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1 Laplace equation

Question 1: (a) Find a function U(z,y) = a + bz + cy + dzy, such that U(z,0) =z, U(1,y) =
1+y, U(z,1) =3z —1,and U(0,y) = —y.

Solution:

Uz,y) =z —y+2zy
solves the problem.

(b) Use (a) to solve the PDE ugy + uyy = 0, VY(z,y) € (0,1)x(0,1), with the boundary
conditions u(x,0) = 3sin(rz) + z, u(l,y) =14y, u(x,1) = 3z — L,and u(0,y) = sin(27y) — y.

Solution: By setting ¢ = u — U, we observe that ¢, + ¢y, = 0 and at the boundary of the
domain we have

o(x,0) = 3sin(rz), o(Ly) =0, ¢(e.1)=0, and ¢(0,y) = sin(2ry).

It is clear that

sinh(m(1 —y)) = sinh(27(1 — x))
sinh(7) sinh(27)

¢(z,y) = 3sin(mz) sin(27y)

Then,
'LL(.’E, y) = (;5({,67 y) + U({E, y)

Question 2: Consider the Laplace equation Au = 0 in the rectangle = € [0, L], y € [0, H] with
the boundary conditions u(0,y) =0, u(L,y) =0, u(x,0) =0, u(z, H) = f(x).
(a) Is there any compatibility condition that f must satisfy for a smooth solution to exist?

Solution: f must be such that f(0) = 0 and f(L) = 0, otherwise u would not be continuous at
the two upper corners of the domain.

(b) Solve the Equation.
Solution: Use the separation of variable technique. Let u(x) = ¢(x)¥(y). Then, provided 3 and

¢ are non zero functions, this implies %/ = 7%’ = A. Observe that ¢(0) = ¢(L) = 0. The usual
energy technique implies that ) is negative. That is to say ¢(z) = a cos(vVAz) 4 bsin(vAz). The
boundary conditions imply @ = 0 and VAL = nm, ie., ¢(z) = bsin(nmx/L). The fact that X is
negative implies ¥(y) = ccosh(v/Ay) + dsinh(v/Ay). The boundary condition at y = 0 implies

c¢=0. Then

u(zy) = Z A, sin(?) sinh(n—zy)

n=1

Question 3: Solve the PDE (note that the width and the height of the rectangle are not equal)

Ozt + Oyyu = 0, O<zr<l, O0<y<2,
u(z,0) = 8sin(97z), u(z,2) =0, 0<z<l,
u(0,y) = sin(2my),u(1,y) = 0, 0<y<2.

Solution:  The method of separation of variables tells us that the solution is a sum of terms
like sin(nmz)sinh(nw(y — 2)) and sin(mmy/2) sinh(mm(x — 1)/2). By looking at the boundary
conditions we infer that there are two nonzero terms in the expansion: one corresponding to n =9
and one corresponding to m = 4. This gives

sinh(97(2 — y))
sinh(187))

sinh(27 (1 — x))

u(z,y) = 8sin(9mz) sinh(27))

+ sin(27y)

Question 4: Consider the Laplace equation Au = 0 in the rectangle « € [0, L], y € [0, H] with
the boundary conditions u(0,y) =0, u(L,y) =0, u(x,0) =0, u(z, H) = f(x).
(a) Is there any compatibility condition that f must satisfy for a smooth solution to exist?
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Solution: f must be such that f(0) = 0 and f(L) = 0, otherwise u would not be continuous at
the two upper corners of the domain.

(b) Solve the Equation.

Solution: Use the separation of variable technique. Let u(x) = ¢(x)¥(y). Then, provided ¢ and
¢ are non zero functions, this implies % = _If/: = . Observe that ¢(0) = ¢(L) = 0. The usual

technique implies that X is negative. That is to say ¢(z) = a cos(v/Az)+bsin(v/Az). The boundary
conditions imply @ = 0 and VAL = nr, ie., ¢(x) = bsin(nwx/L). The fact that ) is negative
implies ¥ (y) = ccosh(v/Ay) 4 dsinh(v/Ay). The boundary condition at y = 0 implies ¢ = 0. Then

the ansatz is
s nmy
A, nh
§j sin( ),

and the usual computation gives

nmé
A, = Lsmh /f ) sin T)df.

Question 5: Consider the Laplace equation Au = 0 in the rectangle x € [0, L], y € [0, H] with
the boundary conditions u(0,y) = 0, d,u(L,y) = 0, u(z,0) = 0, u(z, H) = sin(3rz/L). Solve
the Equation using the method of separation of variables. (Give all the details.)

Solution:  Let u(z) = ¢(z)1¥(y). Then, provided 1) and ¢ are non zero functions, this implies

‘%/ = —1/;: = X. Observe that ¢(0) = 0 and ¢'(L) = 0. The usual energy technique implies that

X is negative. That is to say ¢(z) = acos(v/Az) + bsin(v/Az). The Dirichlet condition at 2 = 0
implies a = 0. The Neumann condition at L implies cos(v/AL) = 0, which implies VAL = (n+3),
where n is an integer. This means that ¢(z) = bsin((n + 1)mz/L). The fact that X is negative
implies () = ccosh(v/Ay) 4 dsinh(v/Ay). The boundary condition at y = 0 implies ¢ = 0. Then

u(z,y) = Asin((n + g)w%) sinh((n + g)w%).

The boundary condition at y = H gives

Sin(gw%) = Asin((n + %)w%) sinh((n + 3)m =),

which implies n = 1 and A = sinh ™ (1), i.e.

sinh (?
u(wy) = —prh
sinh < )

L

sin(gmc/L)

Question 6: Consider the equation —Awu = 0 in the rectangle {(z,y); z € [0,L],y € [0,H]|}
with the boundary conditions u(0,y) = 0, u(L,y) = —5cos(37%), 0 u(:c 0) =0, u( ,H)=0.
Solve the equation using the method of separation of Varlables (lee all the details.)

Solution: Let u(xz) = ¢(x)(y). Then, provided ¢ and ¢ are non zero functions, this implies

ﬁ((;)) = 1;((54) = \. Observe that ¢'(0) = 0 and ¥(H) = 0. The energy technique applied to

=" (y) = Mp(y) gives

H H H
/ O (YYy)dy = [ V' (y)*dy — ' (H)W(H) + ' 0)0(0) =X [ ¢(y)*y
0 0 0
which implies fo )2dy = /\fo )2dy since 1'(0) = 0 and ¥)(H) = 0. This in turn implies
that A is nonnegatlve Actually A cannot be zero since it would mean that ¥ = 0, which would
contradict the fact that the solution w is nonzero (A =0 = ¢'(y) = 0 = ¥(y) = ¢(H) = 0 for all
y € [0, H]). As a result X is positive and

¥(y) = acos(vhy) + bsin(vAy).
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The Neumann condition at y = 0 gives b = 0. The Dirichlet condition at H implies cos(ﬁH) =0,
which implies VVAH = (n+4)m, where n is any integer. This means that /(y) = acos((n+3)7%).
The fact that \ is positive implies ¢(x) = ccosh(v/Az) + dsinh(v/Az). The boundary condition at
x = 0 implies ¢ = 0. Then

X

u(z,y) = Acos((n + %)w%) sinh((n + $)m—).

The boundary condition at z = L gives

-5 cos(gﬂ'%) = Acos((n + %)ﬂ'%) sinh((n + %)ﬂ'ﬁ),

which, by identification, implies 1 =2 and A = —5 sinh ™! (%EL> ie.,

§7TZE
sinh ( 2 )

3y
cos(iwﬁ).

1.1 Cylindrical coordinates

Question 7: Using cylindrical coordinates and the method of separation of variables, solve the
Laplace equation, 10,(rd,u) + 50ppu = 0, inside the domain D = {0 € [0,%], r € [0,1]},

subject to the boundary conditions dyu(r,0) =0, u(r, 5) = 0, u(1,6) = cos(36).

Solution: We set u(r,0) = ¢(0)g(r). This means ¢"" = —A¢, with ¢'(0) = 0 and ¢(%) = 0, and
rd,(rd-g(r)) = Ag(r). Then using integration by parts plus the boundary conditions we prove that
A is non-negative. Then

B(0) = c1 cos(VA) + ¢ sin(VAG).

The boundary condition ¢’(0) = 0 implies c; = 0. The boundary condition ¢(%) = 0 implies
VAZ = (2n+1)Z with n € N. This means VA = (2n + 1). From class we know that g(r) is of
the form r%, a > 0. The equality rd,(rd,r®) = Ar® gives a®> = . The condition o > 0 implies
2n + 1 = a. The boundary condition at 7 = 1 gives cos(360) = 12""1 cos((2n + 1)6). This implies

n = 1. The solution to the problem is

u(r,0) = r* cos(30).

Question 8: Using cylindrical coordinates and the method of separation of variables, solve the
Laplace equation, 10,(rd,u) + 50ppu = 0, inside the domain D = {0 € [0,%], r € [0,1]},
subject to the boundary conditions u(r,0) = 0, u(r,3) = 0, u(1,0) = sin(20). (Give all the
details.)

Solution:  We set u(r,0) = ¢(0)g(r). This means ¢" = —A¢, with $(0) = 0 and ¢(5) = 0,
and rd,(rd.g(r)) = Ag(r). The usual energy argument applied to the two-point boundary value
problem

d)// = _)‘¢v d)(O) = 01 ¢(7) = 07

implies that X is non-negative. If A = 0, then ¢(0) = ¢; + c26 and the boundary conditions imply
c1 =co =0, ie, ¢ =0, which in turns gives u = 0 and this solution is incompatible with the
boundary condition u(1,8) = sin(26). Hence A > 0 and

#(0) = c1 cos(VAD) + ca sin(V ).

The boundary condition ¢(0) = 0 implies ¢; = 0. The boundary condition ¢(3) = 0 implies
VAZ = nr with n € N. This means VA = 2n. From class we know that g(r) is of the form r,
a > 0. The equality 7d,(rd,r®) = M\r® gives o> = \. The condition o > 0 implies 2n = a. The
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boundary condition at 7 = 1 gives sin(20) = 1*"sin(2nf) for all § € [0,%]. This implies n = 1.
The solution to the problem is
u(r, ) = r%sin(26).

Question 9: Using cylindrical coordinates and the method of separation of variables, solve the
equation, %@(raru) + T%aggu = 0, inside the domain D = {6 € [0, 7], r € [0,1]}, subject to
the boundary conditions u(r,0) =0, u(r,m) = 0, u(1,6) = 2sin(50). (Give all the details.)
Solution: (1) We set u(r,0) = ¢(0)g(r). This means ¢"" = —A¢, with $(0) = 0 and ¢(7) = 0,
and T%(r%g(r)) = Ag(r).

(2) The usual energy argument applied to the two-point boundary value problem

"= _)‘¢7 ¢(0) = 0) ¢(7T) = 07

implies that A is non-negative. If A\ = 0, then ¢(f) = ¢; + c260 and the boundary conditions imply
c1 = co =0, i.e,, = 0, which in turns gives u = 0 and this solution is incompatible with the
boundary condition u(1,6) = 2sin(56). Hence A > 0 and

$(6) = ¢1 cos(VA) + ¢y sin(VAF).

(3) The boundary condition ¢(0) = 0 implies ¢; = 0. The boundary condition ¢(7) = 0 implies
VAT = nm with n € N\ {0}. This means VA =n, n=1,2,....

(4) From class we know that g(r) is of the form r®, a > 0. The equality 7 (r&r®) = A
gives a? = X. The condition o > 0 implies n = a. The boundary condition at r = 1 gives
2sin(50) = 21" sin(nf) for all 8 € [0, 7]. This implies n =5 and ¢3 = 2.

(5) Finally, the solution to the problem is

u(r,0) = 2r° sin(50).

1.2 Variable coefficients

Question 10: Let k : [-1,+1] — R be such that k(z) = 1, if z € [-1,0] and k(z) = 2 if
x € (0,1]. Solve the boundary value problem —0,(k(z)0,T(z)) = 0 with 9,T(-1) = T(-1)
and 0,T(1) = 1.

(i) What should be the interface conditions at # = 0 for this problem to make sense?

Solution: The function T and the flux k(z)9,T (z) must be continuous at = 0. Let 7~ denote
the solution on [—1,0] and T the solution on [0,+1]. One should have T (0) = 7" (0) and
k= (0)0,T~(0) = kT (0)0,T7(0), where k= (0) = 1 and k*(0) = 2.

(ii) Solve the problem, i.e., find T'(z), = € [-1, +1].

Solution: On [—1,0] we have k™ (z) = 1, which implies 0,,7 () = 0. This in turn implies
T~(x) = a + bz. The Robin boundary condition at z = —1 implies 3,7 (=1) =T~ (-1) =0 =
2b — a. This gives a = 2b and T~ (z) = b(2 + z).

We proceed similarly on [0, +1] and we obtain 7" (x) = ¢+ dz. The Neumann boundary condition
at z = +1 gives ,TT(+1)=1=d and TT(z) = ¢ + .

The interface conditions 7~ (0) = T(0) and k= (0)9,7~(0) = k*(0)0,T+(0) give
2b = ¢, and b=2.

In conclusion
2(2 if -1
T(z) = (2+x) | z € [-1,0],
4+ x if x € [0,+1].
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Question 11: Let k: [—-1,+1] — R be such that k(z) =6, if z € [-1,0] and k(z) =3 if z €
(0,1]. Solve the boundary value problem —0, (k(z)0,T(x)) = 0 with 60,T(—-1) = T'(-1) + 13
and T'(1) = 5.

(i) What should be the interface conditions at « = 0 for this problem to make sense?

Solution: The function T and the flux k(z)9,T (x) must be continuous at = 0. Let 7~ denote
the solution on [—1,0] and 7" the solution on [0,41]. One should have T (0) = T (0) and
k= (0)0,T~(0) = k*(0)0,TT(0), where k= (0) = 6 and k*(0) = 3.

(ii) Solve the problem, i.e., find T'(z), x € [-1, +1].

Solution:  On [—1,0] we have kK~ (z) = 1, which implies 0,,7~ () = 0. This in turn implies
T~ (x) = a+ bx. The Robin boundary condition at z = —1 implies 69,7 (—1) =T (-1) =13 =
6b — (a —b). This givesa =7b— 13 and T~ () = 7b — 13 + b.

We proceed similarly on [0,+1] and we obtain 7" (x) = ¢ + dz. The Dirichlet boundary condition
at z=+1gives TT(1) =5=d +c. Thisimpliesc=5—d and T"(xz) =5 —d + dz.

The interface conditions 7~ (0) = T (0) and k£~ (0)9, 7~ (0) = k7 (0)0, T+ (0) give
h—13=5—-d, and 6b = 3d.

This implies d = 4 and b = 2. In conclusion

T(z) = 20 +1 !fase[—l,OL
dr+1 ifz €[0,+1].

Question 12: Let k : [-1,+1] — R be such that k(z) = 2, if € [-1,0] and k(z) = 3 if
x € (0,1]. Solve the boundary value problem —0, (k(z)9,T(z)) = 0 with 9,T(—-1) =T(-1)+3
and —0,T(1) =T(1) - 7.

(i) What should be the interface conditions at & = 0 for this problem to make sense?

Solution: The function T and the flux k(z)9,T (z) must be continuous at = 0. Let 7~ denote
the solution on [—1,0] and T'" the solution on [0,41]. One should have T~ (0) = T (0) and
k= (0)0,T~(0) = k*(0)0,T*(0), where k= (0) = 2 and k1 (0) = 3.

(ii) Solve the problem, i.e., find T'(z), = € [-1, +1].

Solution: On [—1,0] we have k™ (z) = 1, which implies 9,7~ (x) = 0. This in turn implies
T~ (z) = a+ bz. The Robin boundary condition at z = —1 implies 9,7 (—1) =T~ (-1) =3 =
2b — a. This gives a = 2b — 3 and T~ (x) = 2b — 3 + b,

We proceed similarly on [0, +1] and we obtain 7" (z) = ¢+ dx. The Robin boundary condition at
x = +1 gives —0,T+(+1) —T*(1) = =7 = —2d — ¢. This implies ¢ = —2d + 7 and T"(z) =
—2d+ 7+ dx.

The interface conditions 7~ (0) = T (0) and k£~ (0)9, T~ (0) = k7 (0)0, T+ (0) give
20 —3=-2d+7, and 2b = 3d.
This implies d = 2 and b = 3. In conclusion

T(z) = 3z +3 !fxe[—l,O],
20 +3 ifzel0,+1].

1.3 Maximum principle

1). Let f(z,y) = 22 —y* — 3. Let

Question 13: Consider the square D = (—1,+1)x(—1,+
= f. Compute min, y)eﬁu(:c,y) and

u € C3(D)NC%D) solve —Au = 0 in D and ulsp

max, . ep U, y)-
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Solution: We use the maximum principle (u is harmonic and has the required regularity). Then

min_u(x,y) = min f(x,y), and max u(z,y) = max f(x,y).
(z,y)€D ( ) (z,y)€0D ( ) (z,y)€D ( ) (z,y)€0D ( )

A point (z,y) is at the boundary of D if and only if 2 = 1 and y € (—1,1) or y?> = 1 and
€ (=1,1). In the first case, > = 1 and y € (—1,1), we have

fle,y) =1-y* =3,  ye(-11).

The maximum is —2 and the minimum is —3. In the second case, 3> = 1 and = € (—1, 1), we have
flz,y) =2 —1-3, x € (—1,1).

The maximum is —3 and the minimum is —4. We finally can conclude

. . 2 2
min T = min z“*—4,=—4 max T = max —2— = 2.
(z,y)€0D J(@y) —1<z<1 ’ ’ (z,y)ean( Y) —1<y<1 y
In conclusion

min_u(z,y) = —4, max u(zr,y) = —2
(z,y)eD (z,y)eD

Question 14: (i) Let 2 be an open connected set in R2. Let u be a real-valued nonconstant
function continuous on €2 and harmonic on €. Assume that there exists g in  such Vu(zg) = 0.
Do we have a minimum, a maximum, or a saddle point at xo? (explain)

Solution: The Maximum principle implies that « cannot be either minimum or maximum at z.
This point is a saddle point.

