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Math 107, Sect. 250/350

Answers to Test # 3 18 Apr 07

1. Sketch the curve r = 1/2 + cosf on the axes below. Check for symmetries, giving
algebraic justifications for any symmetries it might have. Finally, give the slope of
the curve at 6 = /2.

Solution. This problem is #21(a) from 9.2.

AN
o

The graph suggests that curve is symmetric about the z-axis. To test this,
we check if (r, —0) satisfies the equation r = 1/2 4+ cos @ when (r,6) does.
Since cos is an even function, we have

1/2 + cos(—0) = 1/2 + cos O =,
and so (r, —0) does satisfy the equation and the curve is symmetric about

the z-axis.

To compute the slope, we use the formula for the slope of r = f(6), namely

dy  f'(0)sinf + f(6)cosé

de ~ f(0)cos — f(A)sinf’
Since f(0) =1/2+ cos@ and f'(0) = —sin(0), when 0 = /2, f(7w/2) =1/2
and f'(#) = —1. Thus

dy _ (~1)-1+1/2:0

de ~ (-1)-0—(1/2)-1  ~

) Find the area inside r? = 6sin 26 that is outside r = /3.

Find the length of the curve r = cos®(0/3), 0 < 0 < /2.

Solution.  The first problem is similar to # 11 and the second is # 23,
both from 9.3.

For a), we sketch the graphs, as follows:
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To find the points of intersection of r? = 6sin 260 and r = \/5, we substitute

2 = 3 into the first equations and solve for sin26 to get sin26 = 1/2, so
20 = /6 and 6 = 7/12 (smallest solution). By the symmetry of the figure
in y = x, the second intersection point is 7/2 — 7/12 = 57 /12. Using the
symmetry of the figure about the = axis, the area we want is

5m/12 1 1
:2/ [— 6 sin 20 ——3] do
w/12 2( ) 2

5m/12
:3/ 2sin 260 — 1d0
w/12

— 3| cos26 - 9|75T7;{;2:|

For b), the formula for the integral is

1/2_
/ r—l—dedﬁ

In our case, dr/df = — cos?(0/3)sin(6/3), and so

w/2

L (cos5(0/3) + cos™(6/3) sin?(0/3))"/* do

/2
cos?(0/3) (cos?(6/3) + s.in2((9/3))1/2

w/2
cos®(0/3) db

do

I
wl%o\c\c\c\

moo

™/2 1 4 cos(20/3)
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do

/2

sin(26/3) +
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12 3. In the triangle AABC below, the D is the midpoint of AB and E is one third of the
way from C to B. Use vectors to prove that F is the midpoint of C'D.

C

A D B

Solution. This is Homework 9.

— — — —
We write the two vectors AG and AFE in terms of C'A and C'B. First, since
D is the midpoint of AB, we have

N 1

CD:i(a+@).

—

Since E is one third of thw way from C to B, CE = %C—B>

Now, observe that
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Since one vector is 3/4 of the other, they both point in the same direction.
This means that G is on the straight line from A to E, i.e., the midpoint of
CD is given by the intersection of AE and C'D, as required.

10 4. For each of the following statements, circle the correct status. You do not need to
justify your answers.
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(uxv)-u=0 always true  not always true
luf=u-u always true  not always true
uxv=—(vxu) always true  not always true
ux(—u)=0 always true  not always true

u-(v+w)=(u-v)+w always true not always true

Solution. This problem is similar to problem 27 in Section 10.4; some parts
are directly from this question.

(ux v)-u=0is always true, since u x v is perpendicular to u.

lu| = u-uis not always true; u-u is equal to |u|? which can be differ from
|ul.

uxv = —(vxu)is always true. Switching the order of the vectors switches
the direction of the vector (by the righthand rule).

u x (—u) = 0 is always true; u and —u make a parallelogram with no area,
so their cross product has magnitude zero.

u-(v+w) = (u-v)+wis not always true. By the distributive law,
u-(v+w)=(u-v)+(u-w)

5. Find the distance between the point S(2, 1,4) and the plane determined by P(2, 3, —2),
Q(3,4,2), R(1,—1,0).

Solution. To find the distance from the point to the plane, we need the
normal vector if> the plane ang a poiﬂ)in the plane. FOI; the normal vector,
observe that PQ) = 7+ 7+ 4k and PR = —7 — 47+ 2k are vectors in the
plane, and so

—

—
PQ x PR =

—
—

l;; —
4| = 187— 67— 3k
1 —4 2

Choosing 77 = 67— 27— k as the normal vector and R(1,-1,0) as the point
in the plane, the distance is

6. Find the velocity, speed, and acceleration functions for 7(t) = (1+t2)74(e2!) 74+ (cos t) k.

Solution. We have

Finally, the speed is s(t) = VA2 + 4ett + sin? ¢

7. For the vector function 7(t) = (cos(mt))7+ (t+sin(wt))7+ (" )k, find a tangent line
that is flat, i.e., does not intersect the x, y-plane.
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Solution.  For the tangent line to be flat, the velocity vector must have
k-component zero. The velocity vector is

5(t) = (—msin(mt))7+ (1 + 7 cos(rt)) ]+ (2t — e’ ~HE,
So the k-component vanishes when (2t — 1)’ =t = 0, i.e., 2t —1 =0 or t =
1/2. At this time, #(1/2) = —774+7. As #(1/2) = (1/2+sin(r/2)7+ (e~ Y4k,
the equation of the tangent line is

T(t) = (1/2 + sin(n/2)7+ (e YHE) + t(= =77+ ).



