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INTRODUCTION

The first examples of triangular AF algebras to be studied were the refinement algebra
and the standard algebra. Both are analytic algebras with the property that the cocycle
can be taken to be constant on the matrix units of the algebra. The latter property, called
local constancy, is quite special and is still ill-understood. In the present paper we examine
the class of nest algebras 7 in AF C*-algebras which share the distinctive features of the
refinement algebra:

(1) T is a nest algebra in which the nest generates the diagonal, and

(2) T admits a locally constant cocycle.
Such algebras will be referred to as lcc nest algebras (see Definition 1.6).

Let 2 be the CAR algebra UHF(2°°), and (A4, )52, a sequence of subalgebras of 2 with
A, (isomorphic to) Ms» and the embedding A,, — A,,4+1 the refinement embedding, which

is defined on matrix units by 657;) — eé?:l;j_l + eé?;jl) ,1 <1,5 <2™ The canonical form
for the cocycle d which is constant on the matrix units is d(egz)) = L. If 7 is the tracial

state of 2, then T(egcnk)) =L for1<k<2" Thus

on
i
o(:) =+ 3 ).
=141

On the other hand, Zl:{—i—l 6;7) is the interval of the nest with ‘left endpoint’ ™

11

‘right endpoint’ eg-r;-'). In other words, the value of the cocycle on a matrix unit is the trace

of an interval in the nest, the interval being given as the difference of the two elements of
the nest which dominate the initial and final projections.

This simple idea carries over to all lcc nest algebras, allowing us to give a canonical

form for the cocycle. If 91 is a nest which generates a canonical masa © in an AF algebra

and
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2, and if p € D is any projection, we will let Pyi(p) denote the unique minimal projection
P € M which dominates p. (If the nest 91 has been fixed, we just write P(p).) Note that,
if N does not generate a masa, there need not be a unique minimal nest projection which
dominates a given diagonal projection (e.g. Example 1.8). However, if 91 generates ©, then
by [PeW; Lemma 3.1] there is a unique decomposition of each projection p € © as a sum
of disjoint nest intervals, say p=P — Q1+ -+ P, —Q, with P, > Q, > --- > P, > Q,..
Thus, Pm(p) = Pi. The generic form of the cocycle can now be given: if A = UA,, is a
presentation of the simple (unital) AF algebra 2 in which 91N A, is a maximal nest in
A, (n > 1), and for which there is some locally constant cocycle, then

dy(v) = 7(Por(v*v) — Por(vv*))

(where v is a matrix unit in some A,, and 7 is a tracial state for ) is also a locally
constant cocycle.

It is not a prior: obvious that the only infinite dimensional examples of lcc nest algebras
in UHF C*-algebras are not the refinement algebras, one for each UHF algebra. It so
happens, perhaps surprisingly, that there are many such algebras. Further, lcc nest algebras
in simple AF C*-algebras with finite trace can be classified by means of source-ordered
Bratteli diagrams. We use source order to distinguish this ordering on Bratteli diagrams
from the (different) ordering introduced in [Pol] and used in [HPS,PW]. Thus each simple
AF algebra with finite trace contains at least one lcc nest algebra. We know, for instance,
that the Fibonacci algebra contains at least three distinct lec nest algebras (Example 3.5);
the CAR algebra admits countably many distinct lec nest algebras (Example 3.3), although
we must use countably many Bratteli diagrams. Finally, from our use of the term ‘lcc nest
algebra’ the reader should not infer that the classification of this paper treats all nest
algebras which admit locally constant cocycles; Example 1.8 shows that there is a nest
algebra in the CAR algebra which admits a locally constant cocycle, yet the nest fails to
generate a canonical masa. Such algebras lie outside the scope of this investigation.

Section I contains the theorem giving the canonical form for the cocycle. Examples
are included to show that the simplicity assumption of the enveloping AF algebra and
the generation assumption on the nest are essential to the theorem. Section II deals with
source-ordered Bratteli diagrams. It is shown how a source-ordered diagram defines a
unique nest, and conversely. The main result of this section, Theorem 2.8 (which is the
main result of the paper) shows that two lcc nest algebras are isomorphic if and only if
their corresponding source-ordered Bratteli diagrams are order equivalent. The principal
content of Section III is the examples: the notion of a locally minimal path in a source-
ordered Bratteli diagram is introduced. This idea is employed to show that there are
various distinct lec nest algebras in the Fibonacci algebra, each of which has the same
(unordered) Bratteli diagram. Also in this section is a description of the automorphism
group of a nest algebra where the nest generates a canonical masa; this includes lcc nest
algebras.
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Preliminaries. Suppose that 2 is an AF C*-Algebra containing a canonical masa ® and

T C 2 is a closed ©-bimodule. Define the normaliser of © in T, No(T), by
No(T) = {CL € T |a is a partial isometry and a*da, ada® € D for all d € @}.

Let X be the spectrum of @, the maximal ideal space of ®; for p a projection in 2, let p
denote {z € X |z(p) = 1}.

Each a € Np(2l) induces a partial homeomorphism on X, h, from aa* to C?‘E, where
ha(z) is d — x(ada*). If @ denotes the graph of h,, then we can define a topological binary
relation R(7) C X x X by

(1) R(T)=|J{a:ae No(T)}.

Notice that R(2l) is a topological equivalence relation, in fact a groupoid, and R(7) is an
open subset of R(2). In [MS, Theorem 3.10], Muhly and Solel show that there is a 1-1
correspondence between closed D-bimodules in 2 and such open subsets of R(2). Further,
R(T) is a complete invariant for isometric isomorphism, in that if R(7) and R(S) are
isomorphic as topological binary relations, then 7 and S are isometrically isomorphic,
[Po2, Theorem 7.5].

Suppose 2 = lim(A,,, oy, ) with each A, isomorphic to a finite dimensional C*-algebra,
_).

i.e., a direct sum of matrix algebras, and a,: A,—1 — A, is a *-homomorphism. We may
assume that each a,, is reqular, that is, maps matrix units to sums of matrix units. As each
element of Np(7) is a partial isometry in D times a sum of matrix units [Po2, Lemma 5.5],
we obtain the same set in (1) if we restrict to those @ which are the matrix units of the
subalgebras A,,.

Just as 2 is an inductive limit, R(2() is an inverse limit. For each A,, let R(A,) be
the set of matrix units of A,,. The set R(A,) is a groupoid where the product of matrix
units e and f is ef if ef # 0 and is undefined if ef = 0. Since «,, is regular, there is a
partially defined surjective map a&,: R(A,) — R(A,_1) given by sending each matrix unit
in the sum a,(e) to the matrix unit e. Then

(2) R(2) = lim(R(An), én).

