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Abstract

We propose a model to describe the interaction between a diseased sh population
and their predators. Analysis of the system is performed to determine the stability of
equilibrium points for a large range of parameter values. The existenceand uniquenessof
solutionsis establishedand solutions are shown to be uniformly boundedfor all nonnegative
initial conditions. The model predicts that a deadly diseaseand a predator population
cannot co-exist. Numerical simulations illustrate a variety of dynamical behaviors that
can be obtained by varying the problem data.
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1 Intro duction

We considera model proposedby Chattopadhyay and Bairagi[4]: a systemof three nonlinear
ordinary di erential equationsdescribing diseaseand predation amongthe Tilapia sh of the
Salton Seaand their predator, the pelican. This model is of interest becauset conbinesa two
compartmert epidemicmodel with a standard predator-prey model.

Sincemid-August of 1996,a bacterial outbreak of Vibrio vulni cus in the Salton Seaamong
the Tilapia hasled to massiwe deathsnot only amongthe sh themselhes,but alsoin the pelican
population. Studieshave indicated that the bacterial infection cortributes to low oxygenlevels
in the tissuesof the infected sh. The shortageof oxygen causesthe sh to seekoxygen from
the sea'ssurfaceand leadsto a favorable ervironment for botulism to grow in the tissuesof
the infected sh[4]. When pelicansprey upon thesevulnerable sh, it is likely that they ingest
the botulism toxins that ewertually cortribute to the dewelopmen of Avian botulism. Avian
botulism is a debilitating neurologicaldiseasewhich usually in icts death upon its host[8].

Environmental stressorshave been targeted as the probable causeof this situation. Ex-
tremely high temperature, massie algae growth, high salinity, pollution, and low dissohed
oxygen levelsare all conditions which canleadto epidemics[8].In this paper we neglectthe ini-
tial causeof the outbreak and focuson the dynamicsand interactions of the sick and susceptible
sh with the pelicans.

The model of Chattopadhyay and Bairagi is basedon theseassumptions:

(1) The prey are divided into two disjoint classessusceptible sh, S, and infected sh, |;
(2) In the absenceof predation and infection, the sh population grows logistically;
(3) Infected sh areunableto reproducedueto short lifespanand infected sh do not recover;

(4) Infection impairs sh defensestherefore pelicanseat only infected sh; a Holling type Il
predation rate is usedfor infected sh (to be descriked later);

(5) Pelicansdie at a constart relative rate due to infected sh consumptionand thereforedie
at a constart relative rate overall.

Onelimitation of their model is that the birds have no food sourceother than infected sh. The
toxicity level is taken to be low enoughthat eating infected sh does more good than harm.
This paper dealswith the casewhereeating infected sh doesmore harm than good.

In our paper we alter assumptions(4) and (5) to generalizeand thus moreaccuratelydescribe
natural dynamics. It seemsmore likely that the pelicanswill consumewhatewer is available,
be it sidk or susceptible sh. The infected sh are more likely to be preyed upon by pelicans
becausehe infection hasbeenfoundto impair sh defensamedanismsaswell asforcingthe sh
to seekoxygen on the sea'ssurface. Sincebotulism is an accunulative sicknessit is reasonable
to presumethat the pelicans'death rate is not constan, but rather proportional to the number
of sikk sh ingested[8]. We dewelop theseassumptionsinto a model and then nd and classify
its equilibrium points. Numerical experimerts are then carried out to con rm and visualizethe
equilibrium analysis.



2 The Mo del and Equations

In the dewelopmer of our model, we rst consideredthe typical SI model in which two
populations of sh exist: susceptible sh, S, and infected sh, |. A typical SI model with an
open systemof variable sizeis

S= SI S;
= S| |

where represets the birth rate, the infection rate multiplied by transmissionprobability,

the natural death rate for the susceptible sh, and the death rate dueto infection. This model
assumedghat the diseasas transmitted by contact betweenan infected sh and a susceptible sh,
and that all susceptible sh are equally susceptibleand all infected sh are equally infectious.

2.1 Predation Term

We then attempted to incorporate the standard predator-prey model with Holling Type Il
predation into our model. A commonpredator-prey model with Holling Type |l predation can
be expressedas

N mN P
N=rN 1 — _
K + N
b - CmNP dp:
+ N

whereN denotesthe sh population and P the pelicans. In the absenceof predation, the sh

population, N, grows logistically with carrying capacity K . In the absenceof prey, the predator
su ers natural decgy with rate constart d. In this system, m denotesthe seart rate, C the
conversionfactor, and the half saturation coe cien t. Theseequationsonly successfullynodel
a systemin which a single predator feedsupon a single prey. Consideringour new assumptions,
namelythe assumptionthat the pelicanseat both infectedand susceptible sh, the Holling Type
[l predation term mNP=( + N) doesnot suce. This causedus to dewlop a new predation
term which accouned for the pelicans' consumptionof both infected and susceptible sh.

In the developmert of our new predation term, we refer to work by C.S. Holling[5] in which
he descriked the dynamics of the consumption of prey by predators as the density of the prey
changes. We expand his model to account for a systemin which a single predator feedsupon
two typesof prey, speci cally infected and susceptible sh.

