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Isomorphisms of Domain algebras

@ [AL1] Isomorphisms of non-commutative domain algebras, JOT (to
appear)

@ [AL2] Isomorphisms of non-commutative domain algebras I
(submitted)

@ Combines ideas from operator algebras and several complex variables

@ Non-commutative Domain Algebras: Multivariate, non commutative
operator algebras (Popescu, 2007)

@ Several complex variables

o Cartan’'s Lemma, 1932

o Thullen’s characterization of bounded Reinhardt domains in C2 with
non-compact automorphism group, 1931

e Sunada’s theorem, 1978
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Setting: the Full Fock space

@ H is a Hilbert space
FX(H)=CoOHOH? aH® @ - -
e If H is n - dimensional, then F2 (H) = (, (F;})

e T is the free semigroup with n generators: g1, g, ..., &n.
e (5 (F;) has orthonormal basis {6, : « € F }.

o Left Creation Operators: isometries with orthogonal ranges

51,52, ey 5,, : £2 (]F,T) — 62 (]F;r) ) 5,' ((5a) = 5g,-1x-
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Setting: the Full Fock space

@ H is a Hilbert space
FX(H)=CoOHOH? aH® @ - -
e If H is n - dimensional, then F2 (H) = (, (F;})

IF; is the free semigroup with n generators: g1, 8, ..., Zn.
e (5 (F;) has orthonormal basis {6, : « € F }.

o Left Creation Operators: isometries with orthogonal ranges

51,52, ey 5,, : £2 (]Fﬁ) — 62 (]F;r) ) 5,' ((5a) = 5g,-1x-

We use IF,,Jr to represent arbitrary products: Xi, Xo,..., X, are
variables and a = g; g, - - - gj, € IF,}" then
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Setting: the Full Fock space

@ H is a Hilbert space
FX(H)=CoOHOH? aH® @ - -
e If H is n - dimensional, then F2 (H) = (, (F;})

IF; is the free semigroup with n generators: g1, 8, ..., Zn.
e (5 (F;) has orthonormal basis {6, : « € F }.

o Left Creation Operators: isometries with orthogonal ranges

51,52, ey 5,, : £2 (]Fﬁ) — 62 (]F;r) ) 5,' ((5a) = 5g,-1x-

We use IF,,Jr to represent arbitrary products: Xi, Xo,..., X, are
variables and a = g; g, - - - gj, € IF,}" then

Xo = Xi X, ... X,

Ik
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Motivating example: non-commutative disc algebras

A, is the norm closed algebra generated by S, ..., S, and the identity.
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Motivating example: non-commutative disc algebras

A, is the norm closed algebra generated by S, ..., S, and the identity.

Model for row contractions (Popescu, 1991, VN Inequality)

If T1,...., Tho € B(H) and Y;<, T; T/ < I, then there exists a unital
completely contractive homomorphism ® : A, — B (H) satisfying

P (S) =T, fori<n.
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Motivating example: non-commutative disc algebras

A, is the norm closed algebra generated by S, ..., S, and the identity.

Model for row contractions (Popescu, 1991, VN Inequality)

If T1,...., Tho € B(H) and Y;<, T; T/ < I, then there exists a unital
completely contractive homomorphism ® : A, — B (H) satisfying

P (S) =T, fori<n.

A simple proof for this uses Poisson Transforms, an explicit dilation.