We will need two orderings on projections, each different from the usual partial ordering
on projections of a C*-algebra. First, consider a triangular algebra 7 contained in an AF
C*-algebra 2, that is, 7T NT* is a masa in A. Let ® =T NT*. The diagonal order on the
projections of D, is given by e < f iff there is v € No(7) with v*v = e and vv* = f.

Second, if 1 is a nest in 2, then 97 induces an order on the projections in the commutant
of Mby e <, f iff p > f implies p > e for all p € M. Notice that if JT is not maximal,
then <g; is not anti-symmetric. If e <91 f and f <9 €, we call e and f equivalent in <.
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I. LocaLLy CoNSTANT COCYCLES

Definition 1.1. By a cocycle for 2 we mean a continuous function ¢: R(2) — R so that
c(x,z) = c(z,y) + c(y, z) for all pairs (x,y), (y,z) € R(A).
A subalgebra T C 2 is analytic by a cocycle ¢ if ¢71([0,4+00)) = R(T).

We are most interested in cocycles that are locally constant, that is, for each point
of the domain, there is a neighbourhood of the point on which the cocycle is constant.
Algebras analytic by locally constant cocycles are inductive limits of finite-dimensional
analytic algebras, in a sense we now make precise.

Definition 1.2. If 2 = lim(A,, a,) is an AF C*-algebra, we call a sequence of cocycles
H

{en} compatible with the presentation of 2 if ¢,, is a cocycle for R(A,,) and ¢,, and ¢,,—10éy,
agree on the domain of &,.

Although a cocycle ¢ is a function on R(2l), it is convenient to abuse notation by writing
¢(0) if ¢ is constant on 0.
Proposition 1.3. Let A be an AF C*-algebra.

If A =lim(A,, an) and {c,} s a compatible sequence of cocycles, then there is a locally

_).
constant cocycle ¢ for A with c¢(€) = cp(e) for all e € R(A,). Conversely, if ¢ is a locally
constant cocycle for 2, then there is a presentation of A, lim(A,,ay), and a compatible
—

sequence of cocycles {c,} with cy(€) = c(€) for all e € R(Ay).

Proof. Given a presentation, lim(A,, ay), and a compatible sequence of cocycles {¢,}, ¢
_)-

can be constructed by (2) above and the universal property of inverse limits.
Conversely, suppose ¢ is a locally constant cocycle for 2. Choose a presentation 2 =
En(A%,oz%). Let A, = span{v € R(A])|c is constant on 0}. As ay,(A,—1) C Ay, we can

form a new inductive limit, lim(A,, ap|a,_,) C A.
H

Since c¢ is locally constant on R(2), for every a € Np(2) the set a can be written as
a disjoint union of sets v where ¢ restricted to each v is constant. In particular, we may
choose each v to be a matrix unit in some A; and so R(2) = U{0 |v € R(A,)}. Since R()
is an isomorphism invariant, 2 = li_r)n(An, anla,_,). Define a cocycle, ¢,, for each R(A,)

by ¢n(v) = ¢(0). It follows easily that the sequence {c,} is compatible. O

Lemma 1.4. Suppose A is an AF C*-algebra, ¢ is a locally constant cocycle for A and
N C A s a nest which generates a canonical masa and so that for all p € N, ¢ restricted to
p s zero. Then there is a presentation of A = U, A,,, where each A, s a finite-dimensional
algebra and for all n,

(1) ¢ is constant on v for all v € R(A,), and
(2) MN A, s a mazimal nest in A,.

Proof. By Proposition 1.3, we have a presentation of 2, say 2 = U, B,,, satisfying the first
condition.
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Let © be the canonical masa generated by 91. While ® N B,, need not be generated by
M N B,,, each minimal diagonal projection in B, is a sum of differences of nest projections
by Lemma 3.1 of [PeW]. Let E,, be the algebra generated by ©N B,, and all nest projections
which appear in the decompositions of minimal projections of B,,.

Let A, be the C*-algebra generated by E,, and B,,. Clearly, A, N® = E,, is a masa
in A,,. It is easy to see that 91 N A,, generates E, and so is a maximal nest in A,,. The
graphs of matrix units in A,, are restrictions of the graphs of matrix units in B,, (on which
¢ was constant), so ¢ is constant on the graphs of matrix units in each 4,,. O

Theorem 1.5. Let 2 be a simple AF C*-algebra with finite trace T and N be a nest which

generates a canonical masa. If T = AlgN is analytic by a locally constant cocycle ¢, then

there is a presentation of A, lim(A;, «;), so that T is also analytic by the locally constant
—

cocycle dy satisfying dwm(0) = T(P('v*v) — P(vv*)) for all matriz units v in each A;.
Proof. Let lim(A;, a;) be the presentation given by Lemma 1.4. Let NV;, = 91N A,, and let
H

< denote the ordering on minimal projections of A,, induced by N,,. Notice that ¢ < f
implies € <,, f but the converse holds if and only if e and f are in the same factor of A,,.

For n > 1, define d,,: R(A,,) — R by d,(v) = T(P(U*'v) — P('U'U*)). Clearly, d,,(v) > 0 if
and only if v € Alg 9. By the definition of d, d,(v) = dxn(0). Thus

T =AlgN = U Ale(MNA,) = U spandy ' ([0, +00)) = spand,}tl([O, +00)),

7

so T is analytic by dg, provided dg; is a locally constant cocycle. To show this, we prove
that de; and the sequence {d, } satisfy the conditions of Proposition 1.3.

The only non-trivial condition is that d, and d,_; o &, agree. In other words, if v €
R(A,_1) and ap(v) = 2221 v; with v; € R(A,), then we must show that d,—1(v) = d,,(vs)
for 1 < <.

Since N,,—1 C N, we have v,vf <, 'U;"Uj for all  and j. Index the v; so that

VU] =p VUgUy =p U3V3 <p —<n VU] .

Claim: We also have vjv; <, v30y <, v3v3 <y -+ <y V]V,

Suppose, to the contrary, that there are 1,7 with ¢ < j and vjv; <, vjv,. While it
does not follow that viv; < vfv,, there is some m with m > n so that v;,v; are partially
embedded in the same factor of A,,, since 2 is simple. Let u;,u; be the restrictions of

v;,v; which lie in this factor of A,,. As Ny C N, we necessarily have u,u¥ <, uju;f and
*,

Uj

U; <m uju,. Since u; and u; are in the same factor of A,,, it does follow that

wiu; <wju; o and  uiu; < ujug.
Let w,z € T N A,;, be the elements implementing these relations, according to the defi-

nition of the diagonal order. A short calculation shows that (wujz)(wu;z)* = u,uf and



6 ALLAN P. DONSIG JUSTIN R. PETERS

(wuj;z)*(wu,z) = ufu,. Thus u; and wu;z are matrix units of A,, with the same initial
and final projections, and so u; = wujz. By our choice of the presentation, ¢ is constant
on v and hence on %; and @ . Thus,

—

c(t;) = e(wu;z) = c(Wi;2) = e(w) + e(a;) + ¢(2).