(ii) Let © = (0,1) (note that Q = [0,1]), and let u : @ — R be such that u(z) = 1 for all
z € Q, u(0) =0, and u(1) = —1. Is w harmonic on Q7 Find a point in € where u reaches its
maximum? Does this example contradict the Maximum Principle? (explain)

Solution: Yes w is harmonic on  since v”(z) = 0 for all z in . Note however that w is not
continuous on §2; as a consequence, the hypotheses for the Maximum principle are not satisfied. In
other words, the above example does not contradict the Maximum principle .

Question 15: Let u be a continuous function on D where D is some open, connected set in
R2. Explain why, if u is harmonic, it is generally a waste of time to locate a point where u
achieves its maximum by solving d,u = 0 and 9,u = 0 simultaneously.

Solution: From the Maximum Principle, we know that if u is not constant, the maximum of u is
achieved at the boundary of D. The zero gradient condition does not apply for maximums at the
boundary.

Question 16: Let D be the open disk of radius v/2 centered at (1,2). Let u € C?(D) N C°(D)
be a harmonic function in the disk D. Assume that u(x,y) = (z +y)? on the boundary of disk.
Compute min, .5 u(z,y) and max, .5 u(z,y). You can give a geometric answer.

Solution:  Since u is in C?(D) N C°(D) and is harmonic, we can apply the maximum principle
(Theorem). This theorem says that the maximum and minimum of u are attained at the boundary
of the disk. The problem then amounts to finding the maximum and minimum of (x + y)? over
the circle of radius /2 centered at (1,2). The iso-values of the function (z + y)? are parallel
lines of slope —1. These iso-line are perpendicular to the gradient of (x + y)? which is the vector
(2(x +v),2(x +vy)) = 2(x 4+ y)(1,1). We must find the two tangent lines to the circle that are
perpendicular to the vector (1,1). One easily verify that (0,1) and (2,3) are the tangent points
(verify that the segment connecting these two points is parallel to the vector (1,1) and passes
through the center of the circle). As a result

min_u(z,y) =1 and  max_ u(z,y) = 25.
(z,y)eD (z,y)€D
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The dashed lines are iso-lines of (z + y)2.

Question 17: Consider the disk D centered at (0,0) of radius 1. Let f(z,y) = 2% —y®+4y —3.
Let u € C*(D) N C%D) solve —Au = 0 in D and ulsp = f. Compute min, 5 u(z,y) and

max, . ep U y)-

Solution: We use the maximum principle (u is harmonic and has the required regularity). Then

min_ u(x,y) = min x,y), and max u(z,y) = max z,Y).
(m)eﬁ( y) (z,y)ean( y) (m)eﬁ( y) (z’y)ean( y)

A point (z,y) is at the boundary of D if and only if 22 + % = 1; as a result, the following holds
for all (z,y) € OD:

flay) =2 -y’ +4y—-3=1-y> -y +4y — 3= —2(1 —y)*.
We obtain

i ,y) = min —2(1—9)? = =8, Y) = —2(1—y)? =0.
L fley) = min | (1-y) L f(z,y) _max, (1-y)
In conclusion

min_u(z,y) = -8, max u(x,y)=0
(z.y)eD (z.y)eD

1). Let f(z,y) = 2> — y?> — 3. Let

Question 18: Consider the square D = (—1,+1)x(—1,+
= f. Compute min(x,y)eﬁu(x,y) and

u € C3(D)NC%D) solve —Au = 0 in D and ulsp

max, . ep U y)-

Solution: We use the maximum principle (u is harmonic and has the required regularity). Then

min_ u(x,y) = min z,y), and max_ u(r,y) = max z,Y).
(M)eﬁ( y)= i fy) (Weﬁ( y) = max f(zy)

A point (z,y) is at the boundary of D if and only if 22 = 1 and y € (—1,1) or y?> = 1 and
€ (=1,1). In the first case, > = 1 and y € (—1,1), we have

flay)=1-y" =3,  ye(-1,1).
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The maximum is —2 and the minimum is —3. In the second case, 4> =1 and z € (—1,1), we have
flz,y) =2® —1-3, z e (—1,1).
The maximum is —3 and the minimum is —4. We finally can conclude

. . 2 2
min T = min z“—4,=—4 max T = max —2-— = -2.
(z,y)€0D f(@y) —1<z<1 ’ ’ (z,y)ean( Y) —1<y<1 Y
In conclusion

min_u(z,y) = —4, max_u(x,y) = —2
(a:,y)ED (w,y)ED
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2 Eigenvalue problems

Question 19: Consider the differential equatlon dtg + X =0, t € (0,7), supplemented with
the boundary conditions ¢(0) =0, ¢(7) =
(a) What is the sign of A? Prove your answer.

Solution:

(b) Compute all the possible eigenvalues A for this problem.

Solution:

Question 20: Let Q = (0, L) and let (A, ) be an eigenpair of the Laplace equation over Q with
zero Dirichlet condition. Assume that A € C and that the function u(z) is complex-valued.
(i) Write the PDE solved by u.

Solution: u and A are such

~Oygu(r) = Xux), u(0) =0, u(L)=0.

(ii) Let @ be the complex conjugate of u. Write the PDE solved by @ (Hint: take the conjugate
of (i)).

Solution: Taking the complex conjugate of (i) we obtain

—0ppi() = —Oppu(z) = u(z) = Aa(z), a(0) =0, a(L)=0,

which gives
—Oppti(z) = Mu(z), u(0)=0, u(L)=0.

Note that we used the fact that O u = 9,a.

(iii) Prove that A € R (Hint: Use an energy argument with @ in (i) and an energy argument
with u (ii) and conclude that A = X. Recall u # 0 and |2]?> = 2% for all 2z € C).

Solution: Multiply (i) by @ and integrate over

/ —Oppu(z )dw—/)\u( Ya(x)dx

/au )0, u(z)dx — [Oyu(z 0—/\/|u )|2da

/Qawu(a:)amu(x)dm: )\/Q|u(x)\2da:

/ \axu(x)|2da::/\/ lu(z) 2da.
Q Q
Multiply (ii) by w and integrate over

/Qfamﬁ(z)u(x)dz = /Q/\ﬁ(:z:)u(x)dz
/Qc')zﬂ(x)é'mu(ac)dx — [Opu(z)u(2))f = N

/QamT(x)azu(x)dx:X/QM(x)\de

In conclusion

)\/Q|u(x)\2dx: x/ﬂ () 2de,
()\—5\)/Q|u(x)\2da:.

which means



10 Math 602

This in turn implies that A = X since [, |u(z)|?dz is not zero (recall u # 0). In conclusion X is

real. Note in passing that this also prove that A > 0.

Question 21: Consider the eigenvalue problem di(t%%d)(t)) = )\t_%(b(t), t € (0,1), supple-
mented with the boundary condition ¢(0) = 0, drp(1) =
(a) Prove that it is necessary that A be positive for a non-zero smooth solution to exist.

Solution: (i) Let ¢ be a non-zero smooth solution to the problem. Multiply the equation by ¢ and
integrate over the domain. Use the Fundamental Theorem of calculus (i.e., integration by parts) to
obtain

| e wra-towomn =x [ i
0 0

Using the boundary conditions, we infer

1%/ 24r 17%2
/Ot (& (1))2dt )\/Ot $2(1)dt

which means that A is non-negative since ¢ is non-zero.

(ii) If A =0, then 01 t2(¢/(t))2dt = 0, which implies that ¢/(t) = 0 for all ¢ € (0,1]. This implies
that ¢(t) is constant, and this constant is zero since ¢(0) = 0. Hence, ¢ is zero if A = 0. Since we
want a nonzero solution, this implies that A cannot be zero.

(iii) In conclusion, it is necessary that A be positive for a nonzero smooth solution to exist.

(b) The general solution to —2(t2 L¢(t)) = Xt~ 2(t) is ¢(t) = c1 cos(2VEVA) + ez sin(2vEVN)

for A > 0. Find all the eigenvalues A > 0 and the associated nonzero eigenfunctions.

Solution: Since A > 0 by hypothesis, ¢ is of the following form
(t) = ¢(t) = 1 COS(Q\/Z\E\) + co 5111(2\/1?\5\)‘

The boundary condition ¢(0) = 0 implies ¢; = 0. The other boundary condition implies 9,¢(1) =
0 = c2v/Acos(2v/A). The constant ¢, cannot be zero since we want ¢ to be nonzero; as a result,
2VA = (n+ 3)m n=0,2,.... In conclusion

A= (2n+1)m)?/16, n=1,2,..., ¢(t) = csin((n + %)W\/Z)

Question 22: Let 2 = (0, L) and let (\, u) be an eigenpair of the Laplace equation over Q with
zero Dirichlet condition. Assume that A € C and that the function w(z) is complex-valued.
(i) Write the PDE solved by w.

Solution: u and A are such

—Opgu(z) = Au(z), u(0)=0, wu(L)=0.

(ii) Let @ be the complex conjugate of u. Write the PDE solved by @ (Hint: take the conjugate
of (1)).

Solution: Take the complex conjugate of (i) we obtain

— 02 (7) = —Opzu(r) = Mu(z) = Ma(z), @(0)=0, u(L)=0

which gives )
—Opoti(x) = Au(x), u(0)=0, u(L)=0.

Note that we used the fact that O u = 9,a.

(iii) Prove that A € R (Hint: Use an energy argument with « in (i) and an energy argument
with u (ii) and conclude that A = X. Recall u # 0 and |2|?> = 2% for all z € C).
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Solution: Multiply (i) by @ and integrate over Q

/ —Opgu(z )dx—/)\u( Ya(z)dz

/3u )0 t(z)dr — [Opu(x 0:)\/|u |da

/anu(;v)azu(x)dx:)\/Q|u(x)\2dx

/ \azu(x)|2d:v:/\/ |u(z)|*dz.
Q Q
Multiply (ii) by w and integrate over

/ —Oppti(z)u(z)dz :/7’ x)u(z)dz

/8u )Ozu(z)da — [ a(x 0—)\/|u )2 da

/Qamu(a:)awu(x)da:: 5\/Q|u(x)\2dx
/Q\8$u(x)|2dm:;\/9|u(x)\2dx.
/\/Q lu(2)[2dz = x/ﬂ lu(2)[2dz,
(/\—/_\)/ lu(z)|>dz.

This in turn implies that A = X since [, |u(z)|?dz is not zero (recall u # 0). In conclusion X is
real. Note in passing that this also prove that A > 0.

In conclusion

which means

Question 23: Consider the eigenvalue problem — (t2 4o(t)) = At2¢(t), t € (0,1), supple-
mented with the boundary condition ¢(0) = 0, ¢(1 ) 0.
(a) Prove that it is necessary that A be positive for a non-zero smooth solution to exist.

Solution: (i) Let ¢ be a non-zero smooth solution to the problem. Multiply the equation by ¢ and
integrate over the domain. Use the fundamental Theorem of calculus (i.e., integration by parts) to
obtain

| teora—tawon = [ rieemw

Using the boundary conditions, we infer

1 1
/ t%(qs’(t))?dt:/\/ t 22 ()dt
0 0

which means that A is non-negative since ¢ is non-zero.

(i) If A = 0, then fol t2(¢/(t))2dt = 0, which implies that ¢/(t) = 0 for aII t € (0,1]. The
fundamental theorem of calculus applied between ¢ and 1 implies ¢(t) = ) + f1 ¢'(r)dr =0
since ¢(1) =0 and ¢/(7) = 0 for all 7 € (¢, 1]. Hence, ¢ is zero if A = 0. Slnce we want a nonzero
solution, this implies that A cannot be zero.

(iii) In conclusion, it is necessary that A be positive for a nonzero smooth solution to exist.

(b) The general solution to f%(t% % () = M™2¢(t) is ¢(t) = c1 cos(2vEVA) + co sin(2vEVA)

for A > 0. Find all the eigenvalues A > 0 and the associated nonzero eigenfunctions.

Solution: Since A > 0 by hypothesis, ¢ is of the following form

B(t) = () = ¢1 cos(2VEVA) + e sin(2vVEVN).
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The boundary condition ¢(0) = 0 implies ¢; = 0. The other boundary condition implies ¢(1) =
0 = csin(2V/A). The constant ¢, cannot be zero since we want ¢ to be nonzero; as a result,
2V A =nn, n=1,2,.... In conclusion

A= (nn)*/4, n=1,2,..., B(t) = esin(nav/'t).

uestion 24: Consider the differential equation dz—f +A¢p =0, t € (0,7), supplemented with
dt
the boundary conditions ¢(0) = 0, ¢'(7) = 0.
(a) What is the sign of A? Prove your answer.

Solution: Multiply the equation by ¢ and integrate over the domain.

—/ (¢'())2dt + ¢' [T + A/ P*(t)dt = 0.
0 0

Using the BCs, we infer
- [ @wra=x [ @
0 0

which means that A is non-negative.

(b) Compute all the possible eigenvalues A for this problem and compute ¢.

Solution: There are two cases: Either A > 0 or A = 0. Assume first A > 0, then
o) = Cos(ﬁt) + co sin(\f/\t).

The boundary condition ¢(0) = 0 implies imply ¢; = 0. The other BC implies ¢5 cos(v/Ar) = 0.
¢ = 0 gives ¢ = 0, which is not a proper eigenfunction. The other possibility is v Ar = (n+ %)77,
n € N. In conclusion

¢(t) = casin((n + 3)t), n € N.

The case A = 0 gives ¢(t) = ¢1 + cot. The BCs imply ¢; = ¢co = 0, i.e. ¢ = 0, which is not a
proper eigenfunction.

Question 25: Consider the eigenvalue problem —%(b(t) + 2% (t) = Ao(t), t € (0, ), supple-
mented with the boundary condition ¢(0) = 0, ¢(m) = 0. (Hint: 2¢(t) L o(t) = Lo%(t).)
(a) Prove that it is necessary that A be positive for a non-zero solution to exist.

Solution: (i) Let ¢ be a non-zero solution to the problem. Multiply the equation by ¢ and integrate
over the domain. Use the fundamental Theorem of calculus and use the hint to obtain

d

| @wra-dmom + o060+ [ fema = [ o

/Oﬂ(cb’(t))?dt = ¢/ (m)e(m) + ¢'(0)6(0) + ¢*(m) — *(0) = X /Oﬂ ¢° (t)dt

Using the boundary conditions, we infer

/ (@)%t = A / ",

which means that A is non-negative since ¢ is non-zero.

(i) F A =0, then ["(¢'(t))%dt = 0 and ¢(m)? = 0, which implies that ¢/(¢) = 0. The fundamental
theorem of calculus implies ¢(t) = ¢(0) + fot ¢'(t)dr = 0. Hence, ¢ is zero if A = 0. Since we
want a nonzero solution, this implies that A cannot be zero.

(ii) In conclusion, it is necessary that A be positive for a nonzero solution to exist.

(b) The general solution to —¢” + 2¢' = A¢ is ¢(t) = et(cy cos(tv/A — 1) + casin(¢y/A — 1)) for
A > 1. Find all the eigenvalues A > 1 and the associated nonzero eigenfunctions.




Math 602 13

Solution: Since A > 1 by hypothesis, ¢ is of the following form
B(t) = e'(c1 cos(VA — 1t) + co sin(vVA — 1t)).

The boundary condition ¢(0) = 0 implies ¢; = 0. The other boundary condition implies ¢(7) =
0 = e™cysin(y/ A — 17). The constant ¢y cannot be zero since we want ¢ to be nonzero; as a result,
VA—1=mn,n=1,2,.... In conclusion

A=n’+1, n=12, ..., #(t) = ce' sin(nt)

Question 26: Consider the eigenvalue problem — (t2 4o(t)) = A2(t), t € (0,1), supple-
mented with the boundary condition ¢(0) =0, ¢(1 ) 0.
(a) Prove that it is necessary that A be positive for a non-zero smooth solution to exist.

Solution: (i) Let ¢ be a non-zero smooth solution to the problem. Multiply the equation by ¢ and
integrate over the domain. Use the fundamental Theorem of calculus (i.e., integration by parts) to
obtain

1 1 1 1 1
/ (8 (1)°dt — [2 ¢/ (D)D) = A / 3 2()dt
0 0

Using the boundary conditions, we infer

/O t2 (¢'(t)) dtz/\/o t2¢°(t)dt

which means that A is non-negative since ¢ is non-zero.

(i) If A = 0, then 01 t2(¢/(t))2dt = 0, which implies that ¢/(t) = 0 for aII t € (0,1]. The
fundamental theorem of calculus applied between ¢ and 1 implies ¢(t) = ) + f1 ¢'(r)dr =0
since ¢(1) =0 and ¢/'(7) = 0 for all 7 € (¢,1]. Hence, ¢ is zero if A = 0. Slnce we want a nonzero
solution, this implies that A cannot be zero.

(iii) In conclusion, it is necessary that A be positive for a nonzero smooth solution to exist.

(b) The general solution to — (t2 Lo(t) = AT2(t) is @) = ¢1 cos(2VEVA) + 2 sin(2v/EV/X)

for A > 0. Find all the eigenvalues A > 0 and the associated nonzero eigenfunctions.

Solution: Since A > 0 by hypothesis, ¢ is of the following form
o(t) = ¢(t) = c1 COS(Q\/E\”\) + co sin(2\/£\ﬂ).

The boundary condition ¢(0) = 0 implies ¢; = 0. The other boundary condition implies ¢(1) =
0 =co sin(2\f/\). The constant ¢o cannot be zero since we want ¢ to be nonzero; as a result,
2V A =nm, n=1,2,.... In conclusion

A= (nm)*/4, n=1,2,..., B(t) = esin(nmV't).

Question 27: Consider the differential equation — W =A@, t € (0,7), supplemented with the
boundary conditions 2¢(0) = ¢'(0), ¢(m) = 0.
(a) What should be the sign of A for a non-zero solution to exist? Prove your answer.

Solution: Let ¢ be a non-zero solution to the problem. Multiply the equation by ¢ and integrate
over the domain.

