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H - Hilbert Space, B(H) - bounded linear operators on 'H

X - compact, Hausdorff

C(X)={f: X —C]|f is continuous}



Definition 1. The state space of C(X) is
Sc(C(X))={¢:C(X) -C|¢(1) =1, ¢ a positive linear map}

Definition 2. The generalized state space of C(X) is
S(C(X)) ={¢:C(X) — B(H)|¢(1) =1, ¢ a positive linear map}



Definition 3.1If s,y1,...,yn € S and ty,...,tn € (0,1) with
t14---+t, = 1 then

s =1t1y1 + -+ tnyn

expresses x as a convex combination of y1,...yn

Definition 4.1If ¢,¢1,...,9Yn € Sy(C(X)) and tq1,...,t, are
invertible operators in B(H) with tjt; + -+ t;tn = I then

() =t1v1(tr + -+ tavn(tn

expresses ¢ as a C*-convex combination of ¢q,...,Yn.



Definition 5. s € S is extreme if whenever
s =1t1y1 + -+ tayn
where t; € (0,1) and y; € S, then

s=y; Vj

Definition 6. ¢ € S (C(X)) is C*-extreme if whenever

¢ = thh + ...+ t;¢ntn

where ; € Sy (C(X)) and t; € B(H) are invertible with
ity + -+ thtn = I, then

Yj~ 9 V]



Other non-commutative convexity

e Mmatrix convexity
(Wittstock, Effros-Winkler, Winkler-Webster)

e C'P-convexity (Fujimoto)



(' P-states:

Qr(A) ={¢: A— B(H)|¢ is completely positive and ||¢||p < 1}

C' P-convex combination

t; € B(H) (need not be invertible), > t't; < I
sum converges in BS-topology

C P-extreme states of Q(A) C C*-extreme states of Q4 (A)



Definition 7. matrix convex set (Wittstock, 1983)
K = {Kn},en, Kn € Mp(V) convex satisfying:

l. o« € Mrpn With a*a =1 = o*Kra C Ky



Definition 8. (Webster-Winkler, 1999) v € K,, matrix ex-
treme point if whenever

k

— *
v= > v
=1

v; € Kn;, v; € Mn,n right invertible, and >~ y; = I, then
each n; =n and v; ~ v

matrix extreme points of Scn(A) C C*-extreme



Example 9. (Webster, Winkler, 1999)

o {Scn(A)},cn IS @ matrix convex set

e (Example 2.3) matrix extreme points of Sen(A) = pure
maps in Sen(A)
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Scn(C(X)) contains no matrix extreme points for n > 1

(Farenick, Morenz, 1997)
Scn(A) is the closed C*-convex hull of its C*-extreme points
( closure w.r.t. the bounded weak topology)
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In Sc(C(X)) extreme points are multiplicative

(1969) Arveson characterized extreme points of Sy (A)

structure theorem for extreme points of Spn(C(X))

there are non-multiplicative extreme points in Scn(C(X))
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Some known results when H = C™ finite dimensional (D.
Farenick, P. Morenz, 1997):

o ¢ € Scn(A) C*-extreme
S P~ P1 DD Pn, ¢ PUre maps

o ¢ € Sen(A) C*-extreme = ¢ extreme

e ¢ € Scn(C(X))
C*-extreme < ¢ multiplicative
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Sc(C(X)) extreme | = | C*-extreme | = | pure | = | mult.

Sc(A) extreme | = | C*-extreme | = | pure | O | mult.
Scn(C(X)) extreme | O | C*-extreme | = | mult.
Scn(A) extreme | D | C*-extreme | O | pure
C*-extreme | O | mult.
$: C(X)— KT | extreme | D | C*extreme | = | mult.
Sy (C(X)) extreme | 7 | C*-extreme | D | mult.
S (A) extreme | 7 | C*-extreme | D | pure
C*-extreme | O | mult.
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Recall:
¢» € Sc(C(X)) positive, linear
= d a unique positive Borel measure u s.t.

o(f) = [ fau
Vfe C(X)

Compare: (Paulsen)
¢ € Sy(C(X)) a positive linear map
= 4 a positive operator-valued measure

u : Borel sets of X — B(H)
S.t

[ fdug = é($)
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Fix ¢ € SH(C(X))

for each pair of vectors xz,y € 'H; the map

C(X)— (C)
= A{o(f)z,y)

corresponds to pgzy on X

[ fduay = (9(f)z.y) for any f € C(X)
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B a Borel set of X

(z,y) — Ma:,y(B)

IS a sesquilinear form

let x,y range over H determines an operator u(B)

define operator-valued measure

p . Borel sets — B(H)
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Mo IS

1. weakly countably additive, i.e. {B;}32, prwise disjt
Borel sets,

<u ( Ej Bz') $,y> = i (n(B;)z,y)
i=1

i=1
for every x,y € 'H.

