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SOME NEW COMPARISON RESULTS FOR
SECOND ORDER LINEAR DYNAMIC
EQUATIONS

JIA BAOGUO, LYNN ERBE AND ALLAN PETERSON

ABSTRACT. We obtain two comparison theorems for sec-
ond order linear dynamic equations on a time scale. These
results improve recent comparison theorems (see Erbe, Peter-
son and Rehsk [11]).The main interest is in the case when the
coefficient functions are not of one sign for large ¢t. Several ex-
amples are given to show that our results are new even in the
continuous case.

1 Introduction Let T be a time scale (i.e., a closed nonempty
subset of R) with sup T = co. We shall be interested in obtaining com-
parison theorems for the second order linear equations

(1.1) ()22 ()] + p(t)a” (¢)

= 07
(1.2) [R(t)z™ (£)]2 + a(t)P(t)z° () = 0,
where r(t) > 0, R(t) > 0 and p, P, a, r, R are right-dense continuous
functions on T.

For completeness, we recall some basic results for dynamic equations
and the calculus on time scales. The forward jump operator is defined
by

o(t) =inf{s € T:s > t},

and the backward jump operator is defined by

p(t) =sup{s e T:s < t},
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(where we assume inf @ = sup T, sup@ = inf T, and where @ denotes
the empty set). If o(t) > t, we say t is right-scattered, while if p(¢t) < ¢,
we say t is left-scattered. If o(¢t) = ¢ and ¢ # supT, we say ¢ is right-
dense, while if p(t) =t and ¢t # inf T, we say t is left-dense. Given an
interval [¢,d] :== {t € T : ¢ <t < d} in T the notation [c,d]" denotes
the interval [c, d] in case p(d) = d, and denotes the interval [¢, d) in case
p(d) < d. The graininess function p for a time scale T is defined by
u(t) = o(t) —t, and for any function f : T — R the notation f7(t)
denotes f(o(t)).

The theory of time scales was introduced by Stefan Hilger in his PhD.
thesis in 1988 in order to unify continuous and discrete analysis (see
[12]). Not only does this unify the theories of differential equations and
difference equations, but it also extends these classical situations to cases
“in between,” e.g., to the so-called g—difference equations (see Example
4.5) which are important in quantum theory (see Kac and Cheung [13]).
For more on g-difference equations see [1], [6], and [17]. Moreover, the
theory can be applied to other different types of time scales. We refer
to the two books on the subject of time scales by Bohner and Peterson
[3], [4] which summarize and organize much of time scale calculus and
applications to dynamic equations. For other interesting applications see
the cover story article by V. Spedding in NewScientist [16]. Also since
the equations we study here are second order linear equations, there are
numerous applications of these equations, for example, our equations
could be thought of as a simple model of a mass-spring problem where
Hooke’s law does not apply.

A function f : T — R is said to be rd-continuous provided it is
continuous at right-dense points in T and its left-sided limits exist (finite)
at left-dense points in T. The set of rd-continuous functions f : T — R
will be denoted by Cr4. The set of functions f : T — R that are delta
differentiable on [c¢,d]" and whose delta derivative is rd-continous on
[c,d]" is denoted by C},.

We recall that a solution of equation (1.1) is said to be oscillatory on
[a,00) in case it is neither eventually positive nor eventually negative.
Otherwise, the solution is said to be nonoscillatory. Equation (1.1) is
said to be oscillatory in case all of its solutions are oscillatory. The
study of the oscillatory and nonoscillatory properties of equation (1.1)
and its many generalizations and extensions is voluminous and we refer
to [5], [8] and the references therein. In particular, we refer to the very
extensive studies for the case T = R of Willett [18] and Wong [20].

The following condition (A) was introduced in [9] for the continuous
case in order to obtain some new oscillation and comparison results in
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the case when the function p(t) takes on both positive and negative
values for large ¢.

Definition 1 We say that a function g : T — R satisfies condition (A)
if the following condition holds:

¢
liminf/ g(s)As >0 and #0,

t—o0 T

for all large T'.

We wish to extend this notion to a pair of functions (p,r), so we
introduce the following definition:

Definition 2 We say that the pair (p, r) satisfies condition (A), if there
exists a continuously differentiable function h : T — R, such that either
hA(t) is of one sign for all t € T or h*(¢) = 0, and is such that

9(t) == p(t)R?(a (1)) — r(t) (A2 (1))?
satisfies condition (A).