/0 "(8/(0)2dt - ¢ ()9 + ¢ (0)6(0) = A / " (0

/0”<¢<>> dt + 26(0 /<z>

Using the BCs, we infer
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which means that )\ is non-negative since ¢ is non-zero.
(b) Assume that 2sin(v/Ar) +v/A cos(v/Ar) # 0. Prove that ¢ = 0 is the only possible solution.

Solution: Observe first that A cannot be zero, otherwise we would have 2 sin(vAm)++v/A cos(v A1) =
0. As a result, (a) implies that A is positive. Then ¢ is of the following form

d(t) = c1 cos(VAL) + ¢ sin(VAE).

The boundary condition ¢(0) = 2¢(0) implies 2¢; —v/Aea = 0. The other BC implies ¢; cos(v/Am)+
Co sin(\f)\ﬂ') = 0. The constants ¢; and ¢y solve the following linear system

261 — \/XCQ =0
c1 cos(VAT) + ez sin(v/Ar) =0

The determinant is equal to 2sin(v/Am) 4+ v/Acos(v/ A7) and is non-zero by hypothesis. Then the
only solution is ¢; = ¢ = 0, which again gives ¢ = 0.

In conclusion, the only possible solution to the problem is ¢ = 0 if 2sin(v/Am) +v/A cos(vV/Ar) # 0.
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3 Fourier Series

Here are some formulae that you may want to use:

+oo +oo
FS(f)(x) = Zan cos(nmx /L) + Zb sin(nma /L), (1)
n=0

1L/_LL f(z)dz, —/ f(z) cos(nm— ) / f(z)sin(nm— ) x (2)

Question 28: Compute the complex Fourier series of the function f(z) = x defined on [—n, 7].

Solution: By definition FS(f)(z) = 321> > cpe /L where L is half the size of the interval on
which f is defined. Here L = 7. Hence, by integrating by parts once we obtain

_ 1 /\7T —inx __ 1 1 " 7ina:_|_ 1 1 ( 7in7r_~_ inﬂ')
R e e A 2 —inoC e
1 1
= ——om(—1)"
2T —in m(=1)

That is ¢, = (=

Question 29: Let f(z) ==, z € [-L, L].
(a) Sketch the graph of the Fourier series of f for z € (—o0,00).

Solution: The Fourier series is equal to the periodic extension of f, except at the points nL, n € Z
where it is equal to 0 = (1 —1).

(b) Compute the Fourier series of f.

Solution: f is odd, hence the cosine coefficients are zero. The sign coefficients b,, are given by

1 [ nwx L1 (F nmT L
= 51 = S 2 S .
by, 7 / @ sin( 7 )dx T / cos(—L Ydx — oy cos(n)

As a result b, = 2(—1)"t!1-L and

nm

PS(f)(x) = 3 2(-1)" - sin("T0).

Question 30: Let NV be a positive integer and let Py be the set of trigonometric polynomials
of degree at most N; that is, Py = span{1, cos(z),sin(z),...,cos(Nz),sin(Nz)}.

(i) Consider the function f : R — R defined by

o0

Z sin(7n) cos(2nx).

Compute the best L?-approximation of f in P; over (0, 27).

Solution: The best L?-approximation of f in P; over (0, 27) is the truncated Fourier series F'S7(f).

Clearly
3

FS;(f)(x) = Z % sin(7n) cos(2nx)

n=0
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(ii) Consider the function f : R — R defined by

11

flz) = Z n31—|- T cos(35n?) sin(3nx).

n=0

Compute the best L2-approximation of f in P35 over (0,27).

Solution: The best L2-approximation of f in P35 over (0,27) is the truncated Fourier series
FSs5(f). Observing that f € P33 C Py it is clear that F'Ss5(f) = f.

Question 31: Let f(z) =z, z € [-L, L].
(a) Sketch the graph of the Fourier series of f for x € (—o0, 00).

Solution: The Fourier series is equal to the periodic extension of f, except at the points (2n+1)L,
n € 7 where it is equal to 0 = (1 —1).

(b) Compute the Fourier series of f.

Solution: f is odd, hence the cosine coefficients are zero. The sign coefficients b, are given by

1 L L1 L L
b, = f/_LxSin(?)dx =—7 /_L cos(?)dm — ZE cos(nm).

As a result b, = —2cos(nr)-Z =2(-1)"*!-L and

nw

nmwxr

FS(f)(x) = 3 2(-1)" - sin("T0).
1

Question 32: Let L be a positive real number.
(a) Compute the Fourier series of the function (=L, L) 3 z — .

Solution: The Function is even; as a result its sine coefficients are zero. We compute the cosine
coefficients as follows:

+L +L
/ z? cos(mmz/L)dx = am/ cos(mmx/L)?dz,
L —L

fm=0c==L ijL z?dz = L L. Otherwise,

2L
1 +L
Ay = —/ x2 cos(mmz/L)dz.
L) L
Integration by parts two times gives
1 L +L
U, = ———/ 2z sin(mma/L)dx
Lmm L
L L
= 2m2ﬁ2xcos(mm:/L)|_L =45 (—1)™.

(b) For which values of z is the Fourier series equal to 27

Solution: The periodic extension of 22 over R is piecewise smooth and globally continuous. This
means that the Fourier series is equal to 22 over the entire interval [—L, +L].

(c) Using (a) and (b) give the Fourier series of « over [—L, +L] and say where it is equal to .

Solution: Since we can differentiate cosine series, the Fourier series of x over [—L, +L] is obtained
by differentiating that of z2,

FS(o)(a) = 5-PS(5a*)a) = 32 =12 sin(" 7).
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We have equality z = F'S(x)(z) only on (—L,+L). At —L and +L the Fourier series is zero.

Question 33: Let f : [-1,+1] — R be such that f(z) = z, if z € [0,1] and f(z) = 0 if
x € [-1,0].
(a) Sketch the graph of the Fourier series of f on (—o0, 0).

Solution: The Fourier series is equal to the periodic extension of f, except at the points (2n+1)L,
n € 7, where it is equal to $ = 1(1-0).

b) Compute the Fourier coefficients of f (recall ag = % _1 f(z)dz, and for n > 1, a, =
2J-1
i f(x) cos(nmx)dx, b, = i f(z)sin(nmz)dz. Hint: integrate by parts).
1 1

Solution: Clearly ag = i. For n > 1 we have

1 1
1 1 _1 n __ 1
a4y, = /0 x cos(nmz)dx = “or | sin(nmax) + T sin(nmz)|y = ()2 cos(nmz)|y = ( (11)7")2
and
1 1 n+1
) 1 1 (71)
bp = [ zsin(nmr)dz = — [ cos(nmr) — —zcos(nmr)ly = ————.
; g ni nm

Question 34: Consider f : [-L,L] — R, f(x) = 2% (a) Sketch the graph of the Fourier
series of f.

Solution: F'S(f) is equal to the periodic extension of f(x) over R.

(b) For which values of z is F'S(f) equal to x??

Solution: The periodic extension of f(x) = 2 over R is piecewise smooth and globally continuous.

This means that the Fourier series is equal to 2% over the entire interval [~ L, +L].

(c) Is it possible to obtain F.S(x) by differentiating 1 F'S(f) term by term?

2

Solution: Yes it is possible since the periodic extension of f(x) = z# over R is continuous and

piecewise smooth.

Question 35: Let f(z) =x, x € [-L, L]. (a) Sketch the graph of the Fourier series of f.

Solution: The Fourier series is equal to the periodic extension of f, except at the points (2n+1)L,
n € Z where it is equal to 0 = 2 (1 — 1).

(b) Compute the coefficients of the Fourier series of f. (Hint: ff tg(t)dt =t [ g}gff;(f g)(t)dt).

Solution: f is odd, hence the cosine coefficients are zero. The sine coefficients b,, are obtained by
integration by parts

1 k 1 L L 1 L
by, = I /_Lxsin($)dx = —ZE[xcos(mr%)]jfi + e /_L COS(nzx)daj.
As a result b, = —2cos(nr)-Z =2(-1)"*1-L and

Question 36: Let L be a positive real number. Let V' = span{l, cos(nt/L),sin(nt/L)} and
1
consider the norm || f||z2 = (jfL f(t)th> *. (a) Compute the best approximation of 1+ in V

with respect to the above norm.

Solution: We know from class that the truncated Fourier series

FSi(t) = ap + ay cos(nt/L) + by sin(nt/L)
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is the best approximation. Now we compute ag, a1, as

L

apg = ﬁ 7L(1 +t)dt = 1,

1 L
a1 = —/ (1+¢)cos(nt/L)dt =0

L) g

1 [ 1 [ L 2L
T / (14 #) sin(rt/L)dt = — / Fsin(rt/L)dt = —2 cos(r) 2 = 2L

L L L L ™ ™

As a result o
FSi(t) =14 — sin(nt/L)
T

(b) Compute the best approximation of 3 + 2 cos(wt/L) — 5sin(wt/L) in V.

Solution: The function 3 + 2cos(nt/L) — 5sin(wt/L) is a member of V; as a result, The best
approximation is the function itself.

Question 37: Consider f : [-L,L] — R, f(z) = z*. (a) Sketch the graph of the Fourier
series of f.

Solution: F'S(f) is equal to the periodic extension of f(z) over R.

(b) For which values of z € R is F'S(f) equal to 2*? (Explain)

Solution: The periodic extension of f(x) = z* over R is piecewise smooth and globally continuous
since f(L) = f(—L). This means that the Fourier series is equal to x% over the entire interval
[-L,+L].

(c) Is it possible to obtain F'S(z®) by differentiating § F'S(z*) term by term? Which values this
legitimate? (Explain)

Solution: Yes it is possible since the periodic extension of f(x) = z* over R is continuous and piece-

wise smooth. This operation is legitimate everywhere the function FS(x3) is smooth, i.e., for all the
points in R\{2k—1, k € Z} (i.e., one needs to exclude the points ..., -7, —5,—-3,—1,+1,+3, +5+
7, ...

Question 38: Let L be a positive real number. Let Py = span{l, cos(nt/L),sin(nt/L)} and

1
consider the norm || f||z2 = (f_LL f(t)zdt) ° (a) Compute the best approximation of 2 — 3t in
IP; with respect to the above norm. (Hint: fthsin(wt/L)dt =2L?%/7.)

Solution: We know from class that the truncated Fourier series
FSi(t) = ag + ay cos(mt/L) + by sin(wt/L)

is the best approximation. Now we compute ag, a1, as

1 L
=— | (2-30dt=2
ag 2L _L( 3 ) )
1 L
a; = — / (2 — 3t) cos(mt/L)dt =0
LJ_p
1t 1t L L
by = 7 /_L(Q — 3t) sin(nt/L)dt = 7 /_L —3tsin(nt/L)dt = —6 cos(w); = —67.

As a result 6L
FSi(t) =2— —sin(nt/L)
Vs

(b) Compute the best approximation of h(t) = 2 cos(nt/L) + 7sin(3wt/L) in P;.

Solution: The function h(t) — 2 cos(nt/L) = 7sin(3nt/L) is orthogonal to all the members of Py
since the functions cos(mnt/L) and sin(mat/L) are orthogonal to both cos(nzt/L) and sin(nwt/L)
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for all m # m; as a result, the best approximation of h in Py is 2cos(wt/L). (Recall that the best
approximation of h in IP; is such that LLL(h(t) — FS1(h))p(t)dt = 0 for all p € P;1.) In conclusion

FSy(h) = 2cos(nt/L).

Question 39: Consider f : [-L,L] — R, f(z) = 2*. (a) Sketch the graph of the Fourier
series of f.

Solution: F'S(f) is equal to the periodic extension of f(z) over R.

(b) For which values of z € R is F'S(f) equal to 2*? (Explain)
4

Solution: The periodic extension of f(x) = * over R is piecewise smooth and globally continuous
since f(L) = f(—L). This means that the Fourier series is equal to z* over the entire interval
(=L, +1].

c) Is it possible to obtain x y differentiating % %) term by term? xplain
Isi ibl btain FS(z3) by diff "AllFS4 b ? (Explai

4

Solution: Yes it is possible since the periodic extension of f(z) = z* over R is continuous and

piecewise smooth.
Question 40: Let L be a positive real number. Let P, = span{l, cos(nt/L),sin(nt/L)} and

1
consider the norm || f||z2 = (f_LL f(t)th) *. (a) Compute the best approximation of 1+ ¢ in V'
with respect to the above norm. (Hint: fthsin(mf/L)dt =2L2%/7.)

Solution: We know from class that the truncated Fourier series
FSi(t) = ag + ay cos(mt/L) + by sin(wt/L)

is the best approximation. Now we compute ag, a1, as

1 L
a():ﬁ/ (1+t)dt:1,

—L

ay = 1 /L (1 +¢)cos(mt/L)dt =0

L),
I I L 2L
by = 7 /_L(l + t)sin(nt/L)dt = 7 /_Ltsin(ﬁt/L)dt =-2 COS(?T); =—

As a result of
FSi(t) =1+ —sin(nt/L)
T

(b) Compute the best approximation of h(t) = 2 cos(2nt/L) — 5sin(3wt/L) in P;.

Solution: The function h(t)2cos(2nt/L) — 5sin(3wt/L) is orthogonal to all the members of Py
since the functions cos(mmt/L) and sin(mmt/L) are orthogonal to both cos(nnt/L) and sin(nwt/L)
for all m # m; as a result, the best approximation of h in P is zero

FSy(h) =0.
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4 Fourier transform

Here are some formulae that you may want to use:

FN@E L [ wean P @ = [ e,
F(fxg) =2rF(f)F(9),

Fleol) =~ =2 Fot)w) = el

F(f(z = B)w) = e F(fHw),

Flee) = =

F(H(x)e ) (w) = % o —liof H is the Heaviside function
Flov(3))(w) = ssiEn(w) = S(H(w) ~ H(~)

F(sech(ax)) = %sech(%w), sech(ax) Lef chix) == —fe—x

cos(a) — cos(b) = —2sin(3(a + b)) sin(5(a — b))

(10)
(11)

Question 41: (i) Let f be an integrable function on (—oo,400). Prove that for all a,b € R,

and for all £ € R, F([e f(az)])(€) = LF(f)(E2).

Solution: The definition of the Fourier transform together with the change of variable ax — 2’

implies

+o00o
Flet @) = 5= [ flaz)e™ e

1 [t :
= | f(ax)ez(b"rf)””da:
T
+oo
zi 1f( el ), @ g
s
L)

(i) Let ¢ be a positive real number. Compute the Fourier transform of f(z) = e~°*" sin(ba).

Solution: Using the fact that sin(bz) = —ii (e — e~%*), and setting a = /¢ we infer that

f(l‘) _ 1 ef(a:c) ( ibr 67ib:1:)
— %e—(ux)ze'bx _ %e—(ax)zei(—b)w)

and using (i) and (7) we deduce

In conclusion

_1 2 C1e 32
FE) = £ A (e et _ o=c(&=0)%,

Question 42: (a) Compute the Fourier transform of the function f(x) defined by

f(x):{l if o] <1

0 otherwise
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Solution: By definition

1
Fpe) = 5= [ e == Lo - o)
1 2sin(w)
" w
o 1 sin(w)
FHw) = ——

sin(w)

(b) Find the inverse Fourier transform of g(w) = =

Solution: Using (a) we deduce that g(w) = 7.F(f)(w), thatis to say, F~1(g)(z) = nFL(F(f))(x).
Now, using the inverse Fourier transform, we deduce that 7 ~1(g)(x) = 7 f(z) at every point z where
f(z) is of class C* and F~1(g)(x) = Z(f(xz~) + f(z™)) at discontinuity points of f. As a result:

2
T iflz) <1
FHg)(x)=<F atlz]=1
0 otherwise

Question 43: Use the Fourier transform technique to solve the following PDE:
Opu(z, t) + coyu(x,t) + yu(x,t) = 0,

for all z € (—o0,400), t > 0, with u(z,0) = up(x) for all x € (—o0, +00).

Solution: By taking the Fourier transform of the PDE, one obtains
O F(u) —iweF(y) +vF(y) = 0.

The solution is ‘
F(u)(w,t) = c(w)e™ =",

The initial condition implies that c(w) = F(ug)(w):
F(u)(w,t) = Flug)(w)e“te™ ",
The shift lemma in turn implies that
F(u)(w,t) = Flug(z — ct))(w)e™ " = F(up(x — ct)e” ") (w).
Applying the inverse Fourier transform gives:

u(z,t) = up(z — ct)e 1.

Question 44: Solve by the Fourier transform technique the following equation: 9.¢(z) —
20.¢9(x) + ¢(x) = H(x)e ™™, © € (—o0,+00), where H(z) is the Heaviside function. (Hint:
use the factorization w3 + w? + iw + 1 = (1 + w?)(1 + iw) and recall that F(f(z))(-w) =

F(f(=z))(W)).

Solution: Applying the Fourier transform with respect to x gives

1 1
(—w? + 2w + 1) F(¢)(w) = F(H(z)e ") (W) = — ——.
271 —iw
where we used (8). Then, using the hint gives
1 1 1 1
F(o)(w) = 27 (1 —iw)(—w? + 2iw+ 1) 27 iw? + w? +iw + 1

1 1 1
2rl4+w?l+iw
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We now use again (8) and (5) to obtain

1 1 1 1

TR i) — @ FH)e ) ().

F(9)(w) =

Now we use F(H(z)e *)(—w) = F(H(—xz)e”)(w) and we finally have
F(9)(w) = 7F (e ") (w) F(H(~z)e") ().

The Convolution Theorem (4) gives

F(O)(w) = moe Fle )5 (H(—2)e”)) (w).

27
We obtain ¢ by using the inverse Fourier transform

6(a) = e (H(=2)e),

o) = [ Loy

—0Q0

and recalling that H is the Heaviside function we finally have

1 /0 Le—= ifz>0
= — y_‘x_yld — 4 -
¢(x) 2 / ¢ Y {(}1 —x)e® ifx<0.

Question 45: Use the Fourier transform technique to solve the following ODE ¢ (x) — y(z) =
f(z) for x € (—o0, +00), with y(+o0) = 0, where f is a function such that |f| is integrable over
R

Solution: By taking the Fourier transform of the ODE, one obtains

—w?F(y) — Fly) = F(f).

