(t) = t¢ > 1,fort > 1
and a'(t) > 0, it follows by Theorem 3.4 that ((x')3)’(t) 4 a(t)P(t)x3(t) = 0 is oscillatory.

Example 4.3. Let T = Z, o = 3,p(t) = —L— + 2C0 r(t) =1,y > 0, A > 0. We have

to(t))3 (o(t)3’
00 00 k
Y (=1
S)As = A .
/t PO ;[k(k+1>3+ <k+1>3]
Note that

i _r |~ L, for large n.
| k(k+1)3 3n3
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Also, we have

<r+1)3

S (—DF 1 + gmz) — 1 + 5mra) — 1
(2m)3 Z ( ) — (2m)3 _ ( 2m+2) + ( 2m+4) +.-
S (k+1)3 2m+1)3 2m+3)3 (2m +5)3
3 1 3 1
— (2m)3 1 _ 2m+2 + 0(2m+2) + 2m+4 + 0(2m+4) +..
2m+1)3 2m+3)3 (2m +5)3
1 [ 1 1
- 1—-= ———dx=-, (n— 00).
2 )y (1+x72 2
Similarly, we have
o0 k o0
(=1 1 1 1
@2m+1)3 7—>—1+7/ ——dx=——.
k:;:ﬂ (k+1)3 2 ) (1+4x)? 2
So, in this case, if " < 7, p(t) does not satisfy condition (A).
Furthermore,
o0
A
lim sup t3/ p(s)As = rit
t—o00 t 3 2
o0
A
lim inft3/ ps)as =L 2.
t—00 ¢ 3 2
By Hille’s Theorem [11], if we choose % + % 44 , then equation
()2 + p()x’(a (1) =0
is nonoscillatory.
Leth(t) = t”, B < 2. Denote
t
I(n) = liminf / (p()h* (o (5)) — (h*(s)?) As
— 00 n
[ee) k
Y A(=1)
= —[(k+ 1)F = kP
; [k(k—l— 1)3-48 =T ) ]
Note that
> [~ 5
e | k(k + 1)3-4f (3 —4B)n>—4p
Since (k + 1)# — kf ~ W' for large k, we have
4 4
B _ 1,814 _ ﬁ :8
[+ 1) =K1 = g + gy o(1).
So
3-48 S B _ 1,814 3-48 B
ti 0 Sk 01 = i o 3
k=n k=n
134
T 3-4p
Therefore
0 4
B
[(k+ 1P KPP~ —
,; (3 — 4pyn>=4
So the triple (3, p, 1) will satisfy condition (A) if we take £ = 45 > %
33 y=p!
Therefore, choosing0 < 8 < 3, 0 < < 5 with £ 4 5 < ’;—4)3 > 2 thenp(t) = t(t+1)3 +
requirements. In particular, if we take y = 1,1 = 2, 8 = Z. it follows that p(t) = m + 43((r+1)

is nonoscillatory.

satlsfles all the

])3 is such that Eq. (3.1)

Computers and Mathematics with Applications (2008), doi:10.1016/j.camwa.2008.05.014
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5. Oscillation theorem

In this section, by means of Lemma 2.1, we obtain an oscillation theorem which extends some earlier results. The
following theorem may be found in [9], Theorem 5.81. (See also [10,4].)

Theorem 5.1. The equation (r(t)x'(t))’ + p(t)x = 0is oscillatory on the interval [ty, 00), if jtzo r~1(t)dt = oo and there exists
a continuously differentiable function u(t) > 0 such that

f POW() — r(O) (W (0)2]dt = +oc.

to

Analogous to the above theorem, we may obtain a corresponding version for half-linear dynamic equations on time scales
which we state as follows:
Theorem 5.2. Assume that p(t) satisfies condition (B) and assume f[zo(r(t))*é At = oo. If there exists a continuously
differentiable function h : T — R, such that either h“ (t) is of one sign for all t € T or h“(t) = 0, and is such that

/ool'p(t)h”“(d(t)) — (O (h* ()" '] At = +oo0, (5.1)
fo

then all solutions of (1.1) are oscillatory.
Proof. Let us suppose that (1.1) is nonoscillatory and x is a solution of (1.1). To be specific, suppose that x(t) > 0 for all
large t, since the other case is similar.

