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Summary

@ Group von Neumann algebras: definitions; examples

o Classification of group von Neumann algebras: description of the problems; revisit some
older results; (infinite) direct product rigidity; amalgamated free product rigidity; wreath
product rigidity; applications to rigidity in C*-setting

o Future directions: some open problems
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Group von Neumann algebras

° ( )
e [ - countable discrete group
u: T — UPT) - left regular representation

U"r(f)(/\) = 5(771)‘)3 V’)’, )‘ € r7£ € ﬁ2r

the von Neumann algebra associated with I is
———50T
L(M):={uy |y €T} =C[[T CB(T)
.20 T iff || T — Tl —0,¥y € 21
T(x) = (x0e, de) normal, state
o (faithful) 7(x*x) =0 x=0
o (tracial) 7(xy) = 7(yx)
L(T) is a finite von Neumann algebra (v*v =1 = w* =1)
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Group von Neumann Algebras

’E(F) as algebra of “left convolvers”: ‘ YV &, € 2T define the convolution £ x7: T — C

Exn(y) =D _ (A Hn(N)

aer

1€ % nlloo < lIEl2lInll2, &% 0y = vy-r(€), &y m = uy(n)
De ={ne P |§xn e}, Di={nel’l|n*{ec’T}, ~ densely def. linear operators

n—Le(n)=&xn  :De — 02T
n— Re(n) =nx¢& :Dé%ﬁl’

L¢, Re have closed graphs and L¢Re = Rele
lconv(r) = {Lf ‘ D{ = fzr} - %(WI')
reonv(lN) = {Re | Dé = (°T} C B(°T)
Lewy = Lely,  Rewn = ReRy
lconv(I') = rconv(lN) = v(I) = u(l)"” = L(I') (note if T € L(I') then T = L¢ where £ = T4, )
Fourier expansion x = > xyuy,  xy = 7(xuy-1)
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Group von Neumann Algebras

Theorem (Murray-von Neumann '36)

L(T) is a Iy factor (Z(L(T)) = Cl) & V v # e we have |7/ | = oo, i.e. T is icc.
Examples:

o Fp,n>2; Ty1xTo, [ >2,|T2] >23; PSL(Z),n>2;

o &o; AUl T infinite;

Major theme of study in von Neumann algebras

o Is it possible to develop a ‘“rigidity theory” in this setting?

o How much information does £(I') “remember” of the initial group I'? Specifically, is it
possible to identify a comprehensive list of canonical algebraic properties of I that are
completely recognized by £(I')?
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Classification of group von Neumann algebras

Some non-results:
o (folk) if I', A infinite abelian then £(I) = L(A) = £>°(][0,1])

o ( '76) if I', A amenable icc then £(I') = L(A) = UnMgn(C)SOT =R the hyperfinite
factor
Concrete examples: L(Z1Z) = L(Z,VZ) = L(C )
o ( '93) if I';, \; are infinite amenable then
LTy xTox-xT,) 2 LA x Ay xN,)
o parallel similar results in orbit equivalence, e.g. ( '59, 81, '05)

Conclusion: | In general, no memory of the classical group invariants such as torsion, rank,

generators and relations, etc
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Classification of group of von Neumann algebras

Some results:

o ( 43) £(F) 2 £(S0 % F2)

o ( '69) Infinitely many non isomorphic group factors

o ( '89) If I < Sp(n, 1), A < Sp(m, 1) lattices and n # m then L(I') 2 L(A)
o ( '03) if [ icc hyperbolic then £(I') 2 L(A x ©), for every A, © infinite groups

Using Popa’s deformation/rigidity theory:
0 L(Tyxy Tpsy - %y ) = L(A1 %q Ap *q - - - xq Ap) implies n = m and there exists 0 € &,
such that L(I';) = L(A,,); known when X, Q amenable and I';,A; are

Q infinite property (T) groups, ( '05)
Q@ non-amenable direct products of infinite groups ( '10)
@ non-amenable containing infinite normal amenable subgroups and X, Q finite ( '12)
o ( '07) If L(F,) = L(A) then ¥ infinite amenable subgroup ¥ < A the normalizer
NA(X) is amenable
o ( '10) if ' is non-amenable, | = Z/Z, and L(Z3 Yy (T Z)) = L(N) then
Z3 Y (T1Z) = A; other wreath products by ( '13)
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Unique prime factorization for group von Neumann algebras

Theorem (Ozawa-Popa, '03)

Let T'j, \; be icc hyperbolic groups (e.g. Fi, k > 2). If

LTy xTyx - XT) =LA XAy X - x \y)

then n = m and there exist scalars tit, - - - t, = 1 and a permutation o € &, such that

L)%= L(N,,), forall1<i<n

e the result still holds for all icc biexact groups; includes:
o all groups hyperbolic relative to families of amenable subgroups
o 7T, for every ' non-elementary hyperbolic
o 77 x SLy(Z)

e we cannot do better at the factors level; by 's formula £(Fs x F3) = L(F2 x Fy)
e this parallels results of ( '06) in orbit equivalence
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Direct product rigidity

Let T'; be icc hyperbolic groups (or more generally nonamenable biexact) and \ be an arbitrary

group. If
LTy x Ty x - xTy)=L(N)

then A = A1 x Ny x --- x A\, and there exist scalars tit>---t, = 1 such that
L(T)5 = L(N;), forall1<i<n
e a contrast point with the OE counterpart ( '06) is no need to assume strong
forms of ergodicity on the “target data”
Let '; be icc biexact nonamenable groups and N\ be an arbitrary group such that
Cr(Fy x Ty x -+ xTp)=ZCrHN).