>

Since ¢ # j, w,z ¢ ® and so ¢(w),c(2) > 0. Thus c¢(@;) > c(@;). However, since c¢ is
constant on v, ¢(4;) = ¢(4;). This contradiction proves the claim.

Let {ei}1<i<[n) be the diagonal matrix units of A4,, indexed according to the total
ordering <,. Suppose v;v; = ¢;, and vjv; = e;,. Then

an(P(v*v) = P(wv*)) = > e =P(vfv;) — Plow;)

i0<i<ip

$0 dp—1(v) = dp(v1).

Suppose € € A, is a diagonal matrix unit. As we ordered the e; with the ordering
induced by N,, and N,,_1 C N,, it follows that a,(e) is a consecutive sequence of the
€i, l.e., aple) = Z?:a e;. By the claim, v/ _jv;,_; <, vjv; and v;_ v}, <, vV}, so
V,_4V]_y = €iy—1 and v]_;v;_; = €;, 1. Thus,

P(oj_1vi—1) = P(vi_qvi—y) = Z ei = P(vivy) — P(uor) + vp_1 0/ — vi_1 011
i0<i<iy

Since 7(v,_jvf_; —vf_1v;_1) = 0, dn(vi—1) = dp—1(v). Similarly, d,,(v;) = dp—1(v) for all
. O

Definition 1.6. Let 2 be a simple (unital) AF algebra with finite trace. A nest algebra
Alg 91 in A which satisfies the assumptions of Theorem 1.5 will be called an lec nest algebra.

The next two examples show that the assumptions that 2( is simple and that 1 generates
a canonical masa are necessary.

Example 1.7. This shows that the assumption of simplicity is needed in Theorem 1.5.
Let A, = Z?:l DA, ; where A, ; = M, for all n and 7. The embedding ay,: Ay, — Apyq is
given by a; @+ ®an = ay O+ D a, D a,. Let N, be the maximal nest in the diagonal
of A,, given by ordering the minimal diagonal projections as follows:

N,y b
SO 2
Ns _ 4_@[ 3]
O R Y e ET
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and so on. Note that a,(N,) C Ny41 for all n. Also, A = lim(A4,,a,) is a finite trace
_).

AF C*-algebra. Indeed, the (normalised) trace of the central projection of A, ; is 1/2¢ for
1 <4 < n and that of A, , is 1/2"71.
Letting M = U, Ny, it is clear that C*(N) is the diagonal and that Alg 9 is the inductive

limit of Alg NV,,. We claim that Alg is analytic by a locally constant cocycle, d. Let e;zj)
be the (j, k) matrix unit of A, ;. Set d(egnk’l)) =k— 7.
To show, finally, that the formula dy; = 7(P(v*v) — P(vv*)) does not define a locally

constant cocycle, take v = 6512’1). Then 65121) = §221) +e (2 2 while do(e; 2, 1)) = 3/4 and

dm(e; (2 2) ) = 1/4. Similarly, egzzz) = (3 2 4 §323) dyi(e g ) = 3/8 and ds)"( (3, 3)) =1/8.

Contmumg, we see that

{ryn=D) 1 er) 1
Since egnz’n_l) and egnz’n) are submatrix units of e( ; , we never reach stability and so the

formula does not give a locally constant cocycle.

Can there be some other presentation, say A = U, B,, for which the cocycle formula
works? One can see that B,, can be taken as C*(A,,, D,,, ) for some m,, > n, where D, is
the diagonal of A,,. (This is a general fact, not particular to this example.) But observe
that in this example C*(A,,Dpy1) = Ant1. Hence if the formula dy gives a locally
constant cocycle for Alg1 in any presentation, then it gives a locally constant cocycle in
the presentation lir_r:(An, Q).

Example 1.8. This example shows that there is a maximal nest A such that Alg N is
analytic TAF, but A/ does not generate the diagonal. Moreover, Alg A/ is analytic by a
locally constant cocycle. (Examples of strongly maximal, non-analytic nest algebras whose
nests don’t generate the diagonal are already known-— e.g., the 7, of [PeW].)

Take A = h_r)n(an,gbn) , where 2, = Ms» and ¢, = Ad P, 0 pp, pn : Man — Mynta

is the refinement embedding, and P, is the 2"T! x 27*! permutation matllx such that

Ad P,, interchanges the 2™ 2™ 4+ 1 rows and the 2" 2" 4+ 1 columns. Let {e” Fi<i,j<an

be matrix units for A, ; write the diagonal matrix units as e( ). Set Po =0 p(n) =

Z;lin)1<z<2" Let N, {p(n 0 <i <2l or2n™! <4 <27} Set

N = UN,. (Note: ¢,(N,) C Nn_|_1 ) Let T5, be the upper triangular subalgebra of 2.

Observe that ¢,(7,) C Thy1. Indeed, qbn( ) = pn( (n) Nyif i,y ¢ {277t 2nl 1)

NOW ¢nle Zn) 19n— 1+1) = gZ—Hl)Qn + éZill)Qn_i_Q € Tht1- Slmllarly, elements of the form

2n 15 €gn—1471,Cgn—145Cn-141;
Claim: Alg N is TAF; that is, Alg N N®A,, = T,,. Now Alg N N2A,, C AlgN,, N2, and the

(n)
Qn— 1_|_1 gn—1-

in T,, map under ¢,, to T\4+1 .
only lower triangular matrix unit of the algebra on the right is e However this

is mapped by ¢, to a sum of two matrix units in 2,41, one of which is 62"12)2"—1—17 which
is not in Alg V.11 N QA,11. This completes the claim.
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Claim: N is a maximal nest. Let p be a projection in 2 such that {p} U N is a nest.
Since p commutes with every projection in NV, p € (Alg ) N (AlgN)*. Thus, p € D and
so p € D, the diagonal of T),, for some n. Since N, U {p} must be a nest, it follows that

either p is pén_l or pgz) 1+ egz) 14- In the second case, On(p) = éT—lg +e (n—H) + éﬁf;
so that N,41 U{¢n(p)} is not a nest. In the first case, ¢, (p) = gZ—Hl) + egz—:ll) and again

Nnt1 U {én(p)} is not a nest. Thus, in neither case can {p} UN be a nest.
To show that C*(N) # D, observe that egl) ¢C*(N). Indeed, if eg were in C*(N), then

by Lemma 3.1 of [PeW] egl' could be written as a sum of disjoint nest intervals (uniquely).

