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An Old Idea

R and S two unital rings.

X := Hom(R , S)

For r ∈ R , define r̂ : X → S by

r̂(ϕ) := ϕ(r).

Clearly, r → r̂ is a homomorphism (i.e., a
representation) of R into S-valued functions on X .

What information do these functions carry?



Operator Algebras
as Algebras of
Functions

Paul S. Muhly

Detlef Laugwitz [Laugwitz, 2008]

Figure: Laugwitz
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Dedekind and Weber 1882
Theorie der algebraischen Functionen einer Veräderlichen
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Dedekind and Weber and Algebraic

Functions
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Dedekind and Weber and Algebraic

Functions (bis)

F (θ, z) = a0(z)θn+a1(z)θn−1+. . .+an−1(z)θ+an(z)

Get n roots {θ1(z), θ2(z), . . . , θn(z)}
Riemann wanted to picture how these roots behaved
as functions of z .

θj(z) = 1
2πi

∫
γj

θ ∂F
∂θ

(θ,z)

F (θ,z)
dθ, where γj is a curve

surrounding a zj , where F (θ, zj) = 0 has n distinct
roots.
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The square root of z

Figure: The Riemann Surface for θ2 − z = 0
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Die Punkte der Riemannschen Fläche
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The points of a Riemann surface.
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Definition eines Punktes!
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Definition of a point!

Points are homomorphisms!
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Dedekind and Weber Recap

Let
F (θ, z) = a0(z)θn+a1(z)θn−1+. . .+an−1(z)θ+an(z),
where ak ∈ C(S1). Then

R = C(S1)[F ]

S = C ∪∞
X := Hom(R , S) is the Riemann surface of F .
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The First Hit
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John Stillwell [Dedekind & Weber, 2012]

Figure: John Stillwell
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Note

Nowadays, we distinguish between polynomials and
polynomial functions. A polynomial of k variables is an
element of the free abelian semigroup algebra CNk

:
F =

∑
n∈Nk anX

n1
1 · · ·X

nk
k , where the “indeterminate” Xi

is really the characteristic function of (0, · · · , 1, · · · , 0).
So R = CNk

, S = C, and Hom(R , S) = Ck . For F ∈ R ,

F̂ (z1, · · · , zk) =
∑
n∈Nk

anz
n1
1 · · · z

nk
k

.
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Back to Topic and a Halmos Doctrine

If you want to study a problem about operators on
an infinite dimensional Hilbert space, study it first in
the finite dimensional setting and answer it there.
Then move on to the infinite dimensional setting.
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Inspiration From Rings of Operators I
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1997: A Serendipitous Coincidence

I read

“On the structure of algebras with nonzero radical”
by G. Hochschild[Hochschild, 1947]

“A class of C ∗-algebras generalizing both
Cuntz-Krieger algebras and crossed products by Z”
by M. Pimsner.[Pimsner, 1997]

These led to a program devoted to formulating the
theory of finite dimensional algebras in the setting of
operator algebras on Hilbert Space.
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C ∗-correspondences

Definition

Let A be C ∗-algebra. A (right) Hilbert C ∗-module over A
is a module E that is endowed with an A-valued inner
product (〈·, ·〉) such that E is complete in the norm:

‖ξ‖ := ‖〈ξ, ξ〉‖
1
2
A. If, in addition, E is a left module over

A via a ∗-homomorphism ϕ : A→ L(E ), then we say
that E is a C ∗-correspondence over A.

L(E ) is the algebra of adjointable continuous,
A-linear transformations on E .
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Examples of C ∗-Correspondences

Example

A := C E := Cd

Directed Graphs (assume finite)

G = {G 0,G 1, r , s}, r , s : G 1 → G 0

A := CG0
, E = E (G ) := CG1

(a · ξ · b)(e) := a(r(e))ξ(e)b(s(e))
〈ξ, η〉(v) :=

∑
s(e)=v ξ(e)η(e)

α an endomorphism of A. E = A:
a · ξ · b := α(a)ξb, 〈ξ, η〉 := ξ∗η.
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The Fock Correspondence

E⊗2 := E ⊗A E , a · ξ ⊗ η · b := (ϕ(a)ξ)⊗ ηb,
〈ξ1 ⊗ η1, ξ2 ⊗ η2〉 := 〈ξ2, ϕ(〈ξ1, η1〉)η2〉.
F(E ) :=

∑∞
k=0 E

⊗k , the left action of A is denoted
ϕ∞

Example

F(C) = `2(Z+)

F(Cd) = the full Fock space of Cd .