That is

Fly) = _‘F(f)ﬁlwg'

and the convolution Theorem, see (4), together with (5) gives
1
Fly) = =nF(HF(e) = =5 F(f e,

Applying F~1 on both sides we obtain

y(z) = —%f xe~lel = —% /OO e 172l f(2)dz

— 00

That is L oo
so) =5 [ ez

—0o0

Question 46: Use the Fourier transform method to compute the solution of w; — a?ug, = 0,
where z € R and t € (0, +00), with u(0,z) = f(z) := sin®(z) and u,(0,z) = 0 for all z € R.

Solution: Take the Fourier transform in the x direction:
Flu)y +w?a®F(u) = 0.
This is an ODE. The solution is

F(u)(t,w) = c1(w) cos(wat) + ca(w) sin(wat).
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The initial boundary conditions give
F(u)(0,8) = F(f)(w) = c1(w)
and cz(w) = 0. Hence
Flt,0) = F()(w) cos(wat) = 3 F(f)(w)(e" + e~1%%)
Using the shift lemma, we infer that
Flt,0) = 5 (F(f( — at))(w) + F((z + at))(w).
Usin the inverse Fourier transform, we finaly conclude that
u(t,z) = %(f(x —at) + f(x +at)) = %(sinz(a: + at) + sin(z — at)).

N . D' ;

Question 47: Use the Fourier transform method to compute the solution of u; — a?ug, = 0,
where z € R and ¢ € (0, +00), with u(0,z) = f(z) := cos?(x) and u.(0,z) = 0 for all z € R.

Solution: Take the Fourier transform in the z direction:
F(u)s +w?a®F(u) = 0.
This is an ODE. The solution is
F(u)(t,w) = c1(w) cos(wat) + co(w) sin(wat).
The initial boundary conditions give
F(u)(0,8) = F(f)(w) = c1(w)
and ¢a(w) = 0. Hence
F(t,w) = F(f)(w) cos(wat) = %f(f)(w)(em“’t +etnr,
Using the shift lemma (i.e., formula (6)) we obtain
u(t,z) = %(f(x —at) + f(z +at)) = %(cosz(x + at) + cos®(x — at)).

N o D'A {

too _ f(y) _ 1 1
—o0 (:L’fyz)Jerldy — 244 + 210 for all

Question 48: Solve the integral equation: f(z) + %
x € (—00, +00).

Solution: The equation can be re-written

1 1 1 1

f(x)+%f*x2+1:x2+4+x2+l'

We take the Fourier transform of the equation and we apply the Convolution Theorem (see (4))

1 1 1

FU) + 5o 20 F () () = Flo) + oy

).

Using (5), we obtain
F()+ e WUR(f) = ge 4 e,

which gives

F(HA+ %e*‘w\) = %(M(%G,M 4 1),
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We then deduce 1

F(f) = ie—lwl_

Taking the inverse Fourier transform, we finally obtain f(x) = z%ﬂ

Question 49: Solve the following integral equation (Hint: solution is short):

+oo +o0 2 2
/ fy)f(z —y)dy — 2\/5/_ e 2 f(x —y)dy = —2me” 4= Vz € R.

— 00

Solution: This equation can be re-written using the convolution operator:

f*f- 2V2e 5= x f = —2me” 1w,
We take the Fourier transform and use the convolution theorem (4) together with (7) to obtain

1 7(.«)2 1 1 7(.«)2 1

2nF(f)* — 2m2V2F (f) ¢~ on s =

1 1
4o \ 4T
_ .2

This implies

Question 50: Solve the following integral equation (Hint: 2% — 3za + 2a® = (z — a)(x — 2a)):

o0 5
/ fW)f(x—y)dy — S\f/ e 2wfx—y)dy:—47re*i7. vz € R.

—0o0

Solution: This equation can be re-written using the convolution operator:

772 1:2
fxf—3V2e 5% « f = —Ame ir.

We take the Fourier transform and use (7) to obtain

o2 F(f)? — 2m3V2F(f)

This implies
either F(f)=e“ 2, or F(f)=2e"*%.

Taking the inverse Fourier transform, we obtain

either f(x) = \/ﬁefé, or f(z)= 2\/§e*§.

Question 51: Solve the integral equation: f(z)+ 2 f+°° “lz=vl f(y)dy = e~1®I, for all x €
(=00, +00).
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Solution: The equation can be re-written
flz) + ge_‘f”l w f = e 7,
We take the Fourier transform of the equation and apply the Convolution Theorem (see (4))
F() + SonF(e ) F(f) = Fle ),

Using (5), we obtain
1 1

1
FU +ome Tire?

L F(f) =

which gives
w?+4 1 1

}—(f)quwQ T rl4w?

We then deduce L1 )
= —— = = —Q‘I‘
FP) = s = 57,
e~2ll,

Taking the inverse Fourier transform, we finally obtain f(z) = %

Question 52: Solve the following integral equation fj:; e*("”’yfg(y)dy =e 37 foral z €
(—00,+00), i.e., find the function g that solves the above equation.

Solution: The left-hand side of the equation is a convolution; hence,

By taking the Fourier transform, we obtain

1 12 1 12
2w e 1Y Fglw) = e v,
Var 9(@) V2T
That gives
1 12
Fl(g)(w) = e 1Y,
(1)) = 7
By taking the inverse Fourier transform, we deduce
( ) 4 a2 2 a2
)= —e¢€ =4/ —e
g Von g

Question 53: Solve the integral equation: fjoooo Ff) f(z—y)dy = %H? for all z € (—o0, +00).
How many solutions did you find?

Solution: The equation can be re-written

4

I*f=ay

We take the Fourier transform of the equation and apply the Convolution Theorem (see (4))

4

2nF(f)? :f(m

)
Using (5), we obtain
2nF(f)? = e 2l

which gives

F(f) = £ e,
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Taking the inverse Fourier transform, we finally obtain

1 2

f@) =+

We found two solutions: a positive one and a negative one.

Question 54: Use the Fourier transform method to solve the equation dyu + %&tu =0,
u(z,0) = up(z), in the domain x € (—o0,+00) and t > 0.

Solution: We take the Fourier transform of the equation with respect to x

2t

2t
_ aw
1+ ¢2 F(Oau)
2t
w2
14 ¢2

= 0, F(u) —i Flu).

This is a first-order linear ODE:

Fw) Y1y

_ .4 2
—lwdt(log(l—i-t )

The solution is ' ,
Fu)(w, t) = K(w)ew s+t

Using the initial condition, we obtain
F(ug)(w) = F(u)(w,0) = K(w).
The shift lemma (see formula (6)) implies
Flu)(w,t) = Fluo))e™ 5+ = Flug(z —log(1+ %)),
Applying the inverse Fourier transform finally gives

u(z,t) = uo(z — log(1 + t%)).

Question 55: Solve the integral equation:

+o00 ) +oco \/§ (e—p)?
/ (f(y) —V2e 7 — 2) f(a?—y)dy = - WB 27 dy, Vx € (—OO,+OO).

(Hint: there is an easy factorization after applying the Fourier transform.)

Solution: The equation can be re-written

o2 1 1

fr(f=v2e 5 — )= 1o

51:2
122 * v/ 2e” 27,
x

We take the Fourier transform of the equation and apply the Convolution Theorem (see (4))

1

2n 7 (1) (F() - VEF( ) = Fli

)> - —27r]-'(1+17xz)\/§}'(e*%)

Using (5), (7) we obtain
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which gives
F(f) (f(f) —e 2 — e‘”|> = ——e W=,
2 2
This equation can also be re-written as follows
FUP = F(He™™ = F(hge ™+ gelem™ =0,
and can be factorized as follows:
_mw? 1
(F(f) e =2 )(F(f) = 5e “ =0

This means that either F(f) = "5 or F(f) = ie7I*l. Taking the inverse Fourier transform, we

finally obtain two solutions

Another solution consists of observing that the equation can also be re-written

1 1 2y
m)}—(f)‘F}-(i)\/i]:(e )=0

F(f)? = VaF(em#)F(f) - 7 o




28 Math 602

5 Wave equation

Question 56: Consider the following wave equation

Opw — POpew =0, >0,t>0
w(z,0) = f(z), x>0, Ow(x,0)=0, x>0, and w(0,{)=0, t>0.

(a) Solve the equation (Hint: recall that the solution can always be put in the form F(x —ct) +
G(x +ct))

Solution: If z — ¢t > 0, we can apply D'Alembert’s formula u(z,t) = F(x — ct) + G(z + ct)

1

0 1 1 z
+30 [ otnan G =31+ 5 [ atran

2 2c

where g(z) = dyw(x,0) = 0. In other words
w(x,t) = %(f(x —ct)+ f(x +ct)), ifax>ct
If z — ¢t < 0 we apply the boundary condition at x = 0
w(0,t) =0 = F(—ct) + G(ct), Vt>0.

This means f(—z) = —G(z) = —1 f(z) for all z > 0. In other words we have obtained

(—f(—z +ct) + f(z + b)), ifx<ct

1
w(z,t) = 3

(b) We now set c =1, f(z) =z, if x € [0,1], f(z) =2—ua, if x € [1,2], and f(z) = 0 otherwise.
Draw the graph of the solution at t =0, t = 1, and ¢ = 2 (draw three different graphs).

Solution:

o
[N}
o
[N}
w
N}
w
IS

Question 57: Let u solve the wave equation dyu — c*0,,u = 0, © € [0,L], t > 0, with
u(z,0) = f(z), u(xz,0) = 0. Let F(z), z € (—00,4+00) be the odd periodic extension of f.
Prove that u(z,t) = 1(F(x+ct)+ F(xz —ct)) is the solution (do not spend to much time proving
u(L,t) = 0 if you do not remember how to do it).

Solution:  Clearly u(z,t) solve the PDE Oyu — ¢?d,,u = 0, © € [0,L], t > 0. Moreover
u(z,0) = 2(F(z) + F(z)) = f(z), for aII z € [0, L]. Moreover dyu(z,0) = 1(cF(z) — cF(z)) =0,

for aII z € [0,L]. Moreover u(0,t) = (F(ct) + F(—ct)) = 0 since F is odd. Let us compute
u(L,t) = %(F(L +ct) + F(L — ct)). Observe —(L+ct)=—L—ct=L—ct—2L, that is to say
F(—(L+ct)) =F(L—ct—2L) = F(L —ct), since F is 2L-periodic. But since F is odd, we have

—F(L+ct)=F(=(L+ct)) =F(L—ct), ie., u(L,t) =0.

Question 58: Let u be a solution of the wave equation Oyu — c?0zu = 0, = € [0,L], t > 0.

Let E = %IOL(atu)zdx + % fOL(&u)QdJ;.
(a) Compute the time derivative of E.

Solution: Multiply the equation by 0;u and integrate over the domain. It is clear that

dE
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(b) In addition to being a solution of the wave equation, assume that u(0,t) =0, d,u(L,t) =0,
and u(z,0) = f(z), du(x,0) = g(z), where f and g are two given functions. Prove that if a
solution to this problem exists, then it is unique.

Solution: Let u;, us be two solutions and let ¢ = u; — us. Then ¢ solves the homogeneous
problem. From (a) we infer E(t) = E(0) = 0 where E is the energy for ¢. Hence 9,¢ = 0, which
means ¢(x,t) = (t). But ¢(0,t) = (t) = 0. In conclusion ¢ =0, i.e., u; = us.

Question 59: Solve the PDE
utt—aQumzo, —xo<zr<+oo, 0t

u(z,0) =sin(z), wu(x,0) = acos(x), — 00 <z < +o00.

Solution: Apply D'Alembert’s Formula. u(z,t) = sin(z + at).
Question 60: Solve the PDE

utt—a2um:0, —xo<r<4oo, 0Lt
u(0,t) = 0, 0<t,
u(z,0) =23, wy(z,0) =0, —o00 <z < +00.

Solution: Use the odd extension of z3, that is, 3. Than, apply D’Alembert's Formula. u(z,t) =
sl(@ + at)® + (z — at)?].
Question 61: Solve the PDE

uttfazum:O, —o<r<+4oo, 0<t¢,

u(z,0) = cos(z), w(x,0) = —asin(z), —00 <z < +00.

Solution: Apply D’Alembert’s Formula.
x+at

u(@, t) = Lcos(z — at) + cos(x + at)) — & / 0 sin(€)de

—at
= 1(cos(z — at) + cos(z + at)) + % (cos(z + at) — cos(z — at))
= cos(z + at).
Hence u(z,t) = cos(x + at).
Question 62: Solve the PDE

Up — Ugy = 0, O0<z<+o0, 0<t,
w(0,t) =0, wu(l,t)=0 0<t,
u(z,0) = sin(rx), w(x,0) =0, 0 <z < 4o0.

Solution: We have to define the odd extension of sin(mz) on (—1,+1). Clearly sin(wz) is the
odd extension. Now we define the periodic extension of sin(mz) over the entire real line. Clearly
sin(mz) is the extension in question. The D'Alembert formula, which is valid on the entire real line,
gives
u(z,t) = S(sin(m(z —t)) + sin(m(z +t))
= 2((cos(rt) sin(ra) — sin(wt) cos(mz)) + 3 ((cos(wt) sin(ra) + sin(mt) cos(mwz))
= cos(7t) sin(mx).

Hence u(x,t) = cos(wt) sin(nz) for all z € (0,1), t > 0.
Question 63: Consider the PDE

utt—um:O, OSIS2, 0<t7

u(0,t) =0, wu(2,t)=0 0<t,

x 0<z<1,
2—x 1<x<2.

ut(z,0) =0, w(z,0)=f(z):= { 0<z<+2.
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(a) Give u(x,t) for all 2 € [0,+2], ¢ > 0. (Hint use an extension technique).

Solution: We notice first that the wave speed is 1. We define f, to be the odd extension of f
over (—2,+2), the we define f,, to be the periodic extension of f, over (—oo, +00) with period 4.
From class we know that the solution to the above problem is given by the D'Alembert formula

w(z t) = %(fop(ac ) foplx 1),

(b) Using (a), compute u(z, 3), for all z € [0,+2].

Solution: We have to compute fo,(z — 3) and fo,(z + 3).

Case : 0 <z < i. Then —1 < z - 1 <0 and by definition of fo,, fop(z — %) =—f(-z+13%)=
x — L. We also have 1 < er 5 < 1, which means f,,(z + 1) = f(z + 3) = i

2
u(x %):%(ac—%—ﬁ—x—i—%):xforallwe[0,%].

Case2: § <z <3 Then0<a-—3<1land foz—13) = flz—3%) =a2—3 Wealso

have 1 < 4+ 3 < 2, which means fo,(z +3) = f(z+3) =2 (z+ ;) = —o + 3. Finally

uz, ) =3(z—-L2—-a+3)=1foralze(} 3]

Case3:3<a<2 Thenl<z—3<2and fplz—3)=fz—3)=2—-(z—1)=2—2. We

also have 2 < z+3 < 2, which means by by periodicity that f,,(z+ 1%) fp(at—i—%?—zl) = fo%,(x—% .

Now we observe that =2 < z — £ < —3, which means fo,(z + 3) = foplo = %) =—f( —x) =
(2—(7—1:)) —(=2 +2) =2 —=2. Inconclusion u(z,3) =1(3 —2+ 32 —2) =2 —z for all

z € [3,2].

Conclusion: We now put everything together

. z, z €[0,1],
U($,§): %a YIS [% %}7
2—z, z€l[3,2.

Question 64: Consider the equation v’ (z) = f(z) for z € (0,1) with «(0) =1 and «/(1) = 1.
Let G(x,xp) be the associated Green’s function.
(a) Give an expression of u(z) in terms of G, f and the boundary data.

Solution: The Green's function is defined by
G'(z,20) = 0(x — x0), G(0,29) =0, G'(1,19)=0.
We multiply the equation by u and we integrate (in the distribution sense),
1
/ G" (z,x0)u(z)dr = u(xy).

0

We integrates by parts twice and we obtain,
1
u(zg) = f/ G (z,z0)u (x)dx + G' (1, 20)u(1) — G'(0, 20)u(0)
/ G(x, mo)u" (z)dr — G(1,20)u’ (1) + G(0, 9)u'(0) + G’ (1, z0)u(1) — G'(0, z0)u(0).

Then, using the boundary conditions for G and u, we obtain

u(zo) / G(x, o) f(z)dr — G'(0,20) — G(1,20), Vxo € (0,1).
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(b) Compute G(z, xg).

Solution: For x < zg we have
G(z,x9) = ax + b.

The boundary condition G(0, ) = 0 implies b = 0. For zy < x we have
G(z, o) = cx +d.

The boundary condition G'(1,z9) = 0 implies ¢ = 0. Moreover we have
1 =lim G"(x,20)dx = G' (2, 20) — G'(2g , 20) = —a,

e—0 J_.

meaning a = —1. The continuity of G at x( implies
axrg = d,
implying d = —xq. As a result,

—z, f0<z<xg,
—xg, fzg<z<1.

G(z,xg) = {

Question 65: Solve the wave equation on the semi-infinite domain (0, +00),

Oppw — 40, w =0, z € (0,400), t >0
w(z,0) = (1+2*)71 =z € (0,+00); dw(xz,0) =0, z€(0,+00); and IJ,w(0,t) =0, ¢>0.

(Hint: Consider a particular extension of w over R)

Solution: We define f(x) = (1+2)~! and its even extension f.(x) on —o0,+0c0. Let w, be the
solution to the wave equation over the entire real line with f. as initial data:

OitWe — 40,,we =0, z€R, t >0
we(x,0) = fe(x), x>0, Oywe(z,0) =0, =z eR.

The solution to this problem is given by the D’Alembert formula
1
we(z,t) = i(fe(x —2t) + fe(x 4+ 2t)), for all z € R and ¢ > 0.

Let z be positive. Then w(z,t) = we(z,t) for all z € (0, +00), since by construction J,w(0,¢) =0
for all times.
Case 1: If £ — 2t > 0, fo(x —2t) = f(x — 2¢); as a result

w(z, t) = %(f(:c _ %)+ fle+20), Ifa—2t>0.

