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The Paley-Wiener Theorem

An entire function F can be written in the form

F (z) =

∫ 1/2

−1/2

f (t)e−2πitzdt

for some f ∈ L2(−1/2, 1/2) if and only if F satisfies:

1 F is of exponential type π;

2 F (t) ∈ L2(R).

}
Eπ ∩ L2(R)

Alternative characterization: F satisfies

1 ∑
n∈Z
|F (n)|2 <∞;

2

F (z) =
∑
n∈Z

F (n)sinc(z − n).
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Singular Measures

Fix a singular measure µ on (−1/2, 1/2). Question: when can an entire function
F be written as

F (z) =

∫ 1/2

−1/2

f (t)e−2πitzdµ(t)

for some f ∈ L2(µ)?

We provide a characterization using a sampling theory idea and an interpolation
idea.
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Motivating Question

Strichartz: given a compact set K , determine when an entire function F can be
written as

F (z) =

∫
K

e−2πiztdσ(t)

for some complex measure σ supported on K?

We know when a function F : R→ C is the Fourier transform of a measure:
Bochner-Schoenberg-Eberlein (BSE) conditions.

These conditions cannot tell the support of the measure.
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Fourier Series for Singular Measures
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Kaczmarz Algorithm

Given {ϕn}∞n=0 ⊂ H and 〈x , ϕn〉, can we recover x? Note: yes if ONB/frame.

x0 = 〈x , ϕ0〉ϕ0

xn = xn−1 + 〈x − xn−1, ϕn〉ϕn.

If limn→∞‖x − xn‖ = 0 for all x , then the sequence {ϕn}∞n=0 is said to be effective.
If so, we define

gn = en −
n−1∑
j=0

〈en, ej〉gj

and obtain
x =

∑
〈x , gi 〉ϕi .
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Stationary Sequences

A sequence {ϕn} is stationary if 〈ϕn+k , ϕm+k〉 = 〈ϕn, ϕm〉.

Theorem (Kwapien & Mycielski, 2001)

If {φn}∞n=1 ⊂ H is a stationary sequence with dense span, then it is an effective
sequence if and only if it’s spectral measure is either Lebesgue measure or purely
singular.
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Fourier Series

Theorem (Herr & W., 2015)

If µ is a singular Borel probability measure on (−1/2, 1/2), then the sequence{
e2πinx

}∞
n=0

is effective in L2(µ). As a consequence, any element f ∈ L2(µ)
possesses a Fourier series

f (x) =
∞∑
n=0

cne
2πinx ,

where the sum converges in the L2(µ) norm. The Fourier coefficients cn are given
by

cn =

∫ 1/2

−1/2

f (x)gn(x) dµ(x),

where {gn}∞n=0 is the auxiliary sequence of
{
e2πinx

}∞
n=0

in L2(µ).
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Inversion Lemma

Lemma (Herr & W., 2015)

There exists a sequence {αn}∞n=0 such that

gn(x) =
n∑

j=0

αn−je
2πijx .

The sequence is given by

1

µ+(z)
=
∞∑
n=0

αnz
n

where

µ+(z) =

∫ 1/2

−1/2

1

1− e−2πitz
dµ(t).
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The Paley-Wiener Theorem via a Sampling Criteria
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A Shannon Sampling Formula

Theorem (H. & W., 2015)

Let µ be a singular Borel probability measure on (−1/2, 1/2). Let {αn}∞n=0 be the
sequence of scalars induced by µ by the Inversion Lemma. Suppose F : R→ C is
of the form

F (y) =

∫ 1/2

−1/2

f (x)e−2πiyx dµ(x)

for some f ∈ L2(µ). Then

F (y) =
∞∑
n=0

 n∑
j=0

αn−jF (j)

 µ̂(y − n),

where the series converges uniformly in y .
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An Alternative Sampling Formula

Since the {gn} form a Parseval frame, we obtain the following variation.