F(E (G )) = L∞ −
∑
v∈G0

⊕
`2(vG ∗),

G ∗ := the path category of G .
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The Fock Correspondence (continued)

Example

G ∗ = {ei1ei2 · · · ein | r(eik+1
) = s(eik )} and vG ∗ is all

the paths that end at v .
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The Tensor Algebra

Definition

The algebraic tensor algebra of E , T0+(E ), is the
algebraic subalgebra of L(F(E )) generated by
{ϕ∞(a) | a ∈ A} and {Tξ}ξ∈E , where Tξη := ξ ⊗ η,
η ∈ F(E ) is the creation operator determined by ξ. The
tensor algebra of E is the closure of T0+(E ) in the norm
of L(F(E )). The Toeplitz algebra of E , T (E ) is the
C ∗-subalgebra of L(F(E )) generated by T+(E ).
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Examples of Tensor Algebras

Example

When A = C = E , then F(E ) is naturally
isomorphic to `2(Z+) under the map

ξ1 ⊗ ξ2 ⊗ · · · ⊗ ξn → (ξ1ξ2 · · · ξn)δn

and T0+(E ) and T+(E ) are both generated by T1.
Consequently, T0+(E ) is isomorphic to C[X ] and
T+(E ) is completely isometrically isomorphic to the
disc algebra, A(D).

When A = C and E = Cd , then F(E ) is isomorphic
to `2(F+

d ) under the map

ei1 ⊗ ei2 ⊗ · · · ein → δw
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Examples of Tensor Algebras (continued)

Example

where {e1, e2, · · · , ed} is a prescribed o.n. basis for
E , and w = i1i2 · · · in. T0+(E ) is isomorphic to the
free algebra on d-generators, and T+(E ) is
completely isometrically isomorphic to Popescu’s
noncommutative disc algebra Ad .

When G is a graph, A = CG0
and E = CG1

, then
T0+(E ) is isomorphic to the quiver algebra of G and
T+ is a completion of T0+.
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Examples of Tensor Algebras (continued)

Example

When A is a C ∗-algebra and E = αA for an
endomorphism α, T0+(E ) is the twisted polynomial
algebra determined by A and α, T+(E ) is a
semicrossed product studied by Peters in
[Peters, 1984].
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Noncommutative Affine Space
Rieffel’s Induced Representations and Intertwiners

Ordinary affine n-space should be viewed as Cn but
you must ignore the vector space structure. The
polynomial functions are the functions in the algebra
generated by (Cn)∗.

If σ : A→ B(Hσ) is a C ∗-representation, then
E ⊗σ Hσ is the completed space defined in the
(pre)inner product:
〈ξ1 ⊗ h1, ξ2 ⊗ h2〉 := 〈h1, σ(〈ξ1, ξ2〉E )h2〉H .

The map X → X ⊗ IH , X ∈ L(E ), is called the
representation of L(E ) induced by σ (in the sense of
Rieffel) and is denoted σE .
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Noncommutative Affine Space (Continued)

I(σE ◦ ϕ, σ) := {X ∈ B(E ⊗σ Hσ,Hσ) |
XσE ◦ ϕ(·) = σ(·)X} is the intertwiner space from
σE ◦ ϕ(·) to σ, called the noncommutative affine
space determined by σ.

The affine spaces where the elements of T0+(E ) are
represented as functions are indexed by the
representations of A.

I((σ ⊕ τ)E ◦ ϕ, σ ⊕ τ) = {
[
z11 z12
z21 z22

]
| z11 ∈

I(σE ◦ ϕ, σ), z12 ∈ I(τE ◦ ϕ, σ), etc.
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Examples

Let A = C, E = Cd , and let σ : A→ B(Cn) be the
representation σ(c) := cIn.

E ⊗σ Cn = Md ,1(Cn) – Column space over Cn.

I(σE ◦ ϕ, σ) = B(Md ,1(Cn),Cn) = Mn(C)d .

If A and E come from a graph G , then a
representation σ : A→ B(Hσ) is given by writing
Hσ =

∑
v∈G0 Hv , where Hv = σ(δv )Hσ.

I(σE ◦ ϕ, σ) =
⊕

e∈G1 B(Hs(e),Hr(e))
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Noncommutative Polynomial Functions

For z ∈ I(σE ◦ ϕ, σ), the (modified) tensor power
z(n) of z is the map from E⊗n ⊗σ Hσ to Hσ defined
by the formula

z(n) := z(IE ⊗ z)(IE⊗2 ⊗ z) · · · (IE⊗(n−1) ⊗ z),

z(0) = IHσ .

if ξ ∈ E⊗n, n ≥ 1, then the insertion operator
Lξ : Hσ → E⊗n ⊗σ Hσ is defined by the formula

Lξh := ξ ⊗ h.