Case 2: If £ — 2t <0, fe(x —2t) = f(—x + 2t); as a result

w(z, t) = %(f(—a: +2) + flz+28), a2t <0.

Note that actually f.(z) = (1 +2%)7!; as a result, the solution can also be re-written as follows:

1 1 1
wlet) =5 <1+(x—2t)2 " 1+(w+2f>2)'
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Question 66: Solve the PDE

utt_uzzzov nggl, 0<ta
0,u(0,t) =0, Jyu(l,t)=0 0<t,
u(x,0) = cos(wz), wuy(x,0)=0, 0<z<+L

(Hint: Consider the periodic extension over R of a particular extension of u over [—1 + 1]).

Solution: The even extension of u over [—1+1], say u,, satisfies the PDE and the initial conditions,
and always satisfies 9, u.(0,t) = 0, dyu.(1,t) = 0. Since Ju.(1,t), we deduce du.(—1,t) = 0.
This means that the periodic extension of u., says u,, is smooth and also satisfies the PDE plus the
initial conditions. By construction 0,u,(0,t) = 0 and Oyu.(1,t) = 0. As a result, we can obtain
u by computing the solution of the wave equation on R using the periodic extension over R of the
even extension of the initial data over [-1+ 1], i.e., u = uplj 1

We have to define the even extension of cos(wz) on (—1,+1). Clearly cos(mx) is the even extension.
Now we define the periodic extension of cos(mx) over the entire real line. Clearly cos(wz) is the
extension in question. The D'Alembert formula, which is valid on the entire real line, gives
u(w,t) = 3(cos(m(z —t)) + cos(m(x + t))
= 1((cos(rt) cos(mz) + sin(mt) sin(mz)) + 3 ((cos(rt) cos(rz) — sin(t) sin(mz))
)

= cos(mt) cos(mz).

Hence u(x,t) = cos(wt) cos(mz) for all z € (0,1), ¢t > 0.

Question 67: Consider the following wave equation

Opw — 40, w =0, x>0,¢t>0
w(z,0) =z(1+ 2371, 2>0, dw(x,0) =0, x>0, and w(0,t)=0, t>0.

(a) Solve the equation.

Solution: We define f(z) = z(1 + 2%)~! and its odd extension f,(z). Let wo be the solution to
the wave equation over the entire real line with f, as initial data:

8#’[110 — 48mw0 = 0, T e R, t>0
wo(x,0) = folz), x>0, Owo(x,0) =0, zeR.

The solution to this problem is given by the D'Alembert formula
1
wo(z,t) = i(fo(;v —2t) + folx + 2t)), for all z € R and ¢t > 0.

Let x be positive. Then w(x,t) = wy(x,t) (since by construction w,(0,t) = 0 for all times).

Case 1: If £ — 2t > 0, fo(xz —2t) = f(x — 2t); as a result
1
w(z,t) = i(f(x —2t) + f(x +2t).
Case 2: If £ — 2t <0, fo(x —2t) = —f(—x + 2t); as a result
1
w(z,t) = 5 (=f(~z+2t) + f(z +2t)).
Note that actually fo(z) = (1 + 2%)~!; as a result, the solution can also be re-written as follows:

w(z, t) = %((m S (14 (- 262) "t (a4 26)(L+ (2t 20)7) 7).
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Question 68: Consider the wave equation

Opw — Ogew =0, <0, t>0
w(zx,0) = f(z), x<0, Ow(z,0) =0, <0, and w(0,t)=0, ¢>0.

where f(z) = —z, if z € [-1,0], f(z) =2+ =z, if z € [-2,—1], and f(z) = 0 otherwise. Give a
graphical solution to the problem at t = 0, t = 1, and ¢ = 2 (draw three different graphs and
explain what you do)

Solution:
1 2 0 1 2 3
L
/V 3 B 0 1 3 b
0 2 0 2
Initial data + odd extension Solution

Question 69: Solve the PDE

utt—aQum:O, —oo<zr<4oo, 0Lt

u(z,0) =sin(z), w(x,0) = acos(x), —o00 <z < +o0.

Solution: Apply D'Alembert’'s Formula.

x+at
u(x,t) = %(sin(m + at) +sin(z — at)) + L / acos(€)§

2a r—at
1 . . L . .
= 5(8111(:12 + at) +sin(z — at)) + 5(31n(x + at) — sin(z — at))

= sin(x + at).

Question 70: Solve the PDE

utt*urzzoa 0§.’£§1, 0<t,
w(0,t) =0, wu(l,t)=0 0<t,
u(z,0) = sin(rx), w(x,0) =0, 0 <z < +o0.

(Hint: Consider the periodic extension over R of the odd extension of u over [—1 4 1]).

Solution: The odd extension of u over [—1+1], say u,, satisfies the PDE and the initial conditions,
and always satisfies u,(0,t) = 0, u,(1,t) = 0, us(—1,t) = 0. Since u,(1,t) = u,(—1,¢) = 0, the
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periodic extension, says u,, is smooth and also satisfies the PDE plus the initial conditions. As a
result, we can obtain u by computing the solution of the wave equation on R using the periodic
extension over R of the odd extension of the initial data over [—1 + 1], i.e., u = up|[0,1]

We have to define the odd extension of sin(wz) on (—1,+1). Clearly sin(wx) is the odd extension.
Now we define the periodic extension of sin(mx) over the entire real line. Clearly sin(wz) is the
extension in question. The D'Alembert formula, which is valid on the entire real line, gives
u(z,t) = S(sin(m(z —t)) + sin(m(z + 1))
= 1((cos(rt) sin(rz) — sin(mt) cos(wz)) + 3 ((cos(rt) sin(rz) + sin(mt) cos(mz))

= cos(7t) sin(mx).

Hence u(x,t) = cos(wt) sin(nz) for all x € (0,1), t > 0.

Question 71: Solve uy — 4uz, = 0, ¥ € (—o0,+00) and t > 0, with u(z,0) = sin?(z),
8{“(.’1:,0) == _(lfﬁ.

Solution: The speed is 2. We apply the D'Alembert formula.

L , L, z+2t 25
uat) = 3 st —20) +sine+20) + 7 [ - Rae
— L (sin2(w — 20) + sin(z +20)) 4+ (— -
=5 4 \1+&2|,
I in? L ! :
= 5 (sin*(2 = 2t) + sin®(z + 2t)) + 7 (1+(:c+2t>2 - 1+(x—2t)2>'

Question 72: Consider the wave equation dyw — 9w = 0, x € (0,4), t > 0, with
w(z,0) = f(z), =€(0,4), Gw(x,0) =0, =z€(0,4), and w(0,¢)=0, w(4,t)=0, t>0.
where f(x) =z —1,if z € [1,2], f(z) =3 — =z, if z € [2,3], and f(z) = 0 otherwise. Give a

simple expression of the solution in terms of an extension of f. Give a graphical solution to the
problem at t =0,¢t =1, ¢t =2, and ¢t = 3 (draw four different graphs and explain).

Solution: We know from class that with Dirichlet boundary conditions, the solution to this problem
is given by the D’Alembert formula where f must be replaced by the periodic extension (of period
8) of its odd extension, say f, 5, Where

Jop(@+8) = fop(x), Yz eR

o f(x) if z € [0,4]
fop(@) {_f(—x) if x € [—4,0)

The solution is

u(,1) = 5 (foplw — 1) + fople +1))

| draw on the left of the figure the graph of f,,. Half the graph moves to the right with speed 1,
the other half moves to the left with speed 1.

Question 73: Solve uy — 4duy, =0, z € (0,1) and ¢ > 0, with w(0,t) = u(1,¢) = 0, u(z,0) = 0,
Opu(z,0) = g(z) := 2w sin(mx). (Hint: use an extension technique).

Solution: We notice first that the wave speed is 2. We define g, to be the odd extension of g
over (—1,+1). Clearly go(z) = 2w sin(nz) since sin(nz) is odd. We define g,, to be the periodic
extension of g, over (0o, +00) with period 2. Clearly, gop(2) = 27 sin(ma) since 2 is a period for
sin(ma). From class we know that the solution to the above problem is given by the restriction of
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2|

Initial data + periodic extension of the odd extension at Solution in domain [0, 4]
t=0,1,2,3. at t=0,1,2,3

the D'Alembert formula to the interval [0, 1]:

x+2t r+2t
u(z,t) = %/ Gop(£)dE = %/ 27 sin(w&)dE,

- —% (cos(m(x + 2t)) — cos(m(z — 21)))
= sin(g(2x)) sin(g(élt))

= sin(7x) sin(27t), Vo € [0,1],Vt > 0.

Question 74: Solve uy — 4uyz, = 0, x € (0,1) and ¢ > 0, with u(0,¢) = 0, d,u(l,t) = 0,
u(x,0) =0, dyu(z,0) = g(x) := 2nsin(Fz). (Hint: Pay attention to the boundary conditions.
Use three extensions.)

Solution: To be able to apply the d'Alembert formula, we need to extend the above problem
to the (—oo, +00). the Dirichlet condition a = = 0 requires an odd extension and the Neumann
condition requires an even extension.

We define g, to be the odd extension of g over (—1,41) to account for the Dirichlet boundary
condition at x = 0.

~ J(x) for all z € (0, 1),
9o(@) = {—g(—x) for all z € (—1,0)

jus

Clearly go(x) = 2msin(F ) since sin(5x) is odd. More precisely,
() = g(x) = 2msin(Fx) for all z € (0,1),
Joktl = —g(—x) = —2msin(§(—x)) = 2nsin(Fx) for all z € (—1,0).

Now we need to consider the even extension of g, about the point = 1 to account for the Neumann
boundary condition at = 1. Let us denote g,.(x) this extension. The function g,.(x) is such that

o) = ) 90c(2) = go(2) for all z € (—1,1),
906( ) {goe(x) = 90(2 — .T) for all z € (1,3)
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Now we observe that sin(3(2 — x)) = sin(m — Jx) = sin(§x), which means that ge.(z) =

27 sin(§x). More precisely,

Goel) = Goe () = go(z) = 2msin(Fx) for all z € (—1,1),
oe Goe(T) = go(2 — x) = 27wsin(§ (2 — x)) = 2wsin(Fx) for all z € (1,3).

Now we consider the periodic extension of g,. of period 4, say gocp. Clearly goep = 2msin(gz),
since 427 sin(Zx) is periodic of period 4. See Figure

NN /N
| NS

We notice finally that the wave speed is 2. From class we know that the solution to the above
problem is given by the restriction of the D'Alembert formula to the interval [0, 1]:

xr+2t x+2t
wet) =1 [ gt = [ 2msin(Gene,

= (cos( 5 (x+2t)) — cos(g(x — 2t)))
- ZSin(g(x))sin(g(Qt))

= ZSin(gx) sin(rt), Vz € [0,1],Vt > 0.

Question 75: Consider the wave equation Oy w — Oyw = 0, & € (—00, +00), t > 0, with initial

data u(x,0) = 1+$2’ Opu(x,0) = (143%)2 Compute the solution w(z,t).

Solution: The wave speed is 2. The solution is given by the D'Alembert formula,

(2,t) = L +1/M27d
Y=o I @02 "1+ @+02) "2/, a+227

After integration, we obtain

:;(1+(;—t)2+1+(;+02)_; hliﬁ)}i

-
14 (z—1)*

which finally gives

w(z,t) =

Question 76: Consider the wave equation dyw — dzpw = 0, x € (0,4), t > 0, with

w(z,0) = f(x), z€(0,4), Jw(z,0)=0, z€(0,4), and J,w(0,t) =0, O,w(4,t)=0,

where f(z) =z —1,if z € [1,2], f(x) =3 —z, if z € [2,3], and f(z) = 0 otherwise. Give a
simple expression of the solution in terms of an extension of f. Give a graphical solution to the
problem at t =0,¢t =1, t = 2, and ¢t = 3 (draw four different graphs and explain).

t>0.

Solution: We know from class that with homogeneous Neumann boundary conditions, the solution
to this problem is given by the D'Alembert formula where f must be replaced by the periodic
extension (of period 8) of its even extension, say fep, where

fe,p(x+8) :fe,p(x), Vr e R

{f(x) if 2 € [0, 4]

fep(z) = f(=z) ifze[-4,0)
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The solution is
u(a, 1) = 5 (Fep(w — 1) + fupla + 1))

| draw on the left of the figure the graph of f,,. Half the graph moves to the right with speed 1,
the other half moves to the left with speed 1.

A A AN

7] 2]

(a) Initial data + periodic extension of the even extension at ¢t = (b) Solution in domain (0,4) at t =0,1,2,3
0,1,2,3. Solid line waves move to the right, dotted line waves
move to the left

Question 77: Solve uy — 4duy,, = 0, x € (0,1) and ¢ > 0, with u(0,¢) = 0, d,u(l,t) = 0,
u(z,0) = 0, du(z,0) = g(z) := 2wsin(5z). (Hint: Pay attention to the boundary conditions.
Use three extensions.)

s
2

Solution: To be able to apply the d'Alembert formula, we need to extend the above problem
to the (—oo, +00). the Dirichlet condition a = = 0 requires an odd extension and the Neumann
condition requires an even extension.

We define g, to be the odd extension of g over (—1,41) to account for the Dirichlet boundary
condition at x = 0.

e for all z € (0,1),
Jo() = {_g(_g;) for all x € (—1,0)

jus

2

us

Clearly go(z) = 27 sin(Fx) since sin(5x) is odd. More precisely,

gol@) = {g(w) = 2msin(5 ) for all z € (0,1),
¢ —g(—x) = —2msin(5(—x)) = 2rsin(Fx) forall z € (—1,0).

Now we need to consider the even extension of g, about the point x = 1 to account for the Neumann
boundary condition at = 1. Let us denote g,.(x) this extension. The function g,.(x) is such that

~ goe(x) = go(x) for all x € (—1,1),
goc (@) = {goe(:c) =go(2—1x) forallze (1,3)
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Now we observe that sin(3(2 — x)) = sin(m — Jx) = sin(§x), which means that ge.(z) =
27 sin(§x). More precisely,

oe(z) = Goe () = go(x) = 2msin(Fx) for all z € (—1,1),
” oo () = go(2 — @) = 27sin(Z(2 — 7)) = 27sin(Zx)  for all € (1,3).

Now we consider the periodic extension of g,. of period 4, say goep. Clearly goep = 27 sin(%x),
since 427 sin( 5 ) is periodic of period 4. See Figure

NN /N
| AN

We notice finally that the wave speed is 2. From class we know that the solution to the above
problem is given by the restriction of the D'Alembert formula to the interval [0, 1]:

x+2t x+2t
wet) =7 [ (Ot = [ omsin(Gee,

=— (cos(g(az +2t)) — cos( 5 (x — Qt)))
= 2sin(Z (x)) sin( (21))

= 2sin(ga:) sin(rt), Yz € [0,1],Vt > 0.

Question 78: Consider the wave equation dyw — 49,,w = 0, x € (—o00,+00), t > 0, with

initial data u(z,0) = 1+m2’ Ou(z,0) = (1;1%)2. Compute the solution w(x,t).

Solution: The wave speed is 2. The solution is given by the D'Alembert formula,

( t)_l 1 N 1 +1/m+2t Ar d
T oo Tk ae) T AR

After integration, we obtain

1 1 1 1 PR
=35\1 5 T ) T i a2 )
+ (z —2t) 1+ (x4 2t) 4 [(14+72)], o
which finally gives
1

w(z,t) = T T

Question 79: Consider the wave equation dyw — Ozw = 0, x € (0,4), t > 0, with
w(z,0) = f(z), x€(0,4), Ow(xz,0)=0, z€(0,4), and 9J,w(0,t)=0, Od,w(4,t)=0, ¢>0.

where f(z) =z —1,if z € [1,2], f(z) =3 — =z, if z € [2,3], and f(z) = 0 otherwise. Give a
simple expression of the solution in terms of an extension of f. Give a graphical solution to the
problem at t =0,¢t =1, t = 2, and ¢t = 3 (draw four different graphs and explain).

Solution: We know from class that with homogeneous Neumann boundary conditions, the solution
to this problem is given by the D'Alembert formula where f must be replaced by the periodic
extension (of period 8) of its even extension, say fep, where

fe,p(x+8) :fe,p(x), Vr e R

o [f@  ifeeloq
fep(@) {f(_z) if x € [-4,0)
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The solution is 1
u(x,t) = E(fe,p(x —t) + feplz+1)).

| draw on the left of the figure the graph of f,,. Half the graph moves to the right with speed 1,
the other half moves to the left with speed 1.

A AN

12 12

1”2 ”n

(c) Initial data + periodic extension of the even extension at t = (d) Solution in domain (0,4) at t =0,1,2,3
0,1,2,3. Solid line waves move to the right, dotted line waves
move to the left
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6 Method of characteristics

Question 80: (a) Show that the PDE w, = 0 in the half plane {x > 0} has no solution which
is C! and satisfies the boundary condition u(y?,y) =

Solution: The PDE implies that u(z,y) = ¢(x) where ng is any C! function. The boundary condition
implies ¢(1) = u(1,—1) = —1 and ¢(1) = u(1,1) = 1, which is impossible. The reason for this
happening is that the characteristics lines (z = ¢) cross the boundary curve (the parabola of equation
r = y?) twice.
(b) Find the C! function that solves the above PDE in the quadrant {z > 0,0 > y} (beware
the sign of y).

Solution: The PDE implies u(z,y) = ¢(x) and the boundary condition implies ¢(y?) = u(y?,y) =
y = —|y| since y is negative. Then u(z,y) = ¢(x) = —/x.
Question 81: Let @ = {z > 0,y > 0} be the first quadrant of the plane. Let T" be the line

defined by the following parameterization I' = {z = s,y = 1/s,s > 0}. Solve the following
PDE:

Tuy + 2yu, =0, in £,
u(z,y) =x onl.