Thus, we would have eg ) in C*(N,,) for some n in Z7T. As e(l) is a sum of egn) which
(n) o) (n)

on=1_1s €gn1 on—1 (n even) or else includes el el but

but not ¢ an—13€gn—1

either includes e

(n+1)
not €on—141

(n) (n)

of e,,_ 15 €yn—1y must contain the other.

It is now straightforward to apply Prop. 3.20 and Thm. 3.16 of [PePW2] to conclude
that Alg NV is analytic. It remains only to show that Alg A is analytic by a locally constant
cocycle. By Proposition 1.3, it suffices to give a sequence {¢,} so that ¢, is a cocycle for 2,
with span ¢, 1 ([0, +00)) = T, for each n and the sequence is compatible with h_r)n(an, bn)-

(n odd), we have a contradiction, since any interval in V,, which contains one

To specify a cocycle ¢,: R(2,) — R with span ¢, ([0, +00)) = T, it suffices to give
the (2" — 1)-tuple of positive values (cn(eg?z)), oo cnle gﬁ 1,2n))- For clairity, let z(n,7) =

cnle 5724_1) fors=1,...,2" — 1. Then compatibility between ¢, _; and ¢, requires that

z(n,2" 1+ 1) =z(n,2" — 1
x(n,?"_l) + w(n,?"_l + 1) 4+ z(n, gn—1 4
:ﬁ(n,Q”_l -2)+ ;U(n,Q"_l — 1)+ z(n,2""
xz(n,2i — 1) + x(n, 21

z(n —1,2"7%)
z(n —1,2""2 4+ 1)
(n—1,2"7%2 1)
(n—1,9)

x

x

)
2) =
Y
)

fori=1,...,2"72 1,272 42 ... ,2"1 _1 and

2(n,2i) + 2(n, 20 + 1) = z(n — 1,7)
fori=1,..,2"2 = 2,272 41, 207l 1,
Let yn, = $(n,2"_1) for all n. Solving the above equations in terms of y,,, Yn—1, Yn—2
and @(n —1,j) for j =1,...,2"7! — 1, gives

;U(n,Q"_l) = Yn, x(n,?"_l +1) =yp_1, :ﬁ(n,Q”_l +2)=yn—2 — (Yn—1 + Yn)

and x(n, 1) for all other values of i is either y,,_1 +y, (for 1 odd) or x(n—1,1/2) — (yn—1+yn)
(for ¢ even). By induction on n, all z(n,:) are determined by the sequence {y,}.
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Define {y,} by y1 = 1 and y,41 = y, /2" for n > 1. We will show by induction on n
that for all n > 4 and all ¢ in {1,... ,2"7 1 =227~ 42 . 9" — 1} 2(n,i) > yp—1 + Yn-
Notice that this holds for n = 4 since x(4,1), for ¢t = 1,... ,15 are respectively

9 31 9 15 9 231 1 1 23 9 15 9 31 9
64’ 647 647 647 64’ 64’ 8’ 64’ 8’ 64’ 64’ 64’ 64’ 647 64

while y3 +ya4 = 9/64. Suppose the conclusion holds for x(n—1,1); we prove it for z(n, 1) for
all required values of i. Since yp—2 > 2(yn—1 +yn) for n > 4, the formula for z(n, 2"~ £2)
above proves the conclusion for i = 2"~! £ 2. For all odd 7 with ¢ # 2”71 —1, 2771 41, it
holds trivially, since z(n,) = y, + yn—1 in this case. For 7 even with 1 # 2"~ —2 2771
2"~1 1+ 2 we have

r(n,z) = x(n - 17i/2) - (yn—l + yn) > (yn—Z + yn—l) - (yn—l + yn)

by our inductive hypothesis. Since yn—2 + yn—1 > 2(yn—1 + yn), the inequality follows,
finishing the induction.

In particular, it follows that all z(n,:¢) are positive. Hence we have constructed a
compatible sequence of cocycles for h_r)n(an,qbn) and so Alg N is analytic by a locally

constant cocycle.

Remarks. 1. Notice that the formula for the canonical cocycle do is ill-defined for

this nest. Indeed, Pm(egll)) is not defined, as there is no unique minimal nest projection
majorizing egll').

2. This example shows that the existence of a locally constant cocycle for a nest algebra
does not imply that the nest generates the diagonal. An lcc nest algebra is, by assumption,
one in which both conditions are satisfied.

3. Example 1.8 suggests a duality between the condition, for a nest TAF algebra analytic
by a locally constant cocycle, that the nest generates the diagonal and the condition,
for a Z-analytic TAF algebra, that the counting cocycle is continuous. Indeed, consider
the algebra given by changing the maps ¢, = AdP, o p, above to Ad P, o o, where
On: Man — Mynta is the standard embedding (given by a — a & a). This is the example in
[PePW2, p. 396] due to Hopenwasser and Donsig and shown in [PePW2] to be a Z-analytic

TAF algebra with discontinuous counting cocycle.

II. SOURCE-ORDERED BRATTELI DIAGRAMS

In this section, we construct a correspondence between lcc nest algebras and Bratteli
diagrams with a partial order. We need some preliminary results about finite-dimensional
algebras and diagrams.

Definition 2.1. Given non-empty finite sets V and W, a diagram from V to W is a finite
set £ and maps r: E — W and s: E — V. A source ordering on a diagram (E,r,s) is a
partial order on E such that e, e’ € E are comparable if and only if s(e) = s(e’).
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Call two diagrams (E,r,s) and (E',r',s") isomorphic if there is a bijection ®: E — E'
so that r'(®(e)) = r(e) and s'(®(e)) = s(e). Call them (source) order isomorphic (denoted

20rd) if they have source orderings and ® preserves this ordering.

As usual, we think of e € E as an edge from s(e) to r(e). It is well-known that diagrams
induce *-homomorphisms.

Examples. The simplest interesting diagram is V = {1}, W = {1} and E is some finite
set; r and s are then determined. Each source ordering on (E,r,s) is a total ordering of
E and any pair of source orderings are order isomorphic.

Another diagram which we will use in Section 111, the Fibonacci diagram, has V' = {1,2}
and W = {1,2}. There is one edge from 1 to 1, one from 1 to 2, and one from 2 to 1.
There are two (non-isomorphic) source orderings on this diagram, depending on how we
order to two edges from 1.

To save repetition, we fix the following notation.