Alvaro Arias (Institute) Non-commutative domains October 15, 2011

4/

19



Completely contractive representations

@ The unital completely contractive representations of A, on B (H) are
given by

{(Tl,..., T.):Ti€eB(H) and Y T;T/ < /}

i<n

@ When dim (H) = 1, we obtain the characters

Bn:{()\l,...,)\n)GCnZH/\H2: Z’/\,ESI}
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Completely contractive representations

@ The unital completely contractive representations of A, on B (H) are
given by

{(Tl,..., T.):Ti€eB(H) and Y T;T/ < /}

i<n

@ When dim (H) = 1, we obtain the characters

Bn:{(Al,...,An)eC” AL, = /;m }

The techniques and methods used to study .4, are associated with
multivariable interpolation results (Caratheodory, Nevanlinna-Pick)
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A not pretty generalization: Arias and Popescu, 1999

Weighted shifts
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A not pretty generalization: Arias and Popescu, 1999

Weighted shifts

@ For i < n, define W, : £, (F}) — £ (F}) by W;d, = %ﬁa‘*ég,.a,
where

wy > 0 for all « € F; and ‘Zf—:: < %{5 for any a, B,y € F, with
| =[7[=1.

The weights are motivated by a paper of Quiggin (interpolation).

@ Then there exist a,'s satisfying

ag, > 0 for i <n,
ax > 0 for |a| > 1 such that

Z\a\zl a, W, Wy <, and (Wi,..., W,) is the model for operators
satisfying Z\a\zl a Ta Ty <1

@ The Poisson transform works!
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A much better generalization: Popescu, 2007
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A much better generalization: Popescu, 2007

o If the a,’s satisfy

ag, > 0 for i < n,
a, > 0 for || > 1, and

1

>;:I\/I<00,

2
SUPkeN* (’Z|1x|:k ay

then
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A much better generalization: Popescu, 2007

o If the a,’s satisfy

ag, > 0 for i < n,
a, > 0 for || > 1, and

1
)":I\/I<00,

2
SUPkeN* (’Z|a|:k ay

then

@ There exist weighted shifts W{, WQf, el W,f on the Full Fock space
5 (F;7) that are the model for operator satisfying

Y aT,Ti<1.

la|<1
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A much better generalization: Popescu, 2007

o If the a,’s satisfy

ag, > 0 for i < n,
a, > 0 for || > 1, and

1
)":I\/I<00,

2
SUPkeN* (’Z|a|:k ay

then

@ There exist weighted shifts W{, WQf, el W,f on the Full Fock space
5 (F;7) that are the model for operator satisfying

Y aT,Ti<1.

la|<1

@ The symbol f = Zlalzl ax Xy is used to identify the operators.
Xi,..., Xy are free variables and f is called positive regular n-free
formal power series.
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Completely contractive representations
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Completely contractive representations

o A (Ds) is the norm closure of the algebra generated by
W, Wi, ..., W} and the identity.

Alvaro Arias (Institute) Non-commutative domains October 15, 2011 8 /19



Completely contractive representations

o A (Ds) is the norm closure of the algebra generated by
W, Wi, ..., W} and the identity.

@ The unital completely contractive representations of A (Dr) on the
Hilbert space H are given by the non-commutative domains

Df (H) = {(Tl,...,T,,) :TieB(H) and ) a, T, T, < I.}

laf>1
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Completely contractive representations

o A (Ds) is the norm closure of the algebra generated by
wf, Wi, ..., W/ and the identity.

@ The unital completely contractive representations of A (Dr) on the
Hilbert space H are given by the non-commutative domains

Df (H) = {(Tl,...,T,,) :TieB(H) and ) a, T, T, < I.}

laf>1

@ When dim (H) = 1, we obtain the characters, which are given by the
bounded domain:
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f =X+ Xo. Then W/ =Sy and WJ = S,

e {51, 5,} is the model for row contractions Ty T + To T </

@ The set of 1-dimensional representations (characters) of A (Ds) is

D¢ (C) = {()\1,/\2) c C2 : |)\1‘2—|— |A2’2 < 1}.
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g = X1+ Xo + X1 X2. Then we obtain A (D)

o {WE, Wf} is the model for operators
T1T1* —+ T2T2* + T1T2T2*T1* <.