Solution: The characteristics are X (7,s) = se™, Y (7,s) = s~ 7. Upon setting u(X (7, s),Y (7, s))
w(r,s), we obtain w(7,s) = w(0,s). Then the boundary condition implies w(0, s) = u(s, 1) = s.
In other words u(z,y) = (z?y~")"/5.

Question 82: (a) Solve the quasi-linear PDE 3u?u, + 3u?u, = 1 in the plane by using the
method of Lagrange (that is, show that u solves the nonlinear equation c(a(x, y, u), b(x,y,u)) =
0 where c¢ is an arbitrary function and a, b are polynomials of degree 3 that you must find.)

Solution: The auxiliary equation is 32%¢, + 322¢, + ¢, = 0. Define the plane I' = {z = s,y =
s,z = 0} and enforce ¢(x,y,2) = ¢o(s,s’) on T, where ¢g is an arbitrary C! function. The
characteristics are X(T,s,s’) =713 +5Y(r,s8) =1 +5, Z(r,s,8) = 1. Then ¢(x,y,2) =
¢o(s,s") where s =2 — 23 and s’ =y — 23. Then ¢(z,y, 2) = ¢o(x — 23,y — 23). Hence, u solves
do(z —ud,y —u?) = 0.

(b) Find a solution to the above PDE that satisfies the boundary condition u(z,2z) = 1.

Solution: We want ¢g(z—1,22—1) = 0. Take ¢o(a, ) = 2a—B+1. Then 2(z—u?)—(y—u?)+1 =
0, that is u(z,y) = (1 + 2z — y)'/3.
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Question 83: We want to solve the following PDE:

Ow+30,w=0, x>—-t, t>0
w(z,t) = wr(z,t), for all (z,t) € T where
[={(v,t) eR?st. 2= —t, <0} U{(z,t) € R* s.t. t =0, v >0}

and wr is a given function.

(a) Draw a picture of the domain € where the PDE must be solved, of the boundary I', and of
the characteristics
Solution:

(b) Define a one-to-one parametric representation of the boundary I

Solution: For negative s we set 2r(s) = s and tr(s) = —s; clearly we have zr(s) = —tr(s) for all
s < 0. For positive s we set zr(s) = s and tr(s) = 0. The map R € s — (zr(s),tr(s)) € I'is
one-t-one

(c) Give a parametric representation of the characteristics associated with the PDE.

Solution: (i) We use ¢ and s to parameterize the characteristics. The characteristics are defined
by

0: X (t,s) =3, with x(t)I'(s),s) = zr(s).
This yields the following parametric representation of the characteristics
X(t,s) =3(t —tr(s)) + zr(s),

where ¢t > 0 and s € (—o0, +00).

(d) Give an implicit parametric representation of the solution to the PDE.

Solution: él) Now we set ¢(t,s) = w(X(¢,s),t(t,s)) and we insert this ansatz in the equation.
d

This gives 57 (t,5) =0, i.e., ¢(t,s) does not depend on ¢. In other words

w(X(t,s),t(t,s)) = ¢(t, s) = ¢(0,5) = w(x(0,5),£(0,5)) = wr(zr(s), tr(s))
A parametric representation of the solution is given by

X(t,s) = 3(t —tr(s)) + zr(s),
w(X(¢,8),t(t,s)) = wr(xr(s), tr(s)).

(e) Give an explicit representation of the solution.

Solution: (i) We have to find the inverse map (z,t) — (¢,s). Clearly x — 3t = zp(s) — 3tr(s).
Then, there are two cases depending on the sign of s.

case 1: If s <0, then ar(s) = s and tr(s) = —s. That means x — 3t = 4s, which in turns implies
s=3(x —3t). Then

w(z,t) = wr(3(z —3t),—(z - 3t)), fz—3t<0.
case 2: If s > 0, then zp(s) = s and tr(s) = 0. That means x — 3t = s. Then
w(z,t) = wp(z — 3t,0), ifz—3t>0.

Note that the explicit representation of the solution does not depend on the choice of the parame-
terization
Question 84: Solve the following PDE by the method of characteristics:

Ow—+30,w=0, x>0,¢t>0
w(z,0) = f(z), x>0, and w(0,t)=h(t), ¢>0.
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Solution: First we parameterize the boundary of Q2 by setting I' = {z = ar(s),t = tr(s); s € R}

with
0 ifs<O —s ifs<0
— ) d ¢ — )
or(s) {s, if s >0. an r(s) {O, if s >0.

The we define the characteristics by
0: X (s,t) =3, with X (s,tr(s)) = ar(s).

The general solution is X(s,t) = 3(t — tr(s)) + zr(s). Now we make the change of variable
o(s,t) = w(X(s,t),t) and we compute 9;¢(s,1),

Ot (s,t) = Opw (X (s,t),t) + O, w(X (s,1),t)0e X (s,t) = Qpw(X (s,1),t) + 30, w(X (s,t),t) = 0.
This means that ¢(s,t) = ¢(s,tr(s)). In other words

w(X(s,1),t) = w(X(s,tr(s)), tr(s)) = w(zr(s), tr(s)).

Case 1: If s < 0, then X (s,t) = 3(t — tr(s)). This implies tr(s) =t — X/3. The condition s < 0
and the definition ¢p(s) = —s imply ¢t — X/3 > 0. Moreover we have

w(X,t) =w(0,tr(s)) = h(tr(s)).

In conlusion
w(X,t) = h(t — X/3), if 3t > X.

Case 2: If s > 0, then X(s,t) = 3t + zr(s). This implies zr(s) = X — 3t. The condition s > 0
and the definition zp(s) = s imply X — 3t > 0. Moreover we have

’LU(X, t) = w(xF(S)v()) = f(.%‘r(S))

In conlusion
w(X,t) = f(X — 3t), if X > 3t.

Question 85: Let Q = {(z,t) € R?; x + 2t > 0}. Solve the following PDE in explicit form
with the method of characteristics:

ou(z,t) + 30zu(x,t) = u(z,t), inQ, and wu(z,t)=1+sin(z), f z+2t=0.

Solution: (i) First we parameterize the boundary of 2 by setting I' = {z = ar(s),t = tr(s); s €
R} with zr(s) = —2s and tr(s) = s . This choice implies

u(zr(s),tr(s)) := ur(s) := 1+ sin(—2s).

(ii) We compute the characteristics
O X(t,s) =3, X(tr(s),s) = zr(s).

The solution is X (t,s) = 3(t — tr(s)) + zr(s).
(iii) Set ®(t,s) := u(X(¢,s),t) and compute 9;®(t, s). This gives

0:P(t,s) = Oru(X (8, s),t) + Ou(X (t,5),t)0c X (¢, 5)

= Ou(X(t,5),t) + 30,u(X (¢, 5),t) = w(X(t,9),t) = 2(¢, 5).

The solution is ®(t, s) = ®(tr(s), s)et ().
(iv) The implicit representation of the solution is

X(t,s) =3(t —tr(s)) + zr(s) w(X(t,s)) =up(s)et~r®,
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(v) The explicit representation is obtained by using the definitions of —tr(s), zr(s) and ur(s).
X(s,t) =3(t —s) — 28 = 3t — 5s,
which gives
5= %(3t - X).
The solution is
(e, t) = (1 +sin(2(x — 3t)))et =562

=(1+ sin(iﬂwg&)))e%

Question 86: Let Q = {(z,t) € R?; 2 >0, t > 0}. Solve the following PDE in explicit form

Opu(x,t) + to,u(x,t) = 2u(z,t), inQ, and u(0,t)=¢t, u(z,0)==z.

Solution: (i) First we parameterize the boundary of Q by setting I' = {z = 2z (s),t = tr(s); s €
R} with zp(s) = s and tr(s) = 0if s > 0 and zp(s) = 0 and #1(s) = —s if s < 0. This choice
implies

s if s >0

—s ifs<0’

u(ar (5),tr(5)) = ur(s) = {

(ii) We compute the characteristics
WX (t,s)=t, X(tr(s),s) =zr(s).

The solution is X (t,s) = 1t% — 1t (s) + ap(s).

(iii) Set ®(¢,s) := u(X(t,s),t) and compute 9;P(t,s). This gives

O D(t, s) = (X (¢, 5),t) + Opu(X(t,5),t)0: X (¢, )
= (X (t,8),t) + t0,u(X(t, s),t) = 2u(X (¢, 5),t) = 2D(¢, 5).

The solution is ®(t, s) = ®(tr(s),s)et (),

(iv) The implicit representation of the solution is

1 s if s>0
X(ts) = 282 — Z82(s) +an(s),  w(X(ts)) = ur(s)eX=r), up(s) = {_s fs<0°

(v) We distinguish two cases to get the explicit form of the solution:
Case 1: Assume s > 0, then tp(s) = 0 and zr(s) = s. This implies X (t,s) = $t? + s, meaning
s =X — 1t%. The solution is

1 1
u(z,t) = (x — §t2)62t, if > §t2.

Case 2: Assume s < 0, then tr(s) = —s and zr(s) = 0. This implies X (¢, s) = 1t — 152, meaning

s = —+v/1?2 —2X. The solution is

Yoy 1
u(z,t) = V2 — 222 VET20) G g < 5752.

Question 87: Let Q = {(t,#) € R? : ¢t > 0, = > t}. Let I' be defined by the following
parameterization I' = {& = zp(s),t = tr(s), s € R}, with zr(s) = —s and tr(s) = —s if s <0,
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zr(s) = s and tr(s) = 0 if s > 0. Solve the following PDE (give the implicit and explicit
representations):

1 ift=0

. for all (x,t) in T.
2 ifex=t

Ug +3uy +2u=0, inQ, u(z,t) = ur(x,t) := {

Solution: We define the characteristics by

dx(t, s)
dt

=3, xz(tr(s),s) = zp(s).

This gives z(t,s) = xr(s) + 3(t — tr(s)). Upon setting ¢(t,s) = u(x(t,s),t), we observe that
Ord(t, s) + 2¢(t, s) = 0, which means

b(t,s) = ce .
The initial condition implies ¢(tr(s), s) = ur(xr(s), tr(s)); as a result ¢ = up(zr(s), tr(s))e* (),
d(t, s) = up(zr(s), tr(s))etr) =1,
The implicit representation of the solution is

w(x(t, s),t) = ur(zr(s), tr(s))e2rEO= gt s) = xr(s) + 3(t — tr(s)).

Now we give the explicit representation.
Case 1: If s <0, zr(s) = —s, tr(s) = —s, and ur(zr(s),tr(s)) = 2. This means z(t,s) =
—s+3(t+ s) and we obtain s = %(z — 3t), which means

u(z,t) = 2e~ 23 (@=30)~1) _ gpt—2 if z —3t <0.

Case 2: If s > 0, zr(s) = s, tr(s) =0, and ur(zr(s),tr(s)) = 1. This means z(¢,s) = s+ 3t and
we obtain s = x — 3¢, which means

u(z,t) = e 2, if z —3t > 0.

Question 88: Let Q = {(t,7) € R?: ¢t > 0, # > —/t}. Let I be defined by the following
parameterization I' = {x = zp(s),t = tr(s),s € R}, with zr(s) = s and tp(s) = s? if s < 0,
zr(s) = s and tp(s) = 0 if s > 0. Solve the following PDE (give the implicit and explicit
representations):

Uug +2u, +3u=0, inQ, and  u(zr(s),tr(s)) := e tr()=er(s) vy e (—00, +00).

Solution: We define the characteristics by

dX(t,s)i2
a7

X(tr(s),s) = zr(s).

This gives X (t,s) = zr(s) + 2(t — tr(s)). Upon setting ¢(t,s) = u(X(t,s),t), we observe that
Orp(t, s) + 3¢(t, s) = 0, which means

b(t,s) = ce 3.
The initial condition implies ¢(tr(s),s) = u(xp(s),tr(s)) = e r)=2r(s) = ¢e=3tr(s); as a result
¢ = e2tr(s)=ar(s) gpd
¢(t, S) _ thF(S)*Ir(S)*&f'

The implicit representation of the solution is

u(X (t,s),t) = e2tr(s)=arls)=8t X(t,s) =xr(s) +2(t — tr(s)).
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Now we give the explicit representation.
We observe the following:
2tr(s) —ar(s) = 2t — X(¢, s),

which gives
u(X(t,s),t) _ th—X(t,s)—Bt — e—X(t,s)—t.

In conclusion, the explicit representation of the solution to the problem is the following:

u(w,t) = e *7t

Question 89: Let Q = {(t,z) € R?: t > 0, x > —t}. Let I' be defined by the following
parameterization I' = {& = zr(s),t = tr(s),s € R}, with zr(s) = s and tr(s) = —s if s <0,
azr(s) = s and tr(s) = 0 if s > 0. Solve the following PDE (give the implicit and explicit
representations):

1 ifx>0

. for all (z,t) in I
2 ifx<0

us +2uy; +u =0, inQ, u(z,t) = up(z,t) == {

Solution: We define the characteristics by

dx(t, s)
dt

=2, z(tr(s),s) = zr(s).

This gives z(t,s) = ar(s) + 2(t — tr(s)). Upon setting ¢(t,s) = u(x(t,s),t), we observe that
0 d(t, 8) + ¢(t, s) = 0, which means
B(t,s) =ce .

The initial condition implies ¢(tr(s), s) = ur(z,(s),tr(s)); as a result ¢ = ur(zr(s), tr(s))etr ).
o(t,s) = ur(zr(s), tr(s))er &~
The implicit representation of the solution is

u(z(t,s),t) = up(zr(s), tr(s))er ()=, x(t,s) = zr(s) + 2(t — tr(s)).

Now we give the explicit representation.
Case 1: If s <0, ar(s) = s, tr(s) = —s, and ur(zr(s), tr(s)) = 2. This means z(t, s) = s+2(t+s)
1

and we obtain s = 3(x — 2t), which means

w(z,t) =2e 52070 if g9t < 0.

Case 2: If s >0, zp(s) = s, tr(s) =0, and ur(zr(s),tr(s)) = 1. This means x(t,s) = s+ 2¢ and
we obtain s = x — 2t, which means

u(z,t) =e™ ", if £ —2t>0.

Question 90: Let Q = {(z,t) € R? | t > 0,2 > }}. Solve the following PDE in explicit form
with the method of characteristics: (Solution: u(x,t) = (24 cos(s))es ~* with s = sz —2t) +
(z —2t)2 +8])

Opu(z,t) + 20;u(x,t) = —u(x,t), inQ, and wu(x,t) =2+ cos(x), if z =1/t

Solution: (i) First we parameterize the boundary of Q2 by setting I' = {z = xr(s),t = tp(s); s €
R} with zr(s) = s and tr(s) = 2 . This choice implies

u(zr(s),tr(s)) := ur(s) := 2 + cos(s).
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(ii) We compute the characteristics
0 X(t,s) =2, X(tr(s),s) =zr(s).
The solution is X (¢,s) = 2(t — tr(s)) + zr(s).
(iii) Set ®(¢,s) := u(X(¢,5),t) and compute 9, P(t, s). This gives
0 ®(t,8) = Owu(X(t,s),t) + Opu(X(t,s),t) 0 X(t, )
= Owu(X(t,8),t) + 20,u(X (t,s),t) = u(X(t,s),t) = —D(¢, s).
The solution is ®(t, s) = ®(tp(s),s)e tHirl),

(iv) The implicit representation of the solution is

X(t,s) =2(t—tr(s)) +ar(s),  u(X(ts)) =ur(s)e T
(v) The explicit representation is obtained by using the definitions of —tr(s), 2r(s) and ur(s).
1 2
X(s,t)=2t—-)+s=2t——+s
s s

which gives the equation
s2—s(X —2t)—2=0

The solutions are s; = 1 ((X —2t) £ /(X — 2¢)? +8). The only legitimate solution is the

positive one:

S =

((x =20+ V(X =202 +8)

N | =

The solution is
w(z,t) = (2 4 cos(s))es

with s = —((z — 2¢) + /(z — 2t)2 + 8)

1
2
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7 Conservation equations

The implicit representation of the solution to the equation dyv + 9,.q(v) = 0, v(x,0) = vo(z), is

X(s,t) =q (vo(s))t+s; v(X(s,t),t) =wvp(s). (12)

Question 91: Consider the following conservation equation

if x <0,
if z >0,

W= o=

Orp + aas(q(p)) =0, ze (_OO’ +OO), t>0, p(a?,O) = Po(l’) = {

where ¢(p) = p(2 — 3p) (and p(x,t) is the conserved quantity). Solve this problem using the
method of characteristics. Do we have a shock or an expansion wave here?

Solution: The characteristics are defined by

dX(s,t

XD () = 20— 30X (s.0).8)). X(s8) =5
Set ¢(s,t) = p(X(s,t),t), then we obtain that ¢ is constant, i.e., p is constant along the charac-
teristics: p(X(s,t),t) = p(s,0) = po(s). As a result we can integrate the equation defining the
characteristics and we obtain X (t) = 2(1—3po(s))t+s. We then have two cases depending whether
s is positive or negative.

1. s <0, then po(s) = § and X(s,t) =t + s. This means

p(z,t) :% if =<t

2. 5 >0, then po(s) = & and X(s,t) = s. This means

1
ple,t)y == if x>0
3
We see that the characteristics cross in the region {t > x > 0}. This implies that there is a shock.
The Rankin-Hugoniot relation gives the speed of this shock:

0T -a s 1,1
T 11 12073
In conclusion
1 t
'0:6’ $<§7
1 t
p=§, $>§.

Question 92: Consider the following conservation equation

3 ifx <0,

where ¢(p) = p(2 4+ p) (and p(x,t) is the conserved quantity). Solve this problem using the
method of characteristics. Do we have a shock or an expansion wave here?

Solution: The characteristics are defined by

dX(t)
dt
Set ¢(t) = p(X(t),t), then we obtain that ¢ is constant, i.e., p is constant along the characteristics:
p(X(t),t) = p(Xo,0) = po(Xop). As a result we can integrate the equation defining the character-
istics and we obtain X (t) = 2(1 4 po(Xo))t + Xo. We then have two cases depending whether X
is positive or negative.