Theorem (H. & W., 2015)

Let µ be a singular Borel probability measure on (−1/2, 1/2). Let {αn}∞n=0 be the
sequence of scalars induced by µ by the Inversion Lemma. Suppose F : R→ C is
of the form

F (y) =

∫ 1/2

−1/2

f (x)e−2πiyx dµ(x)

for some f ∈ L2(µ). Then

F (y) =
∞∑
n=0

 n∑
j=0

αn−jF (j)

( n∑
l=0

αn−l µ̂(y − l)

)
,

where the series converges uniformly in y .
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The Paley-Wiener Theorem for µ

Theorem (W., 2017)

Let µ be a singular Borel probability measure on (−1/2, 1/2). Let {αn}∞n=0 be the
sequence of scalars induced by µ by the Inversion Lemma. The entire function F
has the form

F (z) =

∫ 1/2

−1/2

f (x)e−2πitz dµ(t)

for some f ∈ L2(µ) if and only if F satisfies

1

∞∑
n=0

∣∣∣∣∣∣
n∑

j=0

αn−jF (j)

∣∣∣∣∣∣
2

<∞;

2 for all z ∈ C,

F (z) =
∞∑
n=0

 n∑
j=0

αn−jF (j)

( n∑
l=0

αn−l µ̂(z − l)

)
.
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Proof

Necessity: Apply Fourier transform to

f =
∞∑
n=0

〈f , gn〉gn.

Sufficiency: Define f ∈ L2(µ) by

f =
∞∑
n=0

 n∑
j=0

αn−jF (j)

 gn

then apply Fourier transform to obtain

f̂ (z) = F (z).
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The Paley-Wiener Theorem via an Interpolation Criteria
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Herglotz Representation Theorem and the space H(b)

Theorem

There is a 1-to-1 correspondence between the nonconstant inner functions b in H2

and the nonnegative singular Borel measures µ on T ≡ [0, 1) given by

Re

(
1 + b(z)

1− b(z)

)
=

∫
T

1− |z |2

|ξ − z |2
dµ(ξ).

We will say that b corresponds to µ, and that µ corresponds to b. The space

H(b) = H2 	 bH2.

is backward-shift invariant (Beurling’s theorem).
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Normalized Cauchy Transform

Given a measure µ on (−1/2, 1/2), the normalized Cauchy transform is the
operator Vµ from L2(µ) to the set of functions on C \ T given by

Vµf (z) =

∫ 1/2

−1/2

f (x)

1− ze−2πix
dµ(x)∫ 1/2

−1/2

1

1− ze−2πix
dµ(x)

.

Clark showed that if µ is a singular Borel probability measure and b is its
corresponding inner function, then Vµ maps L2(µ) unitarily onto H(b).
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Boundary Representations

Recall that f ∈ H2(D) if

sup
0<r<1

∫
T
|f (re2πix)|2dx <∞

Then there exists a function f ? ∈ L2(T) such that f (re2πix)→ f ?(e2πix) in the
norm. (Abel summation).

If we replace Lebesgue measure by µ on T, then for f ∈ H2(D), we say f ? is the
L2(µ)-boundary of f if f (re2πix)→ f ?(e2πix) in the L2(µ)-norm.
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Re-Expression of the Normalized Cauchy Transform

Theorem (H.&W., 2015)

Let µ be a singular Borel probability measure, and {gn}∞n=0 the auxiliary sequence
of {en}∞n=0 in L2(µ). Then for f ∈ L2(µ),

Vµf (z) =
∞∑
n=0

〈f , gn〉µ z
n.

Thus, every function F ∈ H(b) is of the form F (z) =
∑∞

n=0 〈f , gn〉µ zn. Since

f =
∑∞

n=0 〈f , gn〉µ e2πinx and F (re2πix) :=
∑∞

n=0 〈f , gn〉µ re2πinx , Abel summability

shows that limr→1−
∥∥F (re2πix)− f (x)

∥∥
µ

= 0, and so f is an L2(µ) boundary

function of F .
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An Interpolation Problem

Lemma

Suppose µ is a singular Borel probability measure on T, b is the inner function on
D associated to µ via the Herglotz representation, and suppose {an}∞n=0 ⊂ C. The
following conditions are equivalent:

(i) there exists a function f ∈ L2(µ) with the property that

an =

∫
T
f (x)e−2πinx dµ(x); (1)

(ii) the following inclusion holds:

Ga(z) :=

∑∞
n=0 anz

n

µ+(z)
∈ H(b).
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The Paley-Wiener Theorem for µ, redux

For an entire function F of exponential type, we use hF to denote the
Phragmén-Lindelöf indicator function.