° Dg(C) = {()\1:/\2) €C2: M+ Ao + Ao < 1}.
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g = X1+ Xo + X1 X2. Then we obtain A (D)

o {WE, Wf} is the model for operators
T1T1* —+ T2T2* + T1T2T2*T1* <.

° Dg(C) = {()\1:/\2) €C2: M+ Ao + Ao < 1}.

h=Xi +X+ %X1X2 + %XQX]_. Then we obtain A (Dh)

° {Wlhv th} is the model for operators
LT+ DT+ 3L T+ LhT T <.
e D, (C) =
{Qa.22) € € | + 102l + 3 AP + F hora P <1

o D) (C) = {(Al,Ag) €C2: A 4 A2 + A1 o) < 1} =D, (C)
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When are the non commutative domain algebras

isomorphic?

@ Isomorphism means completely isometric homomorphism.
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When are the non commutative domain algebras

isomorphic?

@ Isomorphism means completely isometric homomorphism.
@ Suppose that ® : A (Dr) — A (D) is an isomorphism.

Alvaro Arias (Institute) Non-commutative domains October 15, 2011 11 /19



When are the non commutative domain algebras

isomorphic?

@ Isomorphism means completely isometric homomorphism.
@ Suppose that ® : A (Dr) — A (D) is an isomorphism.

e Fork>1,D, (Ck) N f (Ck) cCreis biholomorphic.
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When are the non commutative domain algebras

isomorphic?

Isomorphism means completely isometric homomorphism.
Suppose that ® : A (Df) — A (D;) is an isomorphism.
For k> 1, D, (Ck) N f (Ck) cCreis biholomorphic.

Biholomorphic maps are “rigid”
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Theorem (Cartan's Lemma, 1932)

Let Dy, D, be bounded circular domains of CK, k > 2, containing the
origin. If i : Dy — D, is biholomorphic and 1 (0) = 0, then 1 is the
restriction of a linear map.

Theorem (Thullen, 1931)

Let D be a bounded Reinhardt domain of C2. If there exists € Aut (D)
such that 1 (0) # 0 (equivalently, Aut (D) is not compact), then D is a

ball, a polydisc, or a set of the form {(z w) : |22+ [w[*’P < 1} . p# 1L
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o f =X+ Xoand g = X1 + Xo + X1 X5.
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o f =X+ Xoand g = X1 + Xo + X1 X5.
o

Dr(€) = {(Md2) €€l + Ao <1}

De(€) = {(M.r2) € C:MP + AP + [Aahof <1}
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o f =X+ Xoand g = X1 + Xo + X1 X5.

Dr(€) = {(Md2) €€l + Ao <1}
De(€) = {(M.r2) € C:MP + AP + [Aahof <1}

@ Since Dy (C) is not biholomorphic to D, (C), we conclude that
A (Ds) is not isomorphic to A (Dg) .
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o f =X+ Xoand g = X1 + Xo + X1 X5.

Dr(€) = {(Md2) €€l + Ao <1}
De(€) = {(M.r2) € C:MP + AP + [Aahof <1}

@ Since Dy (C) is not biholomorphic to D, (C), we conclude that
A (Ds) is not isomorphic to A (Dg) .

o How about A (D) and A (Dy) for h = Xi + Xo + £X1.X0 + $XX1?
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o f =X+ Xoand g = X1 + Xo + X1 X5.

Dr(€) = {(Md2) €€l + Ao <1}
De(€) = {(M.r2) € C:MP + AP + [Aahof <1}

@ Since Dy (C) is not biholomorphic to D, (C), we conclude that
A (Ds) is not isomorphic to A (Dg) .

o How about A (D) and A (Dy) for h = Xi + Xo + £X1.X0 + $XX1?
o D, (C) =D, (C)!
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Theorem (Main result of [AL1])

If®: A(Df) — A(Dg) is a unital completely contractive isomorphism

and ®1(0) = 0, then there exist an invertible matrix M = [mjj] such that
for i < n,

CI)(W,-f> = maWE + mpW§ + -+ - mj, WE.
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Theorem (Main result of [AL1])

If®: A(Df) — A(Dg) is a unital completely contractive isomorphism
and ®1(0) = 0, then there exist an invertible matrix M = [mjj] such that
fori < n,

q)(W,-f) = mpWE + mppWg + - - mj, WE.