= ¢'(p) = 2L+ plx(t). 1)), X(0) = Xo.
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1. X <0, then po(Xo) =3 and X (¢) = 2(1 + 3)t + Xo = 8t + X. This means

plz,t) =3 if x <8t

2. Xo >0, then po(Xo) =1 and X () = 2(1 + 1)t + Xo = 4¢ + Xo. This means

plx,t)y=1 if x> 4t
We see that the characteristics cross in the region {8t > = > 4t}. This implies that there is a shock.

The Rankin-Hugoniot relation gives the speed of this shock:

dzs(t) qt—q= 15-3
dt pt —p~ 3—-1 ’ z5(0)

In conclusion, z(t) = 6t and

p=3, x<uzt)=06t,
p=1 x> ux4t) =6t

Question 93: Solve the conservation equation d0p + 9q(p) = 0, x € (o0, +00), t > 0 with flux
q(p) = p? + p, and with the initial condition p(z,0) = —1, if x < 0, p(z,0) = 1, if > 0. Do we
have a shock or an expansion wave here?

Solution: The solution is given by the implicit representation
p(X(s,t),t) = po(s), X(s,t) =s+ (2p0(s)+ 1)t.

Case 1: s < 0. Then po(s) = —1 and X (s,t) = s+ (—241)t. This means s = X +¢. The solution
is

plz,t) =—1, ifz<t.
Case 2: s < 0. Then po(s) =1 and X(s,t) = s+ (24 1)t. This means s = X — 3t. The solution is
plz,t)y=1, if3t<uwz.

We have a expansion wave. We need to consider the case py € [—
Case 3: s = 0 and py € [-1,1]. Then X(s,t) = s+ (2py +
po = (X/t —1)2. In conclusion

1,1] at s = 0.
1)t = (2p9 + 1)t. This means

(%—1), if —t<a<3t

DN | =

pz,t) =

Question 94: Solve the conservation equation 9;p + 9,.q(p) = 0, x € (00, +00), t > 0 with flux
q(p) = p* + 2p, and with the initial condition p(z,0) = 1, if + < 0, p(z,0) = —1, if 2 > 0. Do
we have a shock or an expansion wave here?

Solution: The solution is given by the implicit representation
P(X(5,8),8) = pols),  X(s,8) = 5 + (4po(s)* + 2)t.

We then have two cases depending whether s is positive or negative.
Case 1: s <0, then po(s) =1 and X (s,t) = (44 2)t + s = 6t + s. This means

p(z,t) =1 if x <6t
Case 2: s > 0, then po(s) = —1 and X (s,t) = (=4 +2)t + s = —2¢ + s. This means

plx,t)y=-1 if x> -2t
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We see that the characteristics cross in the region {6t > x > —2t}. This implies that there is a
shock. The Rankin-Hugoniot relation gives the speed of this shock with p~ =1 and p™ = —1:

de(t) gt —q _-1-3 _

_ _ —9 L(0)=0.
dt pt—p— -—-1-1 ’ z5(0)

In conclusion the location of the shock is :4(t) = 2t and the solution is as follows:

p=1, z<uxzst) =2t
p=-1, x>ux,(t) =2t

Question 95: Consider the following conservation equation

if x <0,

1
8tp+ ax(Q(P)) = 07 HAS (-OO, +OO), t> 07 p(l‘,o) = po(.’Ii) = 2 .
1 ifz>0,

where ¢(p) = p(2 — p) (and p(x,t) is the conserved quantity). Solve this problem using the
method of characteristics. Do we have a shock or an expansion wave here?

Solution: The characteristics are defined by

dX (t)
dt

— {(p) = 2(1 — p(a(t), 1), X(0) = Xo.
Set ¢(t) = p(X (¢),t), then we obtain that ¢ is constant, i.e., p is constant along the characteristics:
p(X(t),t) = p(Xo,0) = po(Xo). As a result we can integrate the equation defining the character-
istics and we obtain X (t) = 2(1 — po(Xo))t + Xo. We then have two cases depending whether X
is positive or negative.

1. Xo <0, then py(Xo) = 1 and X (t) =t + Xo. This means

1 .

plx,t) = 3 if x<t.

2. Xy >0, then po(Xp) =1 and X (t) = Xo. This means

plx,t)y=1 if xz>0.

We see that the characteristics cross in the region {t > « > 0}. This implies that there is a shock.
The Rankin-Hugoniot relation gives the speed of this shock:

,_¢T-a i1 1
pt—p= -1 2
In conclusion
1 t
0257 $<§7
p=1, x>%.

Question 96: Consider the following conservation equation

2 ifx <0,

Orp+ 09:(q(p)) =0, =z € (—00,+00), t >0, p(x,0) = po(z) := {1 if x>0

where ¢(p) = p(2 — p) (and p(x,t) is the conserved quantity). Solve this problem using the
method of characteristics. Do we have a shock or an expansion wave here?
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Solution: The characteristics are defined by

dX(t, 370)

o =q(p) =2(1 — p(X(t,x0),t)), X(0,70) = zo.

Set ¢(t) = p(X(t,20),t) and insert in the equation. We obtain that 0:¢ (¢, z¢) = 0; meaning that
o(t,xg) = ¢(0,20), i.e., p is constant along the characteristics: p(X (¢, z¢),t) = p(x0,0) = po(xo).
As a result we can integrate the equation defining the characteristics and we obtain X (t,z¢) =
2(1 — po(xo))t + xo. The implicit representation of the solution is

X (t, o) = 2(1 — po(z0))t +x0; p(X(t,70),t) = po(0)

We then have two cases depending whether z is positive or negative.
Case 1. 2y < 0, then po(xg) = 2 and X (t,20) = 2(1 — 2)t + ©9 = —2t + x¢. This means
g = X(t, l‘o) + 2t and

plx,t)y=2 if z< -2t
Case 2: xg > 0, then po(zo) = 1 and X (¢,29) = 2(1 — 1)t + g = xo. This means xg = X (¢, z¢)
and

pla,t)y=1 if 0<uz.

We see that there is a gap in the region {—2t < x < 0}. This implies that there is an expansion
wave. We have to consider a third case o = 0 and pg € (1, 2).
Case 3: x¢p =0, then X (¢,29) = 2(1 — po)t, i.e., po=1— % This means that

p(x,t)zl—%, if  —2t<az<O.
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Question 97: Assume u; > us > ugz > 0 and consider the following conservation equation

0 if z <0,
wr if0<z <1,
Ou+udyu =0, x € (—o0,+00), t >0, w(z,0) =wup(z) :=<u; ifl<z<2,

up if 2 <ax <3,
uz if 3 <ax.

(i) Assume ug = uz. Solve until the expansion catches up the shock. When does it happen?

Solution: The characteristics are defined by

% =u(X(t,s),t), X(0,s) =s.
From class we know that u(X (¢, s),t) does not depend on time, that is to say
X(t,s) =u(X(0,5),0)t + s = u(s,0)t +zo = uo(s)t + s.
Case 1: If s <0, we have ug(s) =0 and X(¢,s) = s; as a result, s = X(¢,s), and
u(z,t) =0, if © <0.

Case 2: If 0 < s <1, we have ug(s) = uys and X (¢,x0) = uist + s; as a result s = X/(1 + uqt),
and
u(z,t) = urz/(1 + ust), if0 <z <1+ut.

case 3: If 1 < s < 2, we have ug(s) = u; and X (¢, 29) = uit + s; as a result s = X (¢, 8) — ust,
which implies
u(x,t) = uq, if1+ut <z <2+ut

Case 4: If 2 < s, we have up(s) = 0 and X (¢, s) = uat + s; as a result s = X (¢, s), which implies

u(z,t) =0 if 2 <.

We have a shock at x = 2 and ¢t = 0. The speed of the shock is given by the Rankin-Hugoniot

formula Lo 1
dzy  guy—35u; 1
—— == < = — —(uy + us).
dt U1 — U9 2( ! 2)

As a result z1(t) = 2+ §(u1 + ug)t. This implies that the solution is

0, if x <0,
(. t) = wz/(1+ust), if0 <z <14 ut,
’ uy, if1+u1t<x§2+%(u1 + ug)t,
Uo, if 24 %(ul + ug)t < .

The time T when the expansion wave catches up the shock is defined by
1
2+ §(U1 + ’U,Q)T =1+ ulT,

that is to say
2

T = .
Uy — Uz

(ii) Draw the characteristics corresponding to the situation (i) with vy =2 and up = 1.

Solution:
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(iii) Assume now that u; > ug > ug = 0. When does the first shock catches the second one?

Solution: The speed of the first shock (starting at z = 2 when ¢ = 0) is given by the Rankin-
Hugoniot formula

dzy  sui—dui 1

dt  up—uy 2(u1 +ua).
As a result 21 (t) = 2+ 3 (u1 +ug)t. The speed of the second shock (starting at 2 = 3 when ¢ = 0)

is given by the Rankin-Hugoniot formula
dep _ guj _ 1
dt o u2

As a result z2(t) = 3 + Suot.

The time T" when the two shocks are at the same location is such that z1(T") = x2(T"); that is to
say,

1 1
2 —+ i(ul —+ UQ)T/ = 3 —+ i’ll,QTl,

which gives
=2
Ul ’

Note that T' > T” for all us > 0. This means that the first shock catches up the second one before
the fans catches the first shock. 0000000000000

Question 98: Consider the following conservation equation

0 ifx <0,
fo<zx<l1
) deu=0, x€ (-0, » t>0, 0) = = <r<2
u + udyu z € (—00,+00) u(x,0) = uo(x) 2—xz if1<z<?2
0 if2<z

(i) Solve this problem using the method of characteristics for 0 < ¢ < 1.

Solution: The characteristics are defined by

dX(f,, 1‘0)

o = u(X(t,z9),1), X (0,29) = xo.

From class we know that u(X (¢, x),t) does not depend on time, that is to say

X (t,20) = u(X(0,20),0)t + 2o = u(x0,0)t + o = ug(x0)t + Zo.
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Case 1: If 2y <0, we have ug(zg) = 0 and X (¢,z¢) = xo; as a result, zog = X (¢,z¢), and
u(z,t) =0, if z <0.

Case 2: If 0 <z < 1, we have up(xg) = g and X (t,z0) = txg + xo; as a result zop = X/(1 +¢),
and
u(z,t) =x/(1+1), ifo<z<1+t.

case 3: If 1 < zy < 2, we have ug(zg) = 2 — 20 and X (t,29) = ¢(2 — xp) + xo; as a result
xg = (X (¢, 20) — 2t)/(1 —t), which implies

u(z,t) =2—(z—-2t)/(1—t)=(2—2)/(1 —1), ifl4+t<x<2.
Case 4: If 2 < xg, we have up(zg) = 0 and X (¢,z9) = xo; as a result o = X (¢, x0), which implies

u(z,t) =0 if 2 <u.

(ii) Draw the characteristics for all ¢ > 0 and all z € R.

Solution:

x=0 x=1 x=2

(iii) There is a shock forming at t = 1 and @ = 2. Let z4(¢) be the location of the shock as a
function of t. Compute z4(t) for ¢t > 1.

Solution: Let u~ (¢) be the value of u at the left of the shock. Conservation of mass implies

+oo
%u*(t)xs(t) - / wo(w)da = 1.

The Rankin-Hugoniot formula gives

PP {Cl 0) S S|
W= T2 YT
This implies
1d

zs(t)ds(t) = §£(ms(t)2) =1, with x,1)=2.

The Fundamental Theorem of Calculus implies

zs(t)? — 22 =2(t - 1),
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which in turn implies z,4(t) = v/2¢ + 2, for all ¢ > 1.
(iv) Write the solution for ¢ > 1.

Solution: In conclusion

0 if x <0,
u(z,t) = q 157 if0 <z <ay(t) = V2t +2,
0 if V2t +2=z,(t) < z.

Question 99: Consider the following conservation equation

1 ifx <0,
Ou+ ud,u =0, x€ (—o0,+00), t >0, u(z,0) =up(z) =< 1—2 if0<z<1,
0 ifl1 <uw.

(i) Solve this problem using the method of characteristics for 0 < ¢ < 1.

Solution: The characteristics are defined by

dX(t, IL'())

il =u(X(t, zg),t), X(0,20) = o.

From class we know that u(X (¢, x0),t) does not depend on time, that is to say
X (t,29) = u(X(0,20),0)t + zo = u(zo,0)t + o = up(T0)t + To-
Case 1: If zp <0, we have ug(zp) =1 and X (¢,x0) =t + xo; as a result, o = X — ¢, and
u(z,t) =1, if £ <t.

Case 2: If 0 < 29 < 1, we have ug(zg) = 1 — 29 and X (t,29) = (1 — xg) + xo; as a result

xg= (X —1t)/(1—t), and
u(z,t) =1—(t—2)/(t—1), fo<z—t<1-—t¢,

which can also be re-written

rz—1
t—1

u(z,t) = ift<z<1.

)

case 3: If 1 < xq, we have ug(zo) = 0 and X (¢, 20) = xo; as a result

u(z,t) =0, if 1 <u.
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(ii) Draw the characteristics for all ¢ > 0 and all z € R.

Solution:

x=0 x=1

(iii) At t = 1 we have u(z,1) = 1if 2 <1 and u(x,1) = 0if z > 1. Solve the problem for ¢ > 1.

Solution: Denote by u; () the solution at ¢ = 1. The characteristics are X (¢, xq) = u1(xo)(t —
1) -+ Zo-
Case 1: If zg < 1, uy(xo) =1 and X (t,x9) =t — 1+ xo; as a result,

u(z,t) =1, If z <t
Case 2: If 1 <@g, ui(zg) =0 and X (¢,x9) = zo; as a result,

u(z,t) =0, If1l<uz.
The characteristics cross in the domain {1 < x < t}; as a result we have a shock. The speed of the
shock is given by the Rankin-Hugoniot relation (recall that g(u) = u?/2):

dxs(t) ¢ —q¢ 1/2-0 1
= = = — 81 :1)
& Cw e 1.0 o =M

Which gives z5(t) = 3(t + 1). In conclusion,

(z.1) 1 Ift>1andz < 3(t+1),
u(x,t) =
0 Ift>1and 3(t+1)<uz.

Question 100: Give an explicit solution to the equation dyu + 9,(u*) = 0, where = €
(=00, +00), t > 0, with initial data uo(z) = 0 if z < 0, up(x) = 23 if 0 < z < 1, and
ug(z) =0if 1 < @.

Solution: The implicit representation of the solution is
u(X (s,1),t) = ug(s), X(s,t) = s+ dug(s)>t.
Case 1: s < 0, then ug(s) =0 and X (s,t) = s. This means
u(z,t) =0 ifz<0.

Case 2: 0 < s < 1, then ug(s) = s3 and X (s,t) = s 4 4st. This means s = X/(1 + 4t)

3
u(z,t) = <1f4t> if0<x<1+4t.
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Case 3: 1 < s, then ug(s) =0 and X (s,t) = s. This means

u(z,t) =0 ifl<uz.

There is a shock starting at = = 1 (this is visible when one draws the characteristics).

Solution 1: The speed of the shock is given by the Rankin-Hugoniot formula

dzg(t) uf —u?

= — d z,(0) =1,
dt Uy —u_’ and z,(0)
%
where u (t) =0 and u_(t) = (”fﬁg) . This gives
da(t) 3 xs(t)
= _ t =
@ =
which we re-write as follows:
dlog(zs(t)) 1 ldlog(l+4?)
dt 144t 4 dt '

Applying the fundamental of calculus between 0 and ¢ gives

log (s (£)) — log(1) = i(log(l +4t) — log(1)).

This give )
xs(t) = (1 +4¢)4.

Solution 2: Another (equivalent) way of solving this problem, that does not require to solve the
Rankin-Hugoniot relation, consists of writing that the value of u_ is such that the total mass is

conserved:

za(t) 2.(0) L3
/ u(z, t)de = / up(z)dz = / x3dr = -
0 0 0 4

i.e., using the fact that u(z,t) = (z/(1 4 4t))3 for all 0 < z < ,(t), we have

3 1 s (t) 1 13 4
f:(1+4t)’§/ phdr = (1440~ 30, 0%

This again gives )
xs(t) = (1 +4¢)4.

Conclusion:  The solution is finally expressed as follows:

0 ifz <0
u(z,t) = ( x )

i if0<z<(144t)7
0 if (14+4t)% <z

Wl
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8 Green’s function

Question 101: Let €2 be a three-dimensional domain and consider the PDE
V?u=f(z), z€Q, with wu(z)=~h(z) on the boundary of Q, say I'.

Let G(z,x) be the Green’s function of this problem (the exact expression of G does not matter;
just assume that G is known). Give a representation! of u(z) in terms of G, f and h.

Solution: By definition
V2G(x,20) = 6(x —x0), 2€Q, with G(z,20)=0 z€T.

Then using the integration by parts formula, we obtain

/Q w(@)V2(Glz, 70))dz = /Q V2 (u(2)) Gz, wo)da+ /

r

()0, (G, o)) dz— / Oy (u(2))G (&, 20) da.
I
which can also be rewritten

u(zo) /f (x,z0 dw—i—/rh(gc)an(G(x,xo))dw.

Question 102: Let f be a smooth function in [0, 1]. Consider the PDE
u— Oggu = f(z), z€(0,1), Orpu(l) +u(l) =2, —0,u(0) +u(0) = 1.

What PDE and which boundary conditions must satisfy the Green function, G(z,xo), (DO
NOT compute the Green function)? Give the integral representation of u assuming G(z, x¢) is
known. Fully justify your answer.

Solution: Multiply the equation by G(x, o) and integrate over (0,1):

/ f(@)G(x,x0)dx _/0 (u(z) — Oppu(x))G(x,x0)dx
1
= /0 u(x)G(x, xo) + Oru(x)0,G(x, xo)dx — O,u(1)G(1, zg) + O,u(0)G(0, xo)

= /0 w(z)(G(z,x0) — 020G (2, x0))dx + u(1)0, G(1, 29) — u(0)0.G(0, z¢)
— 0,u(1)G(1,20) + 0,u(0)G(0, z0)
= /0 w(x)(G(x, x0) — OpeG(x, x0))dx + u(1)0,G(1, o) — u(0)0,G(0, z9)

(u(1) =2)G(1, x0) + (u(0) = EG(0, z0)

1
+u(1)(G(L, ) + 2 G (1, 20) + u(0) (G(0, 20) — ,G(0, 20)) — 2G(1, x0) — G(0, 20)

If we define G(z,z) so that
G(z,x0) — 022G (2, 20) = d(x — x0), G(1,z0) + 0:G(1,29) = 0, G(0,z9) — 0,G(0,x9) =0,

then u(zg), 2o € (0,1), has the following representation

u(zg) / f(@)G(z, z0)dx + 2G(1, zo) + G(0, ), Vo € (0,1).