If n = 0, then E⊗n = A and Lξ = σ(ξ).
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Noncommutative Polynomial Functions

(bis)

Definition

Let σ : A→ B(Hσ) and let F =
∑

n≥0 Tξn , ξn ∈ E⊗n, be

an element of T0+(E ). Then the polynomial function F̂σ
on I(σE ◦ ϕ, σ) with values in B(Hσ) determined by F is
defined by

F̂σ(z) :=
∑

z(n)Lξn .
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Generic Matrices

Example

Let A = C, let E = Cd , and let σ : A→ B(Cn). Then
for F =

∑
w∈F+

d
awX

w ,

F̂σ(z) =
∑
w∈F+

d

awZ
w ,

where z = (Z1,Z2, · · · ,Zd) ∈ Mn(C)d and
Zw = Zi1Zi2 · · ·Zi|w| , and w = i1i2 · · · i|w |.

Definition

{
∑

w∈F+
d
awZ

w} is called the algebra of d generic n × n
matrices.
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The Completely Contractive

Representations of T+(E )

Theorem (M & Solel, 1998)

There is a bijection between the completely contractive
representations ρ : T+(E )→ B(Hρ) and pairs (σ, z),
where σ : A→ B(Hσ) is a C ∗-representation and
z ∈ I(σE ◦ ϕ, σ), with ‖z‖ ≤ 1. Given ρ, σ := ρ ◦ ϕ∞
and z is defined by the equation

ρ(Tξ) = zLξ,

where Lξh := ξ ⊗ h, h ∈ H.

We write σ × z for the representation determined by
(σ, z).
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Representations

D(E , σ) := {z ∈ I(σE ◦ ϕ, σ) | ‖z‖ < 1}.

Example

If A = C = E , and if σ : C→ C, then D(E , σ) =
the open unit disc in C, and σ × z(f ) = f (z).

If A = C and E = Cd , and if σ : C→ Mn(C), then
D(E , σ) = {z ∈ Mn(C)d | ‖zz∗‖ < 1}.
If A = CG0

, E = CG1
, and σ : CG0 → B(CN), then

CN =
∑⊕

v∈G0 Hv , Hv := σ(δv )H , so σ is completely
determined by the numbers dimHv (dimension
vector) and D(E , σ) is the unit disc in the quiver
variety determined by the dimension vector.
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The Function Theory

Theorem

For σ : A→ B(Hσ) and F =
∑

n≥0 Tξn ∈ T+(E ), the

function F̂σ : D(E , σ)→ B(Hσ) defined by

F̂σ(z) := σ × z(F )

is continuous, and holomorphic on D(E , σ). Further,

F̂σ(z) =
∑
n≥0

z(n)Lξn ,

and the series converges uniformly in norm on concentric
balls about 0 ∈ I(σE ◦ ϕ, σ).
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An Old Idea Redux

R and S two unital rings, X := Hom(R , S).

Defining r̂ : X → S by r̂(ϕ) := ϕ(r) may be “over
kill”, especially if S is not commutative.

Let G ⊆ Aut(S) be a subgroup, e.g. take
G = InnAut(S). Then G acts on X as well as on S :

ϕ · g(r) := ϕ(r) · g , r ∈ R , ϕ ∈ X , g ∈ G .

Further

r̂(ϕ · g) = (ϕ · g)(r) = ϕ(r) · g = r̂(ϕ) · g .
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Concomitants

Definition

If a group G acts on two spaces X and Y , say, then a
function f : X → Y is called a G -concomitant in case

f (x · g) = f (x) · g , g ∈ G , x ∈ X .

Concomitants are also called covariants, fixed
functions, invariant functions, and intertwiners.

Concomitants really should be thought of as
functions from X/G to Y /G . However, this may be
a problem if the quotient spaces are “bad”.
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A general observation

Observation

Suppose G acts on X and Y . Let π0 : X → X/G be the
quotient map. Let X ∗ Y = (X × Y )/G (product
action), and define π : X ∗ Y → X/G by
π([x , y ]) = π0(x). (Then we may think of X ∗ Y as the
total space of a fibre bundle over X/G with fibre Y and
projection π.) If f : X → Y is a concomitant then the
map σf : X/G → X ∗ Y defined by σf ([x ]) = [x , f (x)] is
a section of this bundle, i.e. π ◦ σf = idX/G . Conversely,
assuming the action of G on X is free (i.e., x · g = x
implies g = e, for any x ∈ X), every section of this
bundle is given by a concomitant.
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Application to the Function Theory of

Tensor Algebras

We will restrict the discussion to the setting of
d-generic n× n matrices, where d and n are at least
2.

In this case, R = C〈X1,X2, · · · ,Xd〉, the free
algebra on d-generators and S = Mn(C). Every
representation of R in S is given by an d-tuple of
n × n matrices. So X = Mn(C)d .