2. bounded, i.e. ||u|| :=sup{||p(B)| : B € S} <

3. regular, i.e. Vx,y € 'H, pgy IS regular, where
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Proposition 10. (Paulsen, Completely Bounded Maps) Given
an operator valued measure p and its associated linear map

P,

1. ¢ is self-adjoint if and only if u is self-adjoint,

2. ¢ is positive if and only if u is positive,

3. ¢ is @ homomorphism if and only if u(B1 N By) =
w(B1)u(B>) for all Borel sets By, Bo,

4. ¢ is a x=-homomorphism if and only if u is spectral (i.e.,
projection-valued).

19



Moreover,

H1 ~ 12 & @1 ~ P2

u is C*-extreme < ¢ is C*-extreme

range p C wOT-cl range ¢

ng(F) is a projection = uy(F) € ¢(C(X))’
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Theorem 11. ¢ : C(X) — B(H) a unital, positive map.
If ¢ is C*-extreme, then for every Borel set F' C X, either

(1) o(pe(F)) C€{0,1}
(i.e. py(F) is a projection), or

(2) o(py(F)) =1[0,1].

21



Assume dF C X with

o(pe(F)) < [0,1]
and s (F) not a projection.

Choose an interval (a,b) with

(a,5) N o (ug(F)) = 2

Let Qp = 3ug(F) + spug(FO),

1 1 (a—ab 1 _
where max{z,i(%)} <sy1<5and sp=1-3s;
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Construct ug, pp from pg by:

11 _
pp(B) = Q. ° <§M¢(B NF) + sppe(BN FC)) Qp

pi are unital and positive, and

101 11
pe = QIp1Q7 + Q5u2Q5

1
2
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show py and pg not unitarily equivalent:

Compute

_ 1 _
o (F) = QY2 (§u¢(F)> Q; 12

= %%(F) <3kI + @ — 5k> qu(F))_l
= fr(pe(F)),

f1 continuous, increasing, concave down on (0,1)
o(pg(F)):

o(u1(F)):

24



Theorem 11 also shows:

A € (0,1) an eigenvalue of uyu(F) = (0,1) C opt(ug(F))

Note: H separable
¢ C*-extreme = p,(F') has no eigenvalues in (0,1)
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Corollary 12. (Farenick, Morenz)
» € S (C(X)) is C*-extreme < it is a x-homomorphism.
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Corollary 13. M C B(H) a von Neumann algebra, ¢ €
S1(C(X)), range of ¢ in M

If ¢ fails to meet the spectral condition described in The-
orem 11, then

¢ = ti1t1 + thiboto,

where each ¢, € M, each vy : C(X) — M, and, for at
least one choice of k, ;. is not unitarily equivalent to ¢ in
B(H).
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IC - the ideal of compact operators in B('H)

Kt - the C*-algebra generated by K, T

Theorem 11 implies:

Theorem 14. ¢ : C(X) — K1 unital, positive
¢ is C*-extreme < ¢ is a x-homomorphism.
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q: B(H) — B(H)/K the usual quotient map

Lemma 15. ¢ : C(X) — KT unital, positive, C*-extreme.
Then 7 = qo ¢ is multiplicative.

C(X) 2+
re
C
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¢ multiplicative = ¢ C*-extreme (Farenick-Morenz, 1993)
¢ C*-extreme = 7(f) = f(x0)

Choose x1 # xg, g € C(X) as shown:

Then ¢(g) is compact, and so is qS(XNC).
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Theorem 11 = qb(XNC) is a f.r. projection.

B Z xg any Borel set, use the regularity of the measures
pz. to show u¢(B) a projection

= e projection valued
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Theorem 14 yields:

If :C(X) = KT is C*-extreme =

® SUPP py = discrete set + one accumulation point xg

e ¢ has the form

o(f)= >  [@)PF

zesupp(ug)
where Pr = py({z}) is a f.r. projection for all z # xzq
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Non-multiplicative C*-extreme maps exist:

Example 16. (Arveson, 1969, Farenick-Morenz, 1993)

Consider the representation
7 C(T) — B(L?(T,m))
f = My
Define

6 : C(T) — B(H?)

P is the projection of L2(T,m) onto the Hardy space H?Z.
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B a nontrivial Borel subset of X
o(ug(B)) = [0,1] (Hartman, Wintner, 1954)

So ¢ satisfies the conditions of Theorem 11.
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Example 17. Define

W C([0,27]) — B(H?)
g +— o(f)
where g(t) = f(e?)
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The End
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