Context. Let (E,r, s) be a diagram from V = {1,2,... ;a} and W ={1,2,... ,b}. Let

b
A= @Mm” B = @jwnj where n; = Z ms(e)

i=1 j=1 r(e)=

Let M be a maximal nest in the diagonal of A.
Let ¢: A — B be a unital regular *-homomorphism induced by the diagram (E,r, s) and
let 74 and 7 be traces on A and B so that 75 0 ¢ = 74.

Lemma 2.2. In the Context above, there is a surjective map Q:{f|f=f* € R(B)} = E

so that
(1) s(Q(f)) =1 if and only of f < ¢(1m,,,),
(2) »(f)) =7 if and only if f € M,;, and

(3) Q(f) = Qg) of and only if p(v)fé(v)* =g for some v € R(A).

Moreover, Q is unique up to conjugation by unitary in the commutant in B of ¢(A).

Proof. Let {egf)l,l < k,l < m;;1 <1 < a} be a system of matrix units for A. Fix

a summand of B, say My;, and consider the image in this summand of ¢(e§iz)1), where

1 <7 < a. To satisfy condition (2), every diagonal matrix unit f in this summand of B
must be assigned an edge e with r(e) = j. To satisfy condition (1), each matrix unit f

subordinate to qb(egi)l) must be assigned an edge e with s(e) = i. Since ¢ is induced by the

diagram (E,r,s), the number of edges e with r(e) = j and s(e) = ¢ equals the number of
diagonal matrix units in M,; subordinate to ¢(e gz ). Define © on these matrix units by

7

choosing any bijection onto {e € E |r(e) = j,s(e) = 1}.
To define Q on the matrix units of M,,; subordinate to qb(egj)k), conjugate these matrix

units by qb(ek 1) This maps them to matrix units of M,; subordinate to qb(eg )1) By
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condition (3), we must define Q on the original matrix units to agree with their conjugates
subordinate to gb(egl)l) Letting k., © and j vary we have defined (), as required.

The only choice in constructing 2 lies in the choice of bijection between the matrix
units of My,; subordinate to qb(egi)l) and the set {e € E|r(e) = j,s(e) = ¢}. It is a
straightforward calculation to show there is a permutation unitary in the commutant of
¢(A) that carries any one of these bijections onto any other. O

Definition 2.3. The nest induced by a source order on (E,r,s) is the nest N' C B with
$(M) C N so that if f,g € B are diagonal matrix units equivalent in <4(aq), then f <ar g
if and only if Q(f) is less than Q(g) in the source order.

Formally, A" depends on the choice of Q but changing Q gives a nest equivalent by a
unitary in the commutant of ¢(A).

To make this concrete, consider the diagram from V = {1} to W = {1} with n edges,
mentioned above. If ¢: M,, — M,,, is the *-homomorphism induced by the diagram,
conjugated so that Alg M = T, and Alg N = T),,,, then ¢ is the refinement embedding of
multiplicity n.

Given A = @©f_, M,,, with maximal nest M and trace 74, there is a cocycle induced by
M, d g, given by

dm(v) =74 (P(v*v) — P(’U’U*))

where P(p) = inf{m € M |m > p}.

Theorem 2.4. In the Contest above, each source order on (E,r,s) induces a mazimal

nest N' C B so that ¢(Alg M) C Alg N and dy and da 0 ¢ agree on the domain of .
Further, this is a bijection between source orders on (E,r,s) (up to order isomorphism)

and mazimal nests N so that (M) C N and dy and dag o ¢ agree on the domain of ¢
(up to conjugation by unitaries in the commutant of ¢p(A)).

Proof. First, we show that N is maximal. Suppose f,g are diagonal matrix units of B.
Since M is a maximal nest and ¢ is unital, either f and g are ordered by ¢(M) or they are
both subordinate to the image of one matrix unit in A. By condition (1) of Lemma 2.2,
Q(f) and Q(g) are comparable in the source order. If Q(f) = Q(g), then condition (3)
implies that either f and g are subordinate to the images of different matrix units or they
are equal. Thus, A totally orders the matrix units of B and so is maximal.

That ¢(Alg M) C Alg NV is a routine consequence of ¢(M) C N and the maximality of
M in A.

Let f be a matrix unit of B in the domain of ¢ with ¢ = é(f) and F = ¢(g). Since

dam(g) = Ta(Pmlg*g) — Pmlgg™)) = 78 0 (Pmlg*g) — Pmlgg™))

= 78(Po(a) (6(9)*0(9)) — Poay(8(9)6(9)*)) = 78(P(F*F) — P(FF*)),
to show da(g) = dar(f) it suffices to show that

8(P(F"F) = P(FF")) = rs(P(f*f) = P(ff")).
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This is equivalent to

(3) t5(P(F*F) = P(f'f)) = 8(P(FF*) = P(ff")).

Observe that P(F*F)—P(f* f) is the sum of all diagonal matrix units k& with k a restriction
of F*F and Q(k) > Q(f* f). Similarly, P(FF*)—P(ff*) is the sum of all diagonal matrix
units A with h a restriction of FF* and Q(h) > Q(ff*). Conditions (1) and (3) of
Lemma 2.2 imply that conjugation by F = ¢(g) carries the set of such & to the set of such
h. Thus, equation (3) holds and so dar and daq o ¢ agree.

Suppose N' C B is a maximal nest so that ¢(M) C N and da and daq o é agree on
the domain of ¢. Let Q:{f|f = f* € R(B)} = E be as in Lemma 2.2. Suppose fi, fo

and g1, g2 are two pairs of diagonal matrix units in B with each pair equivalent in <g(4).
Also, suppose that e; = Q(f;) = Q(g;) for i = 1,2.

Claim: If s(e1) = s(ez) and fi < f2 then g1 <a g2. Since f; and f; are equivalent in
<o(m) they are subordinates of ¢(a) for some diagonal matrix unit a € A. Similarly, g,
and g2 are subordinates of ¢(b) for some matrix units b. Since s(e;) = s(ez), a and b appear
in the same summand of A and so there is a matrix unit v € A with initial projection one
of @ or b and final projection the other. Suppose v*v = a and vv* = b; the other case is
similar. Let v; be the matrix unit of B with v}v, = f; and v,v} = ¢;, for 1 = 1,2; notice
that each v; is a restriction of ¢(v).

Since dps agrees with daq o qg, dar(v1) = dar(vz). In other words, the number of minimal
projections in P(g1)—P(f1) equals the number in P(g2) —P(f2). Since fi <n f2, P(f2) >
P(f1) and hence P(g2) > P(g1). This is exactly g1 <a7 g2, proving the claim.