AutMn(C) = PGL(n,C). The induced action on X
is the diagonal action: z · g = (Z1 · g ,Z2 · g , ·Zd · g).
We can think of g as an element in GL(n,C) and
Z · g as g−1Zg .
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Procesi’s Theorem [Procesi, 1974]

Theorem

Let V(d , n) = {z = (Z1,Z2, · · · ,Zd) |
Z1, · · · ,Zd generate Mn(C)}. Then V(d , n) is the
bundle space of a holomorphic PGL(n,C)-principal
bundle over an open subset, Q(d , n), of the smooth
points of the spectrum of the algebra of invariant
polynomial functions on Mn(C).



Operator Algebras
as Algebras of
Functions

Paul S. Muhly

Corollary

Theorem

If M is the associated matrix bundle
V(d , n)×PGL(n,C) Mn(C), then
Γh(Q(d , n),M) ' Hol(V(d , n),Mn(C))PGL(n,C)
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Γh(Q(d , n),M) ' Hol(Mn(C)d ,Mn(C))PGL(n,C) - an
integral domain, by a theorem of Amitsur.

If n or d is greater than 2, then M is nontrivial.

If n = d = 2, then
V(2, 2) = {z | [Z1,Z2]2 = − det[Z1,Z2] 6= 0}. So

1
det[Z1,Z2]

∈ Hol(V(2, 2),M2(C))PGL(2,C), but not in

Hol(M2(C)2,M2(C))PGL(2,C). Nevertheless, M is
nontrivial in this case, and
Hol(V(2, 2),M2(C))PGL(2,C) is an integral domain.
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A Problem

There is no a priori norm structure on
Γh(Q(d , n),M).

Reason: The transition functions describing M are
PGL(n,C)-valued and do not preserve the norms
from fibre to fibre.

Good News: Can always reduce V(d , n) to a
principal PU(n,C).

Can find a PU(n,C) bundle with bundle space Y
over Q(d , n) and a map f : Y → V(d , n) that is a
homeomorphism onto its range such that
f (y · k) = f (y) · k for all y ∈ Y and k ∈ PU(n,C).
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A Problem (continued)

Bad news: Let M∗ := Y ×PU(n,C) Mn(C). Then M∗

is isomorphic to M topological bundles, but the
isomorphism does not preserve the holomorphic
structure, in general.

Thus any two reductions give isomorphic C ∗-algebra
structures to Γc(K ,M∗), for any compact subset
K ⊆ Q(d , n), but the image of Γh(Q(d , n),M) in
Γc(K ,M∗) depends on the reduction.



Operator Algebras
as Algebras of
Functions

Paul S. Muhly

Theorem

[Griesenauer et al., ] Let D be a domain in Q(d , n) such
that D is a Stein compact subset of Q(d , n) and let
Γh(D,M∗) be the closure of the image of
Γh(Q(d , n),M) in Γc(D,M∗), where M∗ is associated to
any reduction of V(d , n). Then the center of Γh(D,M∗)
is A(D) := {f ∈ C (D) | f |D is holomorphic} and
Γh(D,M∗) is a rank n2 Azumaya algebra over A(D).
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Appendix

A Short Bibliography

Further Reading I

Dedekind, R. & Weber, H. (2012).
Theory of algebraic functions of one variable,
volume 39 of History of Mathematics.
American Mathematical Society, Providence, RI;
London Mathematical Society, London.
Translated from the 1882 German original and with
an introduction, bibliography and index by John
Stillwell.

Griesenauer, E., Muhly, P. S., & Solel, B.
Boundaries, Bundles and Trace Algebras.
arXiv 1510.09189, To appear in New York Journal of
Mathematics Monographs.
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Appendix

A Short Bibliography

Further Reading II

Hochschild, G. (1947).
On the structure of algebras with nonzero radical.
Bull. Amer. Math. Soc., 53, 369–377.

Laugwitz, D. (2008).
Bernhard Riemann 1826–1866.
Modern Birkhäuser Classics. Birkhäuser Boston, Inc.,
Boston, MA.
Turning points in the conception of mathematics,
Translated from the 1996 German original by Abe
Shenitzer with the editorial assistance of the author,
Hardy Grant and Sarah Shenitzer, Reprint of the
1999 English edition [MR1683937].
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A Short Bibliography

Further Reading III

Peters, J. (1984).
Semicrossed products of C ∗-algebras.
J. Funct. Anal., 59(3), 498–534.

Pimsner, M. V. (1997).
A class of C ∗-algebras generalizing both
Cuntz-Krieger algebras and crossed products by Z.
In Free probability theory (Waterloo, ON, 1995),
volume 12 of Fields Inst. Commun. (pp. 189–212).
Providence, RI: Amer. Math. Soc.

Procesi, C. (1974).
Finite dimensional representations of algebras.
Israel J. Math., 19, 169–182.
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