Remark 1.1 It is obvious that condition (A) implies condition (A)
(take h(t) =1 )but the converse is not true. (See Example 1.4 below).

The following two theorems are proved in [11].

Theorem 1.2. Assume a € Cy, r(t) < R(t), P(t) < p(t) and

(i)  the function p satisfies condition (A),

(i) % As = oo,

(iii) 0 <a(t) <1, a®(t) <0.

Then (1.1) is nonoscillatory on [T, 00) implies (1.2) is nonoscillatory on
(7, 00).

Theorem 1.3. Assume a € C; , R(t) < r(t), p(t) < P(t) and

(i)  the function aP satisfies condition (A),
(i) ﬁ As = oo,
(iii) a(t) > 1, a®(t) > 0.

Then (1.1) is oscillatory on [T, 00) implies (1.2) is oscillatory on [T,00).
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In this paper, we prove that if condition (i) of Theorem 1.1 and The-
orem 1.2 are replaced by the condition that the pair (p,r) and the pair
(aP,r) satisfies condition (A), respectively, then the conclusions of the
above theorems are still valid. In Section 4, we give examples to show
that our theorems are improvements since we give a class of equations
whose oscillatory or nonoscillatory behavior may not be determined from
existing results in the literature.

The following example shows that the class of functions g which do
not satisfy condition (A) but such that the pair (g, r) satisfies condition
(A) is nonempty.

Example 1.4 Let T be the real interval [1,00), g(t) = & + S where
% < a < 1. Then we have the following two results:

(i) g(t) does not satisfy condition (A4).
(In fact, one can easily see that [~ #28ds = <=t 4 O(%) and so
clearly g(t) does not satisfy condition (A) if a < 1.)

(i) Let h(t) =t2, r(t) = 1. Then

/T {9(s)h3(s) — r(s)[H (s)]?} ds

1\, ¢ !
—<LL—Z)IDT—I—/Tsinsds—>oo7 (t — 00).

So the pair (g,r) satisfies condition (A).

2 Lemmas The following Lemmas 2.1 and 2.2 in [3] are useful in
establishing oscillation, nonoscillation, and comparison results for second
order linear dynamic equations on time scales.

Lemma 2.1 (Riccati technique). Equation (1.1) is nonoscillatory if and
only if there exists T € [1,00) and a function u satisfying the Riccati dy-
namic inequality

u® () +p(t) +

r(t) + p(t)u(t)

with p(t) + p(t)u(t) > 0 for t € [T, c0).
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Lemma 2.2 (Sturm-Picone Comparison Theorem). Consider the equa-
tion

(2.1) [F(t) ()] + B(t)a” (t) = 0,

where T and p satisfy the same assumptions as v and p. Suppose that
7(t) < r(t) and p(t) < p(t) on [T,00) for all large T. Then (2.1) is
nonoscillatory on [1,00) implies (1.1) is nonoscillatory on [r, 00).

The next two lemmas may also be found in [3].

Lemma 2.3. Assume a € T, and let w = supT. If w < oo, then we
assume p(w) = w. If equation (1.1) is nonoscillatory on [a,w), then
there is a solution u, called a recessive solution at w, such that for any
second linearly independent solution v, called a dominant solution at w,
we have

At < oo,

/b r(t)v(t)ve (t)

where b < w is sufficiently close. Furthermore,

(2.3)

for t < w sufficiently close.

Lemma 2.4 (Picone’s Identity). Assume x(t) is a positive solution of

(1.1) on[a,0) and let z(t) := T(tifg(t) on [a,00), then r(t)+pu(t)z(t) >0

on [a,00). If we assume h : T — R is a continuously differentiable
function, then we have for all t € [a,0),

[2h?]2 () = —p(O)h*(a(2)) + r(t)[A> (1))
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3 Main results Our goal in this section is to show that condition
(A) (i-e., condition (i)) in Theorems 1.2 and 1.3 can be weakened to the

assumption that condition (A) holds for the pair (p,r).

Theorem 3.1. Assume a € CL,, r(t) < R(t), P(t) < p(t) and
(i)  the pair (p,r) satisfies condition (A),
(i) [~ T(ls) As = oo,

(iii) 0 <a(t) <1, a®(t) <0.