Idea of the proof:
o ® (W/) =[constant] +[linear]+[quadratic]+[cubic]+- - -
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Theorem (Main result of [AL1])

If®: A(Df) — A(Dg) is a unital completely contractive isomorphism
and ®1(0) = 0, then there exist an invertible matrix M = [mjj] such that
fori < n,

q)(W,-f) = mpWE + mppWg + - - mj, WE.

Idea of the proof:
o ® (W/) =[constant] +[linear]+[quadratic]+[cubic]+- - -

o The constant term is zero because ®@;(0) = 0.
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Theorem (Main result of [AL1])

If ®: A(Df) — A(Dg) is a unital completely contractive isomorphism
and ®;(0) = 0, then there exist an invertible matrix M = [my;] such that
fori < n,

o (VV,f> = mp W§ + mpWg + - - mj, W§.

Idea of the proof:
o ® (W/) =[constant] +[linear]+[quadratic]+[cubic]+- - -
o The constant term is zero because ®@;(0) = 0.

@ The quadratic term is zero - uses Cartan's Lemma applied to
representations on C2.
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Theorem (Main result of [AL1])

If®: A(Df) — A(Dg) is a unital completely contractive isomorphism
and ®1(0) = 0, then there exist an invertible matrix M = [mjj] such that
fori < n,

<D<W,-f> = mpWE + mppWg + - - mj, WE.

Idea of the proof:
® (W/) =[constant] -+|linear]+[quadratic]-+[cubic]+- - -

o The constant term is zero because ®@;(0) = 0.

The quadratic term is zero - uses Cartan’'s Lemma applied to
representations on C2.

@ The cubic term is zero - uses Cartan's Lemma applied to
representation on C3, etc. etc.
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Corollary
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Corollary

g =X1+Xo+ X1 X0

h=Xi+ X+ XX + 10X

Recall that D, (C) = D), (C) C C?

Assume ® : A (Dg) — A(Dy) is an isomorphism

Then ® : Dj, (C) — D, (C) is biholomorphic

By Thullen & (0) =0

By the Main Theorem, ® is very simple and after some work we reach
a contradiction. A (D,) and A (D)) are not isomorphic!
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Corollary

g =X1+Xo+ X1 X0

h=Xi+ X+ XX + 10X

Recall that D, (C) = D), (C) C C?

Assume ® : A (Dg) — A(Dy) is an isomorphism

Then ® : Dj, (C) — D, (C) is biholomorphic

By Thullen & (0) =0

By the Main Theorem, ® is very simple and after some work we reach
a contradiction. A (D,) and A (D)) are not isomorphic!

However, the method was ad hoc and we could not generalize it until
[AL2]
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0 Dr(C) = {(M, . A0) €C™: Ty an | A < 1}
@ D¢ (C) is a Reinhardt domain. That is, whenever

o (A1,...,Ap) €D (C), and 0y,...,0, €R, then
o (e12q,..., e 7p) € D (C).
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0 Dr(C) = {(M, . A0) €C™: Ty an | A < 1}
@ D¢ (C) is a Reinhardt domain. That is, whenever

o (Ag,..., An) € D¢ (C), and 6y, ..., 0, € R, then
o (e12q,..., e 7p) € D (C).