By (5.1), we (/)\btain that the triple («, p, r) satisfies condition (A). In view of Lemma 2.1, we may then suppose also that

o
x4(t) > 0fort > T. Make the substitution w(t) = r(t) ["XA(S)] ,fort > T. By the proof of Lemma 2.1, we have

w?(t) = —=pOh* (o (1)) + r(O[h* (11! — F(t)
where F(t) > 0. So
w?(t) < —p(®Oh* T (o (1) + r(®)[h* (O]

Integrating from T to t gives
t
/ PO — ()[R (O] AL < (@h®)(T) — (0h*)(1) < (wh*T')(T).
T

But now the lAeft—hancl side is unbounded and the rAight—hand side is bounded. this contradiction proves the theorem. O

For T = R, we proved in Section 1 that p(t) = 1 + tsint satisfies condition (B) and the triple (3, p(t), 1) satisfies
condition (A). So by Theorem 5.2 all solutions of

()3T () + (1 + tsint)x*(t) = 0,

are oscillatory.
Let g > 1. Consider the time scale T = q"°0 := {g* : k € Ny}. Let

_ A B(=1)"
T to () to(t)?
where A > 0,0 < b < 3. Let @ = 3. Consider the g-difference equation
((x* (1)) +p)x*(a(t)) = 0. (5.2)

In Section 1, we have proved that p(t) satisfies condition (B) and for h(t) = t%, rt)=1t=q"

p(t)

t
/ {p(s)h* (0 (s)) — r(s)[h*(5)]*} As — oo0.
1

So by Theorem 5.1, all solutions of (5.2) are oscillatory.

Example 5.1. Let T =R, o = 3, r(t) = 1and p(t) = H% + Cstib"t,where 0 <b<3,a>0,c e R.Itiseasy to see that p(t)
satisfies condition (B). Take h(t) = t%. We have

/ {p)[M(s)]* = r(s)[N'(5)]*}ds = oo.
T
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So by Theorem 5.2, all solutions of the second-order half-linear differential equations
A

NIy a csint) 4
((X))(t)+<t1+b+ b >X(t)=0,

are oscillatory forall0 < b < 3,a > 0,c € R.
Note that
o a * sins
/ p(s)ds = b=+ ctb/ —ds|.
t b t s
SoforO0 <b < 3,a>0,
.a
00 +oo if - > |c]
lim inf ¢* / p(s)ds = b
— 00

. a
t —oo if = < [c].
b

By Hille’s Theorem [4], if

> 1 3\° a
liminft3/ p(s)ds > - x (=) , thatis: - > |c|,
t—00 ¢ 4 4 b

then Eq. (4.1) is oscillatory.
Therefore the oscillation conditions of Eq. (5.3) that we get improve the oscillation conditions of Hille’s theorem.

Example 5.2. Consider the generalized Euler-Cauchy dynamic equation

B

Ay A o —
(x5 + GOy (o(t)) =0, (5.3)
fort € T.Take h(t) = ta+1. Then

/ oo{h”“(a(t))p(t) — [h* (1 (0)} At (5.4)
T

00 a+1
=/T {Gft)_[(wﬂ }At. (5.5)

If T = R, then the dynamic equation (5.3) is the half-linear Euler-Cauchy differential equation ((x*)*)% + [fu x“(t)=0

o 1
and in this case (t@+1)4 = a%lt’m. Therefore (5.5) can be rewritten as

e T st (e o

provided that 8 > (QLH)"“. Hence every solution of (5.3) oscillates if 8 > (a"‘?)"‘“, which agrees with the well-known
oscillatory behavior of (5.3). A
If T = Z, then (5.3) is the half-linear Euler-Cauchy difference equation
Ao\ A ﬁ
X + ——x(+1) =0,
59" + o )

o A o [*3
and we have (tm) = (t 4+ 1)a+1 — to+1, Therefore (5.5) can be rewritten as

I AN PRV L) VRN fas BN TN P 21 _ ety
/T{G(t) [(t )] }At_/T {H][ﬁ (t + DIt + 1) ta) ]}At.

Note that

N o o+l o a+1
Jim (£ + 1) [(t+ et _tm] _ ( ) .
—00

a+1
So

1 S _
/T{—t+l[ﬂ—(t+1)[(t+1)+—f+] ”At—oo
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provided that 8 > (=% PYE] )"‘Jrl Hence every solution of (5.3) oscillates if 8 > (35 < )‘)‘Jrl which agrees with the well known
oscillatory behav1or of (5 3).
IfT=q) ={1,q, q?, ...}, q > 1.Then the dynamic equation (5.3) is the q-difference equation

B

@)=

and in this case, (5.5) can be rewritten as

(M) + ———xgt) =0,

a+1

[ p PRV s 1 qat — 1
— = (tvt+1> At = —3{B—q|— At = 00
r |o® T qt qg—1

oa+1 " i
provided that > q [qaﬂ ]} . Hence every solution of (5.3) oscillates if 8 > q [qaﬂ 1] .

q—1
T 1

Note that g -

a+1
] is different from (a"‘?)‘”1 which is the well-known critical constant from the continuous and

the discrete cases.
The interested reader may give additional examples. We remark that the results in the example above may not be
obtained by any existing criteria, as far as the authors are aware.
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