Then (1.1) is nonoscillatory on [T, 00) implies (1.2) is nonoscillatory on
[T, 00).

Proof. Assume (1.1) is nonoscillatory on [r,00). Then (1.1) is discon-
jugate in a neighborhood of co. By Lemma 2.3, there is a dominant
solution v(t) at oo satisfying

> 1
(3.1) /T e A<

for T' € T sufficiently large, and without loss of generality we can assume
that v(t) > 0 on [T,00). We would like to show that v2(t) > 0 for all
large t.

Assume that there exists 77 > T such that v®(Ty) < 0. Make the
substitution

for ¢ > Ty. From condition (fl), we may suppose that T3 is sufficiently
large so that

(32 lmint [ {pERo(s) ~ () ()} As > 0,

T
holds and is such that z(7}) <0, (i.e., v2(T1) < 0).
Note that

rv () ) + pe> )]
0< o o) =7(t) + p(t)z(t).

We have from Picone’s identity (Lemma 2.4)

[2h*]2 () = —p(O)h*(a(t)) + r(B)[A2 (1))

O L O I~ —nan]
o VO e
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Integrating from T3 to ¢, we have

(3.3) z(t)h*(t) — 2(T1)h*(T1)

==/ [p(s)h2 (0 (s)) — r(s)[™ (5)]?] As

) /[ 2()h(s) 5= Vr) FHER)| s

7 [ V7(s) + p(s)z(s

In the following, we will consider two cases.

Case (i)

2(s)h7(s) = VI(s) +u(s)2 (kS ) =0,

r(s) + p(s)z(s

for s > T7. Then in this case we have

2()h7(s) = (r(s) + p(s)z(s) ™ (s).

By the formula, h(c(s)) = h(s) + u(s)h>(s), we get

Therefore

(7)o

So v(s) = Ch(s). Without loss of generality we assume that h(s) > 0,
for s € T, since the other case is similar. Therefore, we must have C' > 0.

(i) If h2(s) > 0, for s € [T1,00), we have v2(¢) > 0, which contradicts
the fact that v2(T}) < 0.

(ii) If h®(s) = 0, then v®(s) = 0 and so from equation (1.1), we
have p(s) = 0, which contradicts the fact that the pair (p,r) satisfies
condition (A).

(iif) If h®(Ty) < 0, for some Ty € [T}, 00), we have v2(t) < 0 for
t € [T, 00). Hence, in this case, v(t) is a positive decreasing function on
[T2,00). But then we get that

o 1 1 e |
/T2 D@ T (D) /T iy =
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which contradicts (3.1).
Case (ii)

z(s)h7(s) ) — /() +M(s)z(8)hA(S) Z0

r(s) + pu(s)z(s

for t > T;. There exists € > 0 and T5 > T; such that for ¢t > T5,

t o ’
J l e BRGOETOERLEC] e

7 (s) + pu(s)z(s
By (3.2), there exists T5 > T such that for ¢ > T3,
¢ €
{p(s)h?(a(5)) = r(s)[>(s)]*}As > ~5
T
So by (3.3), when t > T3, we have
z@m%o<zanﬁan+§—e<m

which implies that v2(t) < 0 for all large ¢ > T3. Hence v(t) is a positive
decreasing function on [T3,00). But then again we get that

o 1 1 R |
/T2 FOue @ S () /T iy ST

which contradicts (3.1). Hence we can suppose that v(t) > 0,v2(t) > 0
r(t)v2 (1)

on [T5,00). Therefore, the function z(t) = Sy~ > 0for t > Ts and
v(t)z(t)
4 Ay = —p(t) —
(3.4 () = -plt) - e
Note that Ao (s
0< "0 oy 1))
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Now, multiplying by a(t) and moving the terms on the right side to the
left, we have from the properties of the function a that

o:z%www+p@aw+a

= [z(t)a(t)]* + P(t)a(t) +

for t € [T3,00). Hence the function ¢(t) = z(t)a(t) satisfies the Riccati
inequality.