Theorem (W. 2017)

Suppose µ is a singular Borel probability measure with support in
[α, β] ⊂ [−1/2, 1/2] where β − α < 1. Let b be the inner function associated to µ
via the Herglotz Representation. The entire function F is the Fourier transform f̂
for some f ∈ L2(µ) if and only if

(i) F is of exponential type;

(ii) the indicator function of F satisfies hF (
π

2
) ≤ 2πβ and hF (−π

2
) ≤ −2πα;

(iii) the following inclusion holds:

GF (z) :=

∑∞
n=0 F (n)zn

µ+(z)
∈ H(b)

i.e. the function GF is in the kernel of the Toeplitz operator Tb.
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Proof

1 GF ∈ H(b) implies that F (n) can be interpolated by f̂ ; i.e. there exists a
f ∈ L2(µ) such that f̂ (n) = F (n);

2 the support of µ implies

hf̂ (
π

2
) ≤ 2πβ and hf̂ (−π

2
) ≤ −2πα;

3 Carlson’s theorem applies: If g is exponential type on the RHP, g(n) = 0 for

n ∈ N, and hg (
π

2
) + hg (−π

2
) < 2π, then g ≡ 0.

4 applying Carlson’s theorem to F − f̂ , we obtain that F (z) = f̂ (z) for all z .
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The Paley-Wiener Theorem for µ, yet again

Theorem (W. 2017)

Suppose µ is a singular Borel probability measure on (−1/2, 1/2), and let b be the
inner function associated to µ by the Herglotz Representation. The entire function
F is the Fourier transform f̂ for some f ∈ L2(µ) if and only if

(i) |F (z)| ≤ ε(|z |)eπ|z| with ε(r) = o(1);

(ii) the following inclusions hold:

G+(z) :=

∑∞
n=0 F (n)zn

µ+(z)
∈ H(b), G−(z) :=

∑∞
n=0 F (−n)zn

µ+(z)
∈ H(b);

(iii) the L2(µ)-boundaries of G+ and G− satisfy the relationship

G?+ = G?
−.
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Outline of Proof

First version:

1 Condition (iii) says that {F (n)} can be interpolated by some f̂ , so
F (n) = f̂ (n) for n ∈ N0;

2 Condition (i) and (ii) says that F (z) = f̂ (z) for all z by Carlson’s theorem.

Second version is similar, but Carlson’s theorem does not apply. We use a
generalization of Carlson’s theorem from Boas’ book.
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A No-Go Result

Denote: PW (µ) = {f̂ |f ∈ L2(µ)}, Eτ the collection of all entire functions of
exponential type at most τ .

Theorem

Suppose PW (µ) = Eτ ∩ L2(w) for some τ ∈ (0, π] and some weight or measure w
on R with ‖f ‖µ ' ‖f̂ ‖w . Then there exists a Riesz basis of the form

{ωne
2πiλnx}n∈Z ⊂ L2(µ) (2)

for some sequence {λn} ⊂ R and ωn > 0.
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Proof

1 Under the hypotheses, PW (µ) is a de Branges space;

2 de Branges spaces contain orthogonal bases of kernel functions (on real axis);

3 these kernel functions correspond to weighted exponentials in L2(µ);

4 very few measures possess Riesz bases of exponentials.
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The End

Thank you!
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[Pol93] A. G. Poltoratskĭı, Boundary behavior of pseudocontinuable functions, Algebra i Analiz 5 (1993), no. 2, 189–210, English translation in St.
Petersburg Math. 5:2 (1994): 389–406. MR 1223178 (94k:30090)

[PW87] Raymond E. A. C. Paley and Norbert Wiener, Fourier transforms in the complex domain, American Mathematical Society Colloquium
Publications, vol. 19, American Mathematical Society, Providence, RI, 1987, Reprint of the 1934 original. MR 1451142

[Sar94] Donald Sarason, Sub-Hardy Hilbert spaces in the unit disk, University of Arkansas Lecture Notes in the Mathematical Sciences, 10, John Wiley
& Sons, Inc., New York, 1994, A Wiley-Interscience Publication. MR 1289670 (96k:46039)

[Str00] Robert S. Strichartz, Mock Fourier series and transforms associated with certain Cantor measures, J. Anal. Math. 81 (2000), 209–238. MR
1785282 (2001i:42009)

Eric Weber Paley-Wiener Theorem 28 / 28