'Hint: use [o vV2(¢) = [o, V(%) + [1 ¥On(d) — [ On ()
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Question 103: Consider the equation u/(z) + u = f(x) for x € (0,1) with u(0) = a. Let
G(z, ) be the associated Green’s function. (Pay attention to the number of derivatives).

(a) Give the equation and boundary condition defining G and give an integral representation
of u(xg) in terms of G, f and the boundary data a. (Do not compute G.)

Solution: The Green’s function is defined by
~G'(z,20) + G(x,10) = 0(x — 10), G(1,20) = 0.
We multiply the equation by u and we integrate over (0, 1) (in the distribution sense),
1 1
/ fG’(x,xo)u(:z:)der/ G(z, zo)u(zr)der = u(zo).
0 0
We integrates by parts and we obtain,
1
u(xo) = / G(z,z0) (v (z) + u(z))dz — G(1, 20)u(1) + G(0, 20)u(0)
0

Then, using the fact that ' + v = f and using the boundary conditions for G' and u, we obtain

u(zo) :/0 G(z,z0) f(z)dx + 2G(0,z0). Vxo € (0,1).




Math 602 59

(b) Compute G(z, xg).

Solution: For z < zy and zy > = we have

—G'(z,20) + G(z,x0) = 0.

The solution is

T for x < xo

Be*  for x > xg.

G(z, 1) = {ae
The boundary condition G(1,z¢) = 0 implies 8 = 0.

For every ¢ > 0 we have

xo+e
1= / (—=G'(z,20) + G(z,20))dz

xo+e€
= G(xo — €,x0) — G(zo + €,T0) —|—/ G(z,z0)dx

xrog—€

The term R, = fr°+EG(x,x0)dx can be bounded as follows:

Xog—E€

|R| < 2¢ max |G(x,x0)| = 2eqe™.
z€[0,1]

)

Clearly R, goes to 0 with €. As a result we obtain the jump condition
1=G(xy,70) — G(ag,w0) = ae™.
This implies

Finally
e % forx < xo

G(z, 1) = {

0 for z > xg.

Question 104: Consider the equation —9,(zd,u(x)) = f(z) for all x € (1,2) with u(1) = a
and u(2) = b. Let G(x,x0) be the associated Green’s function.

(i) Give the equation and boundary conditions satisfied by G' and give the integral representation
of u(zg) for all g € (1,2) in terms of G, f, and the boundary data. (Do not compute G in this
question).

Solution: We have a second-order PDE and the operator is clearly self-adjoint. The Green's function
solves the equation

=0, (20, G(x,20)) = 6(x — x9), G(l,x0) =0, G(2,29)=0.

We multiply the equation by u and integrate over the domain (1,2) (in the distribution sense).
2
(0(z — z0),u) = u(zrg) = —/ 05 (20, G (x, o) )u(z)de.
1
We integrate by parts and we obtain,
2
u(xg) = / 20,G (2, 20)0pu(x)dz — [20,G(z, zo)u(x)]?
1
2
= —/ G(,20) 0z (x0pu(z))da — 20, G(2, 20)u(2) + 0, G(1, z¢)u(l).
1
Now, using the boundary conditions and the fact that —3, (zd,u(x)) = f(x), we finally have

u(zg) = /12 G(z, o) f(z)dr — 20;G(2, 20)b + 0:G(1, z¢)a.
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(ii) Compute G(z,zo) for all z,z¢ € (1,2).

Solution: For all = # 2y we have
=05 (20, G(x, x0)) = 0.

The solution is
alog(z)+b ifl<z<uzg

clog(z)+d ifaxg<z<2

G(z,z0) = {

The boundary conditions give b = 0 and d = —clog(2); as a result,

alog(z) if 1 <z <z
clog(z/2) ifxg <z <2

G(x,x9) = {

GG must be continuous at xg,
alog(zg) = clog(xg) — clog(2)

and must satisfy the gap condition

$0+E
—/ 05 (20, G(x, x0))dz = 1, Ve > 0.

zo—e
This gives
—xo ((%cG(:ca',xo) - G(zg,m0)) =1
c a
—r(— — 2y =1
CEO(IO $0>
This gives
a—c=1.
In conclusion log(xg) = —clog?2 and
¢ = —log(wo)/10g(2), a =1 - log(xo)/log(2) = log(2/z0); log(2).
This means

log(2/0) ,
G(x,z0) = { g log(z) if1 <z <o

log(z .
ng((;)) log(2/z) ifzg <z <2

Question 105: Consider the equation u/(z) +u = f(x) for x € (0,1) with «(0) = a. Let
G(z, o) be the associated Green’s function. (Pay attention to the number of derivatives).
(a) Give the equation and boundary condition defining G and give an integral representation

of u(xg) in terms of G, f and the boundary data a. (Do not compute G.)

Solution: The Green'’s function is defined by

~G'(z,20) + G(x,10) = 0(x — 10), G(1,20) = 0.

We multiply the equation by u and we integrate over (0,1) (in the distribution sense),

1 1
/ —G'(z,z0)u(z)dz + / G(z, zo)u(zr)der = u(zo).
0 0

We integrates by parts and we obtain,

u(xo) = /0 G(x,20) (W (z) + u(x))dz — G(1, z0)u(1) + G(0, z0)u(0)
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Then, using the fact that v’ + u = f and using the boundary conditions for G and u, we obtain

1
u(zo) :/0 G(z,z0) f(z)dx + aG(0,20). Vzo € (0,1).

(b) Compute G(z, xo).

Solution: For x < zg and ¢ > = we have

—G'(z,z0) + G(x,20) = 0.

The solution is

T forx < xg

pe*  for x > xg.

ae

G(z,z9) = {

The boundary condition G(1, ) = 0 implies 5 = 0.

For every ¢ > 0 we have

xo+e€
1= / (=G (z,x0) + G(z,20))dz

xo+e€
= G(xo — €,x9) — G(zg + €, 20) + / G(z,xo)dx
Trog—E€
The term R, = [*°7° G(z, z¢)dz can be bounded as follows:

xTrog—€E

|R:| < 2¢ max |G(x,x0)| = 2eqe™.
z€l0,1]

Clearly R, goes to 0 with €. As a result we obtain the jump condition
1=G(zy,x0) — G(:L'a',xo) = ae™.

This implies

Finally
e*~%0  for x < xg

G(z,zg) = {

0 for z > zg.

Question 106: Consider the equation —0,(zd,u(x)) = f(z) for all x € (1,2) with u(1) = a
and u(2) = b. Let G(x,x9) be the associated Green’s function.

(i) Give the equation and boundary conditions satisfied by G and give the integral representation
of u(xg) for all zg € (1,2) in terms of G, f, and the boundary data. (Do not compute G in this
question).

Solution: We have a second-order PDE and the operator is clearly self-adjoint. The Green's function
solves the equation

=0, (20, G(x,20)) = 6(x — ), G(l,z0) =0, G(2,z9)=0.

We multiply the equation by u and integrate over the domain (1,2) (in the distribution sense).

2
(0(z — z0),u) = u(zro) = —/ 05 (20, G (x, o) )u(zr)de.
1
We integrate by parts and we obtain,
2
u(zo) = / 20,G (2, 20)0pu(x)dx — [20,G(z, zo)u(x)]?
1

- _ /12 G(x,10)0, (20 u(x))dr — 20, G (2, xo)u(2) + 0, G(1, z0)u(l).
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Now, using the boundary conditions and the fact that —9, (zd,u(z)) = f(x), we finally have

u(wo) = /1 Gla, 20) f()dx — 20,G(2, 70)b+ D, G(1, 20)a.

(ii) Compute G(x,xg) for all z,zy € (1,2).

Solution: For all = # 2y we have

— 02 (20, G(x,20)) = 0.

The solution is
alog(z)+b ifl<z<uxzg

clog(z)+d ifzxg<z<2

G(z, o) = {

The boundary conditions give b = 0 and d = —clog(2); as a result,

G( ) alog(z) if 1 <z <z
x,x0) = _
0 clog(z/2) ifxo <z <2

G must be continuous at xg,
alog(zg) = clog(zg) — clog(2)

and must satisfy the gap condition

xo+e€
7/ 02 (20, G(x, x0))dz = 1, Ve > 0.

0—€
This gives

—z0 (0,G(xg ,20) — G(zg ,20)) =1

c a
e — 2y =1
mo(wo wo)
This gives
a—c=
In conclusion log(xzg) = —clog2 and
¢ = —log(z0)/1og(2), @ = 1—1log(zo)/log(2) = log(2/0)/log(2).

This means

108(2/20) 100(2) ifl <z <2
G(x,mo):{ log(3) 108(7) 0

l'fogééo)) log(2/x) ifxg <z <2

Question 107: Consider the equation d,,u(x) = f(x), x € (0, L), with u(0) = a and d,u(L) =
b.
(a) Compute the Green’s function of the problem.

Solution: Let z( be a point in (0, L). The Green's function of the problem is such that
022G (2, %0) = 03y, G(0,29) =0, 0,G(L,x0)=0.
The following holds for all z € (0, zo):
022G (x,29) = 0.

This implies that G(z,2¢) = ax + b in (0,20). The boundary condition G(0,z9) = 0 gives b = 0.
Likewise, the following holds for all = € (x, L):

022G (2, 20) = 0.
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This implies that G(x,x) = cx + d in (x0,L). The boundary condition 9,G(L,xq) = 0 gives
¢ = 0. The continuity of G(x, () at xo implies that azg = d. The condition

/ Oz G(x, 20)dx = 1, Ve > 0,

gives the so-called jump condition: 0,G(x{,2¢) — .G (25 ,20) = 1. This means that 0 —a = 1,
i.,e., a=—1and d = —xg. In conclusion

-z if <z <,

G(z,mg) = {

—xp otherwise.

(b) Give the integral representation of u using the Green’s function.

Solution: Let xy be a point in (0, L). The definition of the Dirac measure at zg is such that
w(@0) = {02y, u) = (O2aG(+; 20), w)
L
_ / 0, G, 20)Duu(x)dz + [0,G (2, o) ()]
0
L
- / G, 0)Bppu(x)dz — [G(x, 20)dpu(x)]y + [0.G(x, zo)u(z)]y
0
L
= / G(x,0) f(x)dz — G(L, 20)0pu(L) + G(0,20)05u(0) + :G(L, wo)u(L) — 0:G(0, xo)u(0).
0

This finally gives the following representation of the solution:

L
u(xg) = /0 G(z, o) f(x)dx — G(L,x0)b — 0,G(0,x0)a
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9 Fredholm alternative

Question 108: (a) Compute the solution set of the equation

v +u=0, z€(0,2r) with u(0)=wu(2n7), ' (0) = (27).

Solution: clearly u(z) = acos(z) + bsin(z) where a and b are arbitrary numbers. The solution set
is a two-dimensional vector space spanned by cos(z) and sin(z).

(b) Do the following equation have solution(s)? (Hint: think of the Fredholm alternative)

u'(x) + u(z) = sin(2z), Vo € (0,27) with u(0) =u(27), v/ (0) = «'(27).

Solution: We are in the second case of the Fredholm alternative, i.e., the null space of the operator
is not {0}. We have to verify that sin(2x) is orthogonal to cos(z) and sin(x), which is clearly true.
In conclusion the equation has solutions.

(c) Do the following equation have solution(s)? (Hint: think of the Fredholm alternative)

v’ (x) + u(x) = sin(z), Vo € (0,2r) with  «(0) = u(27), ' (0) = u'(27).

Solution: We are in the second case of the Fredholm alternative, i.e., the null space of the operator
is not {0}. We have to verify that sin(z) is orthogonal to cos(z) and sin(z), which is clearly wrong.
In conclusion the equation has no solution.

Question 109: (i) Use the energy method to compute the null space of the self-adjoint operator
L :{v € C?0,1];2'(0) = v'(1) = 0} — C°[0, 1] defined by L(v) := —v".

Solution: Let v be a member of the null space. Then L(v) = 0 if and only if

—"(z) =0, Vzrel0,1], 2'(0)=0, 2'(1)=0.

Multiply the equation by v and integrate over [0, 1]:

1 1 1
0= —/0 v (x)v(z)dz = /0 v (x)v' (z)dx — o' (1)v(1) +0'(0)v(0) = /o (v'(x))"dx.

This implies that v'(x) = 0 for all z € [0,1], which in turns implies that v(z) = a where a is an
arbitrary constant, i.e., Null(L) C span(1) . Conversely it is clear that v(z) = a is in the null space
of L, i.e., span(1) C Null. In conclusion

Null(L) = span(1).

(ii) Apply the Fredholm alternative to deduce whether the following equation has a solution,

and if it does whether it is unique: —u”(2) = § — @, where z € [0,1] and «/(0) =0, /(1) = 0.

Solution: The problem consists of finding u in H := {v € C?[0,1];v'(0) = v'(1) = 0} so that
Lu = 1 —x. From (i) we infer that the null space of L is not reduced to {0}, this means
that we are in the second case of the Fredholm alternative. There exists a solution if and only if
fol(% — z)v(xz)dz = 0 for all v in the null space of L = L. Let v be in the null space of L. We
have seen in (i) that v(z) = a, where a € R; this implies

In conclusion the condition fol(% — z)v(z)dx = 0 for all v € Null(L) is satisfied. This means that
the problem has a solution but the solution is not unique.
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Question 110: Consider the equation —u" () = f(x) for x € (0,1) with «/(0) = 2 and u(1) = 1.
Let G(z, o) be the associated Green’s function. (Pay attention to the minus sign).
(a) Give an expression of u(x) in terms of G, f and the boundary data.

Solution: The Green's function is defined by
—G"(z,20) = 6(x — 20), G'(0,39) =0, G(1,20) =0.
We multiply the equation by u and we integrate over (0,1) (in the distribution sense),
1
/0 —G" (x, mo)u(z)dz = u(xg).
We integrates by parts twice and we obtain,
1
u(xg) = /0 G (z,z0)u (x)dx — G' (1, z0)u(1) + G'(0, zo)u(0)
=— /01 G(x,zo)u’" (z)dz + G(1,20)u’ (1) — G(0,20)u’(0) — G'(1, z0)u(1) + G'(0, z0)u(0).

Then, using the boundary conditions for G and u, we obtain

u(zo) = /0 G(z,z0) f(z)dz — 2G(0,20) — G'(1,20), Vo € (0,1).

(b) Compute G(z, x0).

Solution: For z < zg we have

G(z,z9) = ax + b.
The boundary condition G’ (0,z0) = 0 implies a = 0; hence, G(z,zg) = b. For zg < = we have
G(x,x9) =c(x —1) +d.

The boundary condition G(1,x¢) = 0 implies d = 0; hence, G(x, x¢) = c(x —1). Moreover we have
1
1= —/ G (z,z9)dx = —G'(1,10) + G'(0,29) = —c,
0

meaning ¢ = —1. The continuity of G at zg implies
b=1- Zo.

As a result,

1—x9, if0<ax<x,
1l—z, ifzg<zx<I1.

G(IE, IIJ()) = {
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10 Classification of PDEs

Question 111: Consider the following PDE’s:

Oyu(z,y) + 30z.u(z,y) = f(z,y), y>0, z€(0,L)

u(z,0) =1, u(0,y) =3, Jyu(L,y)=2 (13)
(%u(:c,y) = 30zzu(w,y) = f(z,y), y>0, z€(0,L)

w(z,0) =1, wuw(0,y)=3, 0u(0,y)=2, Ou(L,y)=2 (14)
Oyu(z,y) — 30z.u(z,y) = f(z,y), y>0, ze€(0,L)

u(z,0) =1, u(0,y) =3, Jyu(L,y)=2 (15)
8yyu($’y) - 3a$$u(zvy) = f(x,y), y>0, z¢ (O7L)
w(z,0) =1, wuw(0,y)=3, Ou(L,y)=2 (16)

Oyyu(2,y) — 30zu(z,y) = f(z,y), y>0, x€(0,L)
u(z,0) =1, Oyu(z,0)=1, u(0,y)=2, Jyu(L,y)=3 (17)
Oyyu(z,y) + 30zu(z,y) = f(x,y), y>0, z€(0,L)
w(z,0) =1, Jyu(z,0)=1, u(0,y)=2, Ju(L,y)=3 (18)
—Oyyu(z,y) = Oppu(z,y) = f(z,y), ye(0,H), zc(0,L)
u(z,0) =1, w(xz,H)=1, u(0,y)=2, O0yu(L,y)=3 (19)
—Oyyu(x,y) = Ozpu(x,y) = f(z,y), ye€(0,H), ze(0,L)
w(z,0) =1, wu(z,H)=1, Jyu(
—Oyyu(z,y) = Opgu(z,y) = f(z,y), ye(0,H), zc(0,L)
u(z,0) =1, w(L,y)=2, 0,u(0,y)=3 (21)
Oyu(x,y) +30,u(x,y) = f(z,y), ye(0,H), wxe(0L)
w(z,0) =1, w(z,H)=1, u(L,y)=2, 0,u(0,y)=3 (22)
Oyu(z,y) + 30,u(x,y) = f(z,y), y>0 =x€(0,L)

x,H)=2, 0d,u(L,y)=3 (20)

w(z,0) =1, w(0,y) =2, 0Oyu(L,y)=3 (23)
Oyu(z,y) + 30,u(z,y) = f(z,y), y>0 =z€(0,L)
u(z,0) =1, u(0,y) =2 (24)
Which one is the
e Heat equation? 9
e Laplace equation? 13
e Transport equation? 18

e Wave equation? 11