2
<0
a(t)r(t) + u(t)e(t)

for t € [T3,00). Therefore the equation

©™ + P(t)a(t) +

[a(t)r(t)z® (6)]* + a(t)P(t)a” (t) = 0
is nonoscillatory by Lemma 2.1 and so equation (1.2) is nonoscillatory

by Lemma 2.2 since a(t)r(t) < r(t) < R(¢).
d

The corresponding “oscillation” result is
Theorem 3.2. Assume a € C, , R(t) < r(t), p(t) < P(t) and

(i)  the pair (aP,r) satisfies condition (A),
(ii) fT ﬁ As = o0,
(iii) a(t) > 1, a®(t) > 0.

Then (1.1) is oscillatory on [T, 00) implies (1.2) is oscillatory on [r,00).
Proof. The proof of Theorem 3.2 follows from Theorem 3.1. If we let
b(t) = 1/(a(t)), then b(t) < 1 and b2(t) < 0. Therefore, if
(R(t)z®(1))> + a(t)P(t)2” (t) = 0
is nonoscillatory, then from Theorem 3.1, it follows that

(R(t)z™ (1)) + b(t)a(t)P(t)z? (t) = 0
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is also nonoscillatory. That is,
(R(t)a™(1)2 + P(t)2° (t) = 0

is nonoscillatory. But then since P(t) > p(t) and R(t) < r(t), Lemma 2.2
(the Sturm-Picone comparison theorem) implies that equation (1.1) is

also nonoscillatory. This is a condtradiction and completes the proof.
O

4 Examples In this section, we will give several examples to illus-
trate Theorems 3.1 and 3.2. Since Example 4.1 is somewhat involved,
we give the basic idea of its construction.

The following theorem may be found in [14, Theorem 5.81]. (See also
earlier references [5, 15, 19].)

Theorem. The equation (r(t)z'(t)) + p(t)z = 0 is oscillatory on the
interval [tg, 00), if ftio %dt = oo and there exists a continuously differ-
entiable function u(t) > 0 such that

(0020~ )0 0t =

Analogous to the above theorem, we may obtain a corresponding time
scales version which we state as follows:

Proposition. Assume that f;o %At = oco. If there exists a real num-

ber o such that

(4.1 [ o wm) - (2P ae = +oc.
T

Then all solutions of (1.1) are oscillatory.

Proof. Assume (1.1) is nonoscillatory on [r,00). Then (1.1) is discon-
jugate in a neighborhood of co. By Lemma 2.3 there is a dominant
solution v(t) at co. Let h(t) = t*, then we get that the pair (p,r) satis-

fies condition (A) by (4.1). In view of the proof of Theorem 3.1, we may
then suppose also that v(t) > 0, v2(t) > 0 for t > T > Ty.
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Make the Riccati substitution z(t) = T(t)l(’f)(t) for t > T. We have

from Picone’s Identity (Lemma 2.4)

[t 2(D]% = —p()(o(8)** +r(®)[(E*)2)?

2(t) (o ()™ A )
ENZOETOEC R r(t) + p(t)=(t)

> p()(o(1)** —r([(t*)*].

Integrating from T to t gives

/ {02 ()p(s) — [(s®)2Pr(s)} As
T

(T (T)T? B r(t)v? (1)t < r(T)v™(T)T?>
v(T) o(t) T v(T)

But now the left side is unbounded and the right side is bounded. This
contradiction completes the proof of the proposition. g

Example 4.1 Let T be the real interval [1,00). Let us consider func-
tions p(t) of the form p(t) = % +252L ¢ > 0,b > 0. It is easy to observe
that if @ > b then p(¢) satisfies condition (A4). So we seek to find condi-
tions on a and b such that p(t) satisfies the conditions of Theorem 3.1
but does not satisfy condition (A4). For simplicity, we consider the case

r(t) = 1 so that (1.1) becomes

(4.2) 2" +p(t)z = 0.

Let h(t) =t7, v < 1/2. Denote

(4.3) I(T) = lim inf/ [p(s)h%(s) — (B'(s))?] ds

t—o0o T

— 2 > bsint
S L G Tl‘QV/ Dty
{ 1 =2y i o
The basic idea of constructing Example 4.1 is based on the following
steps (1)—(iv).