Then N =Ny X Ny x -+ X N\, where \; are icc, nonamenable groups.
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Infinite direct product rigidity

e Unique prime factorization results for infinite tensor products of solid factors were obtained by
( '16); motivated by these results we can ask the following basic question:

Can we get a similar product rigidity result for infinite direct sum groups?

° ’Canonical obstruction:

= @ien(L(M)Y? @ My(C))
>~ (®ienL(T)Y?)ER

>~ (RienL(T)Y?)ORER
= (®ienL(T7))@R

for any A icc amenable group.
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Infinite direct product rigidity

Let (T';)ien be icc, biexact, property (T) groups and let A be an arbitrary group such that
ﬁ(rl@rz@"-@rn@---)%ﬁ(/\).

ThenN= (M @A, ®--- DN, @ ---) D A where A is icc amenable. Also there are positive scalars
ti, ta, ..., tn, ... SO that for each k € N we have

L))" =2 L(A), L(MR)2=LA), ... L(Tk)*=L(Ak),
L1 BThio® ) ZL(Ak41 D N2 ®--- ) DA

o the result applies to all T;’s

o uniform lattices in Sp(n,1), n > 2

o Gromov random groups with density 37! < d < 27!

o prop (T), hyperbolic relative to finitely generated amenable groups constructed by
( '07)
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Infinite direct product rigidity in C*-setting

Let (T';)ien be icc, biexact, property (T) groups and let \ be an arbitrary group such that
CiM oM - &lh,®---)2CHA).

Then A=A DN, ®--- DN, D--- where \; are icc, biexact, property (T) groups.

Proof.  @jienl; has trivial amenable radical and by ( '14)
C#(®ienl;) has unique trace; thus the isomorphism C(P;enl;) & CE(A) preserves the trace and
hence lifts to the von Neumann algebras level and it follows from the previous theorem that

A = &jen/\; & A; however by uniqueness of the trace again ( '14) implies that A=1 O
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Amalgamated free product rigidity

Let T =T xx [, be an amalgam satisfying the following:
o = F% X F%, [, = F% X F% where FJ,:, are icc, non-amenable, biexact groups;
o ¥ is icc amenable and [~ : vXy 1N Y] = oo for every vy € T; \ L.

Assume N is an arbitrary group such that

L(T x5 [2) = L(N).
Then N = Ay #a Ay and there exists u € U(L(T)) s.t.
L(A1) = ul(T)u*, L(A) =ul(T)u*, L(A)=uLl(X)u".

Examples:
Q [(H1%©) x (K1 * Q)] *exq) [(H2 % ©) x (K2 * Q)] VH;, Ki— biexact, ©,Q— icc, amenable
Q [(ALH) x (AUH)] *(mcxac) [(ALH) x (AUH)] VH hyperbolic, C < H max. inf. amenable
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W*-superrigidity

Let ¥ < Ty be groups satisfying the following

o [g be icc, non-amenable, biexact;

o ¥ is icc, amenable, and satisfies [ : ¥ N yXy~ 1] = oo for every v € [y \ &,

o the centralizer in Ty of any finite index subgroup of ¥ N yL~ ! is trivial, for all v € Ty.
Let T := (ro X ro) *diag():) (ro X ro)
If N is an any group and 0 : L(I') — L(N) is any x-isomorphism then there exist a group
isomorphism 6 : T — A a unitary a € L(N\), and a character ) : T — T such that

0(uy) = n(v)avsyya™, Vyerl.

Examples

e  there are uncountably many groups I'
[(Goo ZFn) X (Goc len)] * diag (& oo 1Z) [(6x EIFn) X (Goo ?Fn)] n>?2
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Applications to C*-superrigidity

Let X < Ty be groups satisfying the following
o [ be icc, non-amenable, biexact;
o ¥ is icc, amenable, and satisfies [~ : ¥ N yX~y 1] = oo forevery vy € Ty \ ;
o the centralizer in Ty of any finite index subgroup of ¥ Ny~~~ is trivial, for all v € Ty.
Let T := (F'o X o) *diag(z) (To % To).
If N\ is an any group and 0 : C:(I') — C¥(A) is any x-isomorphism then there exist a group
isomorphism & : T — N a unitary a € L(N), and a character ) : T — T such that

0(uy) = n(v)avsyya™, VyerT.
e this provide the first examples of non-amenable C*-superrigid groups; the only other known
examples by ( 74, 17, '18, '18)
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Wreath product rigidity

o Let H,T1,T5 icc, biexact, property (T) groups;
o[ = Fl X F2.
Let A\ be an arbitrary group and let 0 : L(HT) — L(A) be a x-isomorphism. Then

o Y,V jcc, property (T) groups, A icc amenable, an action W ~* A such that
A= (XM @ A) xg0q Y, where U AP TY) js the Bernoulli action.