Define a source ordering on (E,r,s) by ordering edges e1,e3 € E with s(e1) = s(ez2)
as fi and fo are ordered by <x where fi, fo are equivalent in <4 and Q(f;) = e;
for 7 = 1,2. By the claim, this is well-defined. Since N is maximal, this gives a source
ordering. [

To fix notation, here is a formal definition of a Bratteli diagram, following [PW].
Definition 2.5. A unital Bratteli diagram is a pair (V, &) where
V=WUuWu---,
a disjoint union of finite sets with V4 a singleton, and
E={(En,rn,8n)|n>1}

with each (E,,,ry, s,) a diagram from V,,_; to V,,. We assume that (Eqg, ro, sg) consists of
one edge to each element of Vi. A source ordering on a Bratteli diagram is a set of source
orderings, one for each diagram.

Let AF(V,€&) denote h_r)n(An,ozn) where Ag = C and a,: A,_1 — A,, is the unital *-

homomorphism induced by (E,,, ry, s ).

Notice that A, is determined by A,,_;, the diagram (E,,r,,s,) and the fact that a,
1s unital.
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Theorem 2.6. Let (V,€) be a Bratteli diagram so that AF(V,£) is simple and has a
tracial state. Then each source order on (V,€) induces a nest N so that N generates a
canonical masa and AlgN s analytic by a locally constant cocycle.

Conversely, if N 1s such a nest in a ssmple AF C*-algebra A where A has a trace, then
there is a Bratteli diagram (V,€) with a source order so that AF(V,€) = A and N s

induced by the source order.
Proof. For (V,€), let lim(A,,, ay,) be the presentation given by (V,€). By Theorem 2.4,
—

each source order on (E,, ry, $y) gives a maximal nest N,, in A,, so that N,_; C N, for all
n and the sequence of cocycles induced by N,, say d,,, are compatible. If 91 = U, N,,, then
by Proposition 1.3, Alg 1 is analytic by do. Since each N,, is maximal in A,,, 9 generates
a canonical masa.

Conversely, if 91 is such a nest in 2, then by Theorem 1.5, there is presentation of

2, say lim(A,, ay), so that the cocycles in A,,_; and A,, induced by TN A,,—1 and 9NN
_).

A, are compatible. If (V,€) is the Bratteli diagram that for this presentation, then by

Theorem 2.4, there is a source order on each (E,,r,,s,) so that this source order and

M N A,—1 induces NN A,. Thus, we have a Bratteli diagram (V,€) with AF(V,€) =2

and a source order on the Bratteli diagram that induces 91. O

Definitions 2.7. Given two diagrams with source orderings, (Ey,r1,s1) from Vi to V5
and (Ey,r2,s2) from Va2 to Vs, the contraction is a diagram (E,r, s) from V;j to V3 with

E = {(e1,e2) € By X Ea|r1(e1) = s2(e2)},

s(e1,e3) = s1(er) and r(eq, e2) = ra2(ez). The source ordering is given by comparing edges
in F; and if they are equal, then edges in Ej,.
Denote E by F; o Fj.

Two Bratteli diagrams with source orderings, (V,€) and (W, F), are order equivalent if
there are strictly increasing functions f,¢: N — N with f(0) = ¢(0) = 0 and diagrams with
source orderings E,, from V;, to Wy(,) and F, from W, to V() so that

Fi(ny © By =™ Ey((ny) 0+ © Bnpa
and
a(m) © Fn = Fytgemy © 0 Fap
for every n (recall 22°7 is from Definition 2.1).

Theorem 2.8. Two lcc nest algebras are isomorphic by a trace-preserving isometric 1so-
morphism if and only if the associated Bratteli diagrams with theiwr source orderings are
order equivalent.

Proof. If two Bratteli diagrams with source orderings are order equivalent, it is straight-
forward to show that there is a trace-preserving isometric isomorphism between the as-
sociated algebras. Applying Theorem 2.4 to each E! and F! in the definition of order
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equivalence gives corresponding maps between the finite-dimensional algebras of the two
AF C*-algebras. The universal property of inductive limits now gives the required isomor-
phism. By Theorem 2.4, the intertwining maps are compatible with the cocycles and so
the isomorphism carries one lce nest algebra to the other.

Conversely, suppose there is an trace preserving isometric isomorphism, ®: A — B, and
two nests generating canonical masas, 9 C A and 91 C B, so that Alg9N is analytic by
a locally constant cocycle ¢ and Alg9t is analytic by a locally constant cocycle d. By
Theorem 1.5, we can choose presentations A = li_r)n(Ai, a;) and B = h_r)n(Bl,ﬁl) so that ¢

and d are constant on the matrix units of each A; and B; respectively, and agree with the
cocycles induced by the maximal nests 91 N A; and 91 N B;. By Theorem 2.6, there are
Bratteli diagrams with source orderings associated to these two presentations.

A short argument using any of [PeW, Corollary 1.14], [Po2, Theorem 5.3] or [DH, The-
orem 19] shows that there are increasing functions f, g: N — N and families of embeddings

Gn: Ap = By(n) and ¥, B, — Ag(y) so that

(4) Vi(n) © Gn = Qy(f(n)) O O Any1
and
(5) bg(n) © ¥n = By(g(n)) © " © Bn+1

for each n. Moreover, we can identify each A, with a subalgebra of 2 and each B,, with
a subalgebra of B so that ¢, = ®|4, and ¥, = ®7!|p .

Since ®(AlgM) = Alg N, @ is an isomorphism, and maximal nests are reflexive [PeW,
Corollary 2.5, we have that ®(9) = M. Hence for a matrix unit v € A;, we have
¢(v) = d(®(v)) and similarly for a matrix unit v € B;. Thus each ¢,, and 1, is compatible
with the cocycles induced by the appropriate nests and so by Theorem 2.4, is induced by a
source ordering on the appropriate diagram. By replacing each map in equations (4) and
(5) with the corresponding diagram with its source ordering, we have that the diagrams
for 2 and B are order equivalent. [

Example 2.9. Let (V,€) be a Bratteli diagram where each vertex set is a singleton. It is
easy to see that all source orderings on (V, &) are equivalent since there is only one way,
up to order isomorphism, to order the edges of each diagram in (V,€). Given a source

ordering, let M be the nest in AF(V,€) = li_r)n(An,an) produced by Theorem 2.6. If for

each n we arrange A, N Alg N to be the upper-triangular matrices in A,,, then each a,, is a
refinement embedding, as noted before. Thus Alg is the (unique) refinement embedding
algebra in the UHF C*-algebra AF(V,£).