(i) By the above Proposition, when I(T) = +o00, (4.2) is oscillatory.
Therefore, in order that (4.2) be nonoscillatory, we choose v < 1/2.
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(ii) Since

o 1 * sint
it = — la+boT [ 22
[ w1 [a+ [ }

it follows that p(t) does not satisfy condition (A) if a < b.
(iii) Also we have

limsupt/ p(s)ds =a+b,
t

t—o0

t—oo

liminft/ p(s)ds =a —b.
¢
By Hille’s Theorem ([7]), if

3 o e 1
1< liminft/ p(s)ds < limsupt/ p(s)ds < =,
t t

t—o0 t—o00 4
then equation (4.2) is nonoscillatory. Note that a > 0, b > 0,
a+b < 1/4implies a—b > —3/4. Therefore, Hille’s condition holds
if we choose @ > 0, b > 0 and a + b < 1/4. That is, equation (4.2)
is nonoscillatory.
(iv) From (4.3), we see that (p,1) satisfies condition (/Al)7 if we take
“‘Vj > b.

1-2

Therefore, from (i)—(iv), if we choose 0 < a < b with a+b < 1/4, and
0 <~ < 1/2 with a—y® b, then it follows that the pair (p,1) satisfies

1—-2v
condition (A). In particular, if we take a = 6%1, b= %, v = 1/64, it
follows that p(t) = 51z +32L is such that equation (4.2) is nonoscillatory.

Now if we set a(t) := ct~%(logt)?, a > 0, 8 € R, then we have
0<a(t) <1,d(t) <0 for large t. So by Theorem 3.1, the equation

"y c(logt)? = c(logt)Psint) 0
v 642+ 63t )T T

is nonoscillatory on (2,00) for all ¢ > 0, a > 0, 5 € R. The authors are
unaware of existing results in the literature which yield this conclusion.

Remark 4.2 To continue with the equation in the previous example,

suppose that 0 < a < 1/8, and choose b such that a < b < % — —”;4‘1 =

Y. With f(v) := %, we note that f assumes a local maximum at ~yg
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and we have f(v9) = 70 > b. Now the equation f(v) = b has two roots
m,2=bEx Vb2 —b+aand f(y) >bon (y1,72). For example, if a = .1,
then v ~ .1127 so if .1 < b < .1127, then condition (A) holds and equa-
tion (4.2) is nonoscillatory using the nonoscillation criterion of Hille [7].
Moreover, we can use a nonoscillation criterion due to Willett [18] (see
also Wong [20] for further extensions of this to several critical cases)

which shows that the equation z” + p(t)x = 0 is nonoscillatory where

) = a n bsint
p - t2 t I
provided
< 1 b
a< ———.
4 2

We can therefore determine a convex domain R in the (a,b)-plane for
which 2" + (% + %) x = 0 is nonoscillatory and is such that condi-
tion (A) holds (but not condition (A)) and for which the nonoscillation
criterion of Hille (see [7]) is also not applicable. Specifically, we define

the region R determined by the inequalities

1 1
R: 0<a<b, a>b—101% a+b>1, e< -7
Then a < b implies that condition (A) does not hold and a < % - %
guarantees nonoscillation by the result of Willett [18] and Wong [20].

The condition @ > b — b? implies that b < ¢ = % - —”1274‘1 so that
condition (A) holds for the pair (p,1) with h(t) = . Finally, the
condition a+b > i shows that the criterion of Hille is also not applicable.
Thus, we can choose, as a particular example, a = .2, b = .22 and with

this choice it follows that the equation

,  c(logt)? (a bsint
el -0
vt (A 12 t *

is nonoscillatory for all @ > 0, § € R, and for all ¢ > 0 by Theorem 3.1.

As a second illustration of the applicability of our results we give the
following example.

Example 4.3 Let T be the real interval [1,00). Let

a sint

P(t) = g T prer () =1
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where 0 <a<b<1l,ec=(1-0)/2.
We have

T b . tb

With A(t) = t2 and r(t) = 1, we have

/T{a(S)P(S)hQ(S) —r(s)[l(s)]*} ds

t 2 b—1
=aln i —I—/sinsds—&—bi i — 00 ast— 0o
T T 4b-1)\T ’

Since 0 < a < b < 1, a(t)P(t) does not satisfy condition (A4), but
the pair (aP, 1) does satisfy condition (/1) Moreover, since we also have
0 < a < b+c < 1, by the above proposition, it follows that "'+ P(t)z = 0
is oscillatory. Since a(t) = t° > 1, for ¢ > 1 and d/(t) > 0, it follows by

Theorem 3.2 that " + a(t)P(t)z = 0 is oscillatory.