Theorem (Sunada)

Let D be a bounded Reinhardt domains of CX, k > 2,that contains the

origin. Then after rescaling and permuting, we can find several indexes
such that

e DN (CP x {0}) is a product of balls
e DN ({0} xC"P)={0} x Dy, and
o (z1,..., Zr Zri1s e, z;) €D iff|lz] < 1,..., |z| <1 and

Zr+1 . Zs
2 dr+1,j ! ! 2 ds,j
w_, (1-I5P) m_, (1- Iz
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@ We first show that Dy (C) is not a product of balls
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@ We first show that Dy (C) is not a product of balls

@ Then we show that when n = 2, then Dy (C) is not a Thullen domain
(boundary analysis)
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@ We first show that Dy (C) is not a product of balls

@ Then we show that when n = 2, then Dy (C) is not a Thullen domain
(boundary analysis)

@ Then we conclude that all automorphisms of D¢ (C) fix the origin or
that Dy (C) is a ball
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@ We first show that Dy (C) is not a product of balls

@ Then we show that when n = 2, then Dy (C) is not a Thullen domain
(boundary analysis)

@ Then we conclude that all automorphisms of D¢ (C) fix the origin or
that Dy (C) is a ball
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@ We first show that Dy (C) is not a product of balls

@ Then we show that when n = 2, then Dy (C) is not a Thullen domain
(boundary analysis)

@ Then we conclude that all automorphisms of D¢ (C) fix the origin or
that Dy (C) is a ball

Theorem ([AL2])

If f and g are aspherical (not balls) then all biholomorphic maps from
D¢ (C) to Dy (C) fix the origin.
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Theorem ([AL2])

If®: A(Ds) — A(Dy) is an isomorphism and ®; (0) = 0 then f and g
are permutation-rescaling equivalent.
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Theorem ([AL2])

If®: A(Ds) — A(Dy) is an isomorphism and ®; (0) = 0 then f and g
are permutation-rescaling equivalent.

° q)(WIf) = u,-1W1f—|—u,-2W2f+---+u,-nW,f fori <n
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Theorem ([AL2])

If®: A(Ds) — A(Dy) is an isomorphism and ®; (0) = 0 then f and g
are permutation-rescaling equivalent.

° q)(WIf) = u,-1W1f—|—u,-2W2f+---+u,-nW,f fori <n

o Rescale so that af = a¥ = 1. This implies that U = [u;] is unitary
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Theorem ([AL2])

If®: A(Ds) — A(Dy) is an isomorphism and ®; (0) = 0 then f and g
are permutation-rescaling equivalent.

° q)(Wlf) = u,-1W1f—|—u,-2W2f+---+u,-nW,f fori <n
o Rescale so that af = a¥ = 1. This implies that U = [u;] is unitary

° ”W&(HZ = bi,,i and

2
2 2 2
||Z|a\:kCaWaf = Ll el ™ W™ = Lok |l bi;
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Theorem ([AL2])

If®: A(Ds) — A(Dy) is an isomorphism and ®; (0) = 0 then f and g
are permutation-rescaling equivalent.

° q)(Wlf) = u,-1W1f—|—u,-2W2f+---+u,-nW,f fori <n
o Rescale so that af = a¥ = 1. This implies that U = [u;] is unitary
° ||W’(H bf and
— 2 fl12 — 21
||Z|:x\:k W, —Z|:x\:k el |WE ™ = Ejaj=s Il 57

° (by) — (ai)
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o = [ = o () = o (wrvg) -

oo (w))

Alvaro Arias (Institute) Non-commutative domains October 15, 2011 19 /19



2 2 2
o i =W = e (W) = le (wrw)| -
bl ij 2( U) ( i J)
o (e (w)
2 2
° ﬁ;zlleZ/UikUﬂWEVV/gll = Yo X i g | WEI* =

Yk O i) Jup|? b%,
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2 2 2
« = ol = fo () = (wrw) -
bl ij 2( U) ( i J)
@) (w)]
2 2 2 2
° b%jIIIZkZ/UikUﬂWfW/gII = L Xy |ui|” |up* ([ Wl =
2k2/|uik|2|uj1|2b%l

@ And this is a convex combination
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