It follows by Theorem 2.8 that a Bratteli diagram with a source order is order equiv-
alent to a single vertex diagram if and only if the associated nest algebra is a refinement
embedding algebra. Later, we will give a Bratteli diagram (V,&) so that AF(V,€) is a
UHF C*-algebra and yet there is a source order on (V, £) that does not give a refinement
embedding algebra.
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III. AUTOMORPHISMS, INADEQUACY OF ORDERED Kg, & EXAMPLES

We begin this section by describing the automorphism group of an lcc nest algebra
in terms of the multiplicative group of T-valued cocycles. This description is, in fact,
valid for any nest algebra in which the nest generates a canonical masa. Then we turn
to the question of whether the algebraic order on Kg-group of an lecc nest algebra is a
complete invariant for isomorphism (it is not). The final example illustrates some of the
constructions applied to an lcc nest algebra in the Fibonacci AF C*-algebra.

Theorem 3.1. Let A be a simple AF C*-algebra with finite trace. Let N1 be a nest in 2
which generates (as a C*-algebra) a canonical masa. Then

Aut (AlgM) = ZY(R(A), T),

the multiplicative group of T-valued cocycles on the groupoid R(2).

Proof. By [PePW2, Theorem 4.6], Alg1 is analytic, hence strongly maximal. Let ® €
Aut (AlgMN); by [Po2, Theorem 8.3], ® extends to an automorphism of the enveloping C*-
algebra 2. If 7 is a normalised trace on 2, then so is 7 0o ®, and by the uniqueness of the
normalised trace in a simple C*-algebra we have that 7 = 70®. By [PeW, Proposition 2.8],
®(I) = N. (Note that the results of [PeW] are stated in the context of UHF C*-algebras,
but many of the results, and in particular this Proposition, are valid in the context of simple
AF C*-algebras.) The map 7:91 — R: P — 7(P) is one to one and as 7 o ¢(P) = 7(P),
we have ®(P) = P for all P € 91. As the nest 91 generates a canonical masa, ® leaves this
masa pointwise fixed. The conclusion now follows from [V, Theorem 3.5]. O

Corollary 3.2. Let UA,*B be simple AF C*-algebras with tracial states and let M C A,
M C B be nests which generate canonical masas. If Alg9M = Alg N, then the isomorphism
18 unique, up to a T-valued cocycle.

Due to the rigid structure of lec nest algebras, it is natural to ask if an invariant such as
the algebraic order on the scale of the Ky-group [Pol] is able to distinguish all isomorphism
classes. Before turning to this question, we mention a related matter. We say a TAF
algebra & is strongly mazimal in factors if there is a sequence of finite-dimensional factors
{A,}$2 | and unital *-homomorphisms ¢,,: A, = A, 4+ such that S, = &N A, is maximal
triangular in A,, ¢n(S,) € Spy1 and & = h_r)n(Sn,qbn) Recall that there is only one

source ordering on a single vertex Bratteli diagram (Example 2.9) and that such Bratteli
diagrams give UHF C*-algebras. Do these facts imply that, in a given UHF C*-algebra,
there is a unique lcc nest algebra which is strongly maximal in factors? The following
example provides a negative answer to both questions.
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Example 3.3. Counsider the source-ordered Bratteli diagram

/1*2

* *
2 2

1><1
* *
2 2

1><1
* *

where we use the integer near each edge to indicate its ordering in the set s~!(v) for v € V.

It gives finite-dimensional algebras Ag = C, A,,+1 = M3n» & M3» for n > 0 and inductive
limit A = UHF(2%°). Let 2N be the nest defined by the diagram and Alg 91 the lcc nest
algebra in 2. Denote by ® the canonical masa C*(I) and by D,, the masa ® N A, in A,.
The embeddings defined by the Bratteli diagram can be factored

s An — lWQn — C*(Mzn,pn+1) = An_|_1 — lw2n+1 — An+2 ce

Ordering the diagonal matrix units in 4,, so that Alg91N A,, is upper-triangular, then the
induced map ¢,: Man — Mynt:1 takes the upper-triangular subalgebra Th» to Th»+1. Hence
Alg N = lim(T2n, ¢n).
_).
The maps ¢,, can be described in several ways. For one, let I and V be the 2 x 2

matrices [ = {1 0} , V= {0 1} and define a sequence of permutation matrices P, € Myn+1

01 10
as follows
I 0 P, 0
P1—|:0 V]’ Pn—|—1—|:0 pn] (7120)7

where P, is the matrix P, with all V and I interchanged. Then ¢,, = Ad P, o p,, where
pn: Man — Mynti 1s the refinement embedding.

Alternatively, ¢, can be defined using the function y: Z* — {0, 1} given by x(k) = 3_ q;
(mod 2) if k = Y, a;2" with all a; € {0,1}. Then

n+1) n+1) . . .
{ egi—l,'zj—l + egi,z;’ if (2 —1)=x(—1)

;)
onlesy) = +1
L n+1) n+1) . . .
egi—l,éj + egi,zjq if x(2 —1)#x(j—1)
Here {653) |1 < 4,7 < 2"} is a system of matrix units for Myn. If {f(n) |11 < 4,5 <

i,
2™} is another system of matrix units for My~ then the map 652) — fi(?) extends to an

ismorphism between the diagonals of Alg 91 and the refinement algebra ¥ = lim(Zsn, py).
—_

This isomorphism is a diagonal order isomorphism in the sense of [PePW1, Section 3]
Equivalently, it gives an isomorphism of the scales of the Ky-groups that preserves the
algebraic order.
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We conclude this example by showing that Alg91 is not isometrically isomorphic to
the refinement algebra. It suffices to show the Bratteli diagram given above is not order
equivalent to a single vertex Bratteli diagram. First, we make

Definition 3.4. Let (V, &) be a Bratteli diagram. A path consists of a sequence {e, }72,
with e, € E, and r(e,) = s(eny1) for n > 1. If {e,}52, and {f,}32, are paths, we
say {en}oe, is less than {fn,}52, if €; is less than f; in the source ordering on E;, where
J = min{e¢ : ¢; # fi}. The assumption that the vertex set V4 is a singleton implies that
any two paths are comparable and that there is a unique minimal and a unique maximal
path.

Call a path {e,}52, locally minimal if there is some N € Z™ so that if {f,}5%, is a
path with f, = e, forall n < N, then {f,}52, is less than {e, }22,. Observe that a locally
minimal path is, under order equivalence of Bratteli diagrams, sent to a locally minimal
path. Also, locally maximal paths can be defined similarly.

Two paths, {€,}°2, and {f,}5°,, are equivalent if there is some N € ZT with ¢, = f,
for all n > N. It is not hard to see that a path equivalent to locally minimal path must
itself be locally minimal. We call an equivalence class of paths locally minimal if one path
in the class is locally minimal (and hence all paths in the class are locally minimal).