Also there is a group isomorphism § : I — WV, a character n: I — T, a x-isomorphism
0o : LIHD) — £(XM™) @& A), and a unitary a € L(N) such that for all x € L(H")), v € T we have

*

0(xuy) = n(7y)abo(x)vs(y)a“.

Let H,T'1,T, be icc, biexact, property (T) groups and let T =Ty x 5. If N is an arbitrary group so
that C:(H ") = C:(A) then N =X T, where ¥ is an icc, property (T) group.

Ideas behind the Eroof of the infinite direct product rigidity



Questions

Does infinite product rigidity still hold if one removes the property (T) assumption (i.e. for infinite
direct sum of icc non-amenable biexact groups)?

Are there any instances when the plain free product rigidity holds?
L(Ty % T2) = L(A) = A = A % Ay and L(A;) = L(T;) for all i = 1,2.

Identify other algebraic features that are recognizable from von Neumann algebras. Examples: a)
fiber products ( '18), b) HNN-extensions, HNN(T', X, 6), c) graph products G(I',, v € V)?

Is there a hyperbolic group I s.t. whenever A is a group satisfying £(I') = £L(A) it follows that A is
hyperbolic as well?
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THANK YOU!
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.Step Lilet {y : yeT} =L(@®icT)=M=LN) ={N: Ae A}

~ ( ) co-multiplication along A i.e. A: M — M&M given by A(A) = A ® A
~ Vi, j € | we have A(L(Tp (1)), A(L(T))) € A(M) € MEM = MRL(T\(jy ®T;) using
( '12) control of normalizers =

AL(Th i) < MRL(Tpy)  or  A(L(T)) = MOL(Th )

However, if A(L(F)) <M&L(T(;3) for all j then A(L(T;)) <M&L(Tp\f) for all F C [ finite; it
follows that A(L(T;)) is amen. rel. to M®1 forcing I'; amenable, contradiction; hence Vi, 3; so that

A(L(Tp(iy)) = MBRL(Tp5y)
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|deas behind the proof — Infinite direct product rigidity

. Step 2: [[Epgi(r, ) (A(W))][2 = € > 0 for all u e U(L(TH (1))
~~ (ultrapower tech '11) let G = {X : ¥ < A} and J the directed set of all small sets over G
~ if L(Tpgiy) A L(X) for all = € G then for each S € J there exists A\s € A\ S such that

|Ec(ry ;) (As)ll2 = C/2

~~ if wis cofinal ultrafilter on J then Efr )~ (A”) # 0 where A* = (As)s

— Assume: A* € L(Tp;3)* € L(T;) N M= = L(T}) € A*M(=)"10 M = LOCAN) LN A)
s AYAAY)PNA =U,C(X,) where ¥, ¢ G, descending

~ for all G either L(I'\g3) < L(X) for some X € G or L(T;) < L(U,C(X,)) with X, ¢ G
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|deas behind the proof — Infinite direct product rigidity

. Step 3: 3L < As t. L(Tpgiy) < £(X) with C(X) is non-amenable;
~ Assume: L(Ip\¢iy) € L(X); splitting prop of tensors = L(I)\;;})®B = L(X) with B C L(';)

~ solidity of £L(I';) imply B is atomic, so up to corners we can assume
L(Tn) = £(¥)
~~ passing to relative commutants we get
L(I;)=L(X) NnL(N) C L(vC(L))

where vC(Z) = {\ € A : |A\}| < co}—virtual centralizer of £
~ let O1,O,, ... all finite orbits under X-conjug.; let Qx = (04, ..., Ok) and note UxQ, = vC(X)
~ using property (T) we get

L(T;) = LX) NLN) C L)
hence L(F,\{,})®£(F;) =L(XZVQ)=LN);, =XV =Aand vC(X) =Q
~+ as X has finite index subgroup commuting with vC(X) then A is commensurable to a product
group



|deas behind the proof — Infinite direct product rigidity

. Step 4: “perturbing” ¥ and vC(X) up to finite index and using ( '03) we get
that A =X, ® vC(X;) and t; > 0 such that

L(Tp )" = L(Z;) and there is £(I';))Y% = £(vC(X;))

~+ using these product decompositions for every i one derive the desired conclusion

e since the “equalities” above are up to corners and partial conjugacy all the statements above are
virtual (i.e. up to finite index/intersection) and their proofs are pretty involved technically; to get to
a honest direct product we often have to use factoriality of the original algebras.

I. CHIFAN



	von Neumann algebras