Example 4.4 Let T =Z, p(t) = ﬁ + A(il)t, r(t)=1,v>0,A>0.

t

We have
> [ (-D*
A =
/t p(s)As kz:% [k(k+1) A
Y e (P
==+ doA T
k=n
Now consider
— (—1)*
2m Z A
k=2m

1 1

1
:2’”{% - [<2m+1><2m+2> T emisemty

1 [ 1 1
—>1——/ de ==, (n— 00).
2 Jo (1+4=x)? 2

Similarly, we have

= (=1)F 1/°° 1 _
@m+1) > - L+ 5 i dr =

k=2m+1
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So, in this case, if v < A\/2, p(t) does not satisfy condition (A).
Also we have

t—o0

e A
limsupt/ p(s)ds:7—|—§,
t

liminft/ p(s)ds =~ — é
t

t—o0 2

By Hille’s Theorem [7], if we choose v + % < i, then the equation
25 4 p(t)2® = 0 is nonoscillatory.
Let h(t) =t*, a < 1/2. Denote

t—o0

I(n) =lim inf/ [p(s)h*(o(s)) — (hA(s))ﬂ As

3 A(—=1)* ,
- Z {k(k +71)1—2a + k(l—Q)a —[(k+1)* = k%] .
k=n

Note that
= 1 1

kz:; [k(k + 1)1204} T = 2a)nt 20

Since (k+1)* — k* ~ 2 for large k, we have

klfoc
« «l2 a2 2a
[(k+1)% = k%] = 555 + 13750 ©(1).
So
%) o0 2
. 1-2a a @2 1 1-2a o
i n ;[(w )* = k) = lim n ; [kma)}
T 1-2a
Therefore
[e%s) 2
k 1 (e ka 2 ~ Oé—
D[k 1 = K~ g

k=n
So the pair (p(t),1) will satisfy condition (A) if we take '17:;‘&2 > 2%
Therefore, choosing 0 < a < 1, 0 < v < % with ’y+% <i = %,

then p(t) = t(tll) + )‘(zl)t satisfies all the requirements of Theorem 3.1.
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In particular, if we take v = 6—14, A= %, a = é, it follows that the
difference equation

1 2(—1)t

2
Atz(t) + (64t(t+ D" esr

) z(t+1)=0
is nonoscillatory.

Example 4.5 Let ¢ > 1. Consider the time scale T = ¢"o := {¢" :
k € No}. In this case, o(t) = gt, u(t) = (¢ — 1)t for all t € T. (Recall
that any dynamic equation on the time scale ¢ is called a g-difference
equation.) Let

A ="

t) =1t°
to(t)bte + to(t)ote’ alt) ’

p(t) =

where n =Int/Ing, A >0,0<b<1,¢c=(1-0)/2. Let

¢ —1
m =
@ +1

and assume further that 0 < A\ < mg. Then we have, for ¢,, = ¢",

| alemons = o 3 s -1 - e
¢ k=n

n

_lg=n (A BT
- qnote (qb_1+ qb+1>
(¢—-1 1

= e ><qb—_1()\—|—m,6’(—l)”).

Notice that this last expression may be negative for large n, since 0 <
A < mf3. Hence, a(t)p(t) does not satisfy condition (A).
Take h(t) = t2, r(t) = 1. Then we have, for ¢t = ¢",

/1 {a(s)p(s)h3(0(5)) — () (B2 ()2} As
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So (ap, 1) satisfies condition (A).
Take hq(t) = = r(t) = 1. Then we have, for t = ¢"

/1 (p($)h3(0(s)) — () (12 ()2} As

So

t Ins bte 2
A —1)™a -
1 Us s qg—1 §47b=¢

(p,1) satisfies condition (A). By the above proposition, z22 +

p(t)x® = 0 is oscillatory. Since a(t) = ¢ > 1 for t > 1 and a®(t) > 0,
by Theorem 3.2, 22 + a(t)p(t)z = 0 is oscillatory.

The interested reader may also easily construct similar examples on
other time scales to illustrate the results of the above theorems.
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