Returning to Example 3.3, we see that there are two equivalence classes of paths which
are locally minimal. Clearly, a single vertex diagram can have only one locally minimal
equivalence class. It is also clear that order equivalence of Bratteli diagrams preserves
locally minimal equivalence classes. Thus, the source-ordered Bratteli diagram of the
example is not order isomorphic to a single vertex Bratteli diagram and hence Alg is
not isometrically isomorphic to the refinement algebra.

Remark. The fact that the two algebras are not isomorphic is also a consequence of

[PePW1, Theorem 4.3 (ii)].

For a single vertex Bratteli diagram, we have shown that there is only one source
ordering and hence, up to isomorphism, only one lcc nest algebra associated with such a
diagram. For more complex Bratteli diagrams, it is to be expected that the diagram might
be ordered in different ways so as not to be order equivalent. That would mean that there
are non-isomorphic lce nest algebras with identical (unordered) Bratteli diagrams.

For example, the Bratteli diagram of Example 3.3 can be given a different source order,
so that the lcc nest algebra it gives is the refinement algebra. So there are two non-
isomorphic lcc nest algebras with this Bratteli diagram. Fix an integer n and consider the
stationary Bratteli diagram with 2" vertices at each level, and one edge between each pair
of vertices on adjacent levels. Such a Bratteli diagram can have up to 2" locally minimal
equivalence classes and so gives at least 2" distinct lcc nest algebras. The source-ordered
Bratteli diagrams with more than 2"~! locally minimal equivalence classes can not be
obtained from the Bratteli diagrams given by smaller choices of n. Hence there are at least
countably many non-isomorphic lcc nest algebras in the CAR algebra, although we have
used countably many Bratteli diagrams.
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Some of the algebras in the next example have already appeared in the literature, as
nest subalgebras associated to one-sided Markov chains [Po2, Chapter 9]. In particular, the
nest algebras A, and A{, of [Po2, Examples 9.9 (2)] arise as two of the nest subalgebras
considered below.

As all nest subalgebras associated to one-sided Markov chains are lcc nest algebras,
we describe the connection between Power’s construction and source-ordered Bratteli di-
agrams. The construction of [Po2, Section 9.8] depends on a square matrix with entries
either zero or one; call this matrix U and suppose it is r by r. Consider a unital Bratteli
diagram with 1 vertex on the first level and r vertices on all other levels. For the first
level, there is one edge from the first level vertex to each vertex on the second level. For
other levels, there is an edge between the ith vertex of one level and the jth vertex of the
next if and only if the (7, ) entry of U is one. In other words, U is the adjacency matrix
for each level after the first. The source ordering on the diagram is given by setting (7, 7)
less than (i,k) if 7 < k. It is not hard to show that this source-ordered Bratteli diagram
gives the same nest algebra as Power’s construction.

We should point out that there are lcc nest algebras which cannot be obtained by in this
way—for instance, Example 3.3. If it could be so obtained, then the source-ordered Bratteli
diagram given by the argument above would have a single locally minimal equivalence class
(this uses the fact that the generated C*-algebra is simple). On the other hand, the Bratteli
diagram given in Example 3.3 has two locally minimal equivalence classes, contradicting
the order equivalence of the two Bratteli diagrams.

Example 3.5. The Fibonacci Algebra.

This is the AF C*-algebra given by the diagram below. We call this diagram the
‘standard’ diagram, for just as in the UHF case, there may be other diagrams which are
not contractions of this diagram and yield the same AF C*-algebra. Denote the finite
dimensional subalgebras associated with (the vertex sets of) this diagram by A,,n > 0.
They have the form Ay = C, A, = M,, & M,,_,,(n > 1), where pp = 1.p; = 1,p, =
Prn—1 + Pn—2,(n > 2) is the Fibonacci sequence.

If we contract the Bratteli diagram to the odd vertex sets, we obtain a diagram which,
after its first step, is stationary and is based on
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* *

>

* *

If we make the source ordering stationary as well, there are six possible orderings. Notice
that the three diagrams

* * * * * *

2 1 2 2 3 1
><2 1><1 1><

* * * * * *

1 2

give Bratteli diagrams with, respectively, two locally maximal equivalence classes and
one locally minimal, one locally maximal and two locally minimal, and lastly one locally
maximal and one locally minimal. (The other three possible orderings yield no new com-
binations.) Thus, the Fibonacci algebra contains at least three non-isomorphic lec nest
algebras associated with the standard diagram.

We have not been able to determine if there are only finitely many lcc nest algebras
associated with the standard Fibonacci diagram. (Of course, there may be other lcc nest
algebras associated with other diagrams, analogous to Example 3.3.) There is the relation
AoBoB =DBoAo A where A and B are, respectively, the diagrams

* * * *
2 1
* * * *
However, for contractions of up to 13 copies of A or B, Maple calculations show that all

other relations are generated by this relation. (The three stationary source orderings above
correspond to Ao A, Bo B, and B o A, respectively.)

1

We conclude this example by illustrating how a source-ordered Bratteli diagram deter-
mines the embeddings and the canonical cocycle. Consider the stationary Bratteli diagram
based on A (which is order equivalent to the one based on A o A above). It is
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Let A = U, A, and I be the nest in A derived from the diagram. If N}, = 91N A,,, then
No = {0,1}
N1 = {0,[1] @ [0],1}

Ny ={o, ' Jom, " | e}

oo ol [ e [ e ln) [ el )

The embeddings ¢,,: A,, — A,4+1 are completely determined by the conditions:

(1) ¢y is a unital C*-embedding which maps matrix units to sums of matrix units, and

(2) én(Alg, Ny) € Alg, | Npy1 (where Alg, Ny, = A, N AlgNy,).
For example, ¢2: Ay — Az is given by

([0 2] eta) = [0 g § o[ 4],

Now 2 is a simple AF C*-algebra with finite trace 7 whose values on minimal projections
in A, = M,, ® M,,_, are given in the following way. Let z, be the trace of a minimal
projection in the first factor, M, , of A,. It follows from the diagram that z,4; is also
of Ap, If € = (/5 —1)/2, then

the trace of a minimal projection in second factor, M, .,

Ty :f, $2:1—€, Tpi2 = Ty — Tpatl (n>0),

Let {eg?k’i)} be a system of matrix units for A, = M, , & M,,_,.

dn(efs?) = 7 (P (457) = P (£3"))

where Pai(p) is the smallest projection in 91 dominating p. Hence

1

Then we can compute,
for example,

1 1
Paleii) =] 1 |@ Puless))=| 1 |@
1 0 s 0
1 0
and so
. 0 0
1
On the other hand,
0
' 1 3—+5
d‘ﬁ(eg?)él)):T 1 D { 0} =r3t+rs=1-¢(= \/_
? 0 2

Thus, the cocycle do need not take the same value on the superdiagonal matrix units of a
factor.
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