In his 1959paper, Holling devisedan experimert in which blindfolded human subjects repre-
serted the predator and uniformly sizedsandpaper disks corresppndedto the prey. The human
subject was placedin front of a 3-foot by 3-foot table to which the sandpaper disks were at-
tached. The experimental processrequired the \predator" to seard for the \prey" by tapping
on the table. When a disk was located the \predator" picked it up and placedit in a pile; this
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represeted handling time. The procedure was repeated for a given period of time, and the
results were recorded. Holling described theseresults with the following equation:

y = aTgX;

wherey is the total number of collected disks, a is the rate of seardiing multiplied by the
probability of nding a disk, Ts is the available seart time, and x is the density of the disks.
The seart time, Ts, is found from taking the total time and subtracting the total handling
time, whereb s the handling time per sh. This is expresseds

TS = Tt by

Substitution and algebraicmanipulation yields the standard Holling Type Il predation formula
_ Tiax
"~ 1+ abx

To nd a predation term that re ects our assumptionthat the pelicansconsumeboth in-
fected and susceptible sh, we follow the stepsin Holling's experimert. We require that the
sandpayer disks consistof two distinct sizes. Studies have indicated that the infected sh are
more vulnerableto predation dueto their iliness[1; therefore,we let the larger disks correspnd
to the infected sh, and the smaller disks to the susceptible sh. Recall that in Holling's ex-
perimert, the parametera is the rate of seardiing times the probability of nding a disk. We
considerthat the probability of nding a particular disk dependson the areaof the disk. This is
a reasonableassumptionsincethe chancesof nding any particular disk on a table correspnds
directly to the sizeof the disk. The predation rates for susceptibleand infected sh are then

ys = asTsS; yi = aTsl; (1)

whereas and a, are the areaof ead respective disk. To take into accour the vulnerability of
the infected sh, we make the infected diskslarger than the susceptibleby a vulnerability factor
of v, wherev > 1. Setting a = as we can simplify a; = vas = va, which simpli es eqgs.1 to

ys = aTsS; yi = vaTsl: (2)

The susceptibleand infected sh are of the samespecies,soit is reasonableto considerthat
they require the sameamourt of handling time, b. ConsideringT; to be unit time yields the
following expressionfor seard time

Ts = 1 blys+wy): )
Substituting eq. 3 into egs.2, we obtain the system
1+ abS abS Vs _ aS .
vabl 1+ vabl yi  val

with solutions



asS val

Ys = Tramsevi) YiI = Tramsey:
To aide in scaling, we changethe parametersto ~ = 1=band = 1=ab This yields the new
solutions
— S . — vi .
Ys = —saur Yoo = s

Our new parameters’ and now correspnd respectively to the amourt of handled sh in unit
time and the number of seartesper unit time.

2.2 Pelican Death Rate

We assumethat pelicansdie at a rate proportional to the amourt of infected sh consumed.
This requiresthe addition of a death rate which incorporatesboth our new predation term and
the natural relative death rate, which can be consideredconstart. Accordingly, we de ne the
relative death rate of pelicansto be

1 dp _

T (y+d):

Here d is the natural death rate and is the pelican death rate due to infection per ingested
sh.

2.3 Mo del Form ulation

Putting the piecesof our model together we obtain the following di erential equations

S+ 'SP

S = rS 1 SI;
' K F S+l
ViIP
L = SI _ I ;
+ S+ vl
_ (S+v)P VIP
> = + S+ vl dp + S+ vl

The birth/death ratesin the SI model are built into the parametersr and K in S. Thus,r
denotesthe maximum growth rate of sh, the corversionfactor for the pelicans,and all other
parametershave beenpreviously de ned.

Before analyzing our system,it is corveniert to scaleour equations. By writing a model in
dimensionlesgorm, we are able to reducethe number of parameters. We chooseour scalefor S



and | to be K becausewe want our maximum population to be 1. We pick our scalefor P to

ber =, and our timescaleto ber. Implemerting thesescalesinto our model we are left with
the following systemin Kolmogorov form[2]:

s = sf(s;i; p);
L =ig(sii; p); 4)
p. = ph(s;i; p);
with
f(siiip) = 1 s (1L+ )i P
v +s+vi’
_ vV p
g(S,|, p) - (S ) + S+ Vi’
_ s+v(l )i .
h(s;i;p) = Far— ;
where
= KT’ c = T’ = -, e = Q; = K_; = K

The parametersnow have the following physical interpretations:

. Rate constart for diseaseransmission;
Half-saturation point of our predation term;
v: Vulnerability of infected sh relative to susceptible sh;
: Non-predation death rate of infected sh relative to the infection rate;
c. Ratio of population growth rate of pelicansto that of sh;
: Harm for pelicanseating infected sh;

e. Per capita pelican death rate relative to the growth rate.
3 The Analysis and Mathematical Results

Here we deal with the existenceand stability of equilibrium points. Throughout the rest of
the paper we assumethat > 1. This assumptionis reasonableconsideringthat eating infected

sh is harmful to pelicans. The existenceand uniquenessof solutions is establishedand the
solutions are shovn to be uniformly bounded.



3.1 Equilibrium  Analysis

Setting all derivativesof system4 equalto zerowe nd v e equilibrium points,

T (0,0, 0)
S (1;0;0)
Sl ;+—0
. L oe+1
SP 1—ee’o’ (1E(e)2)
SIP (5T p)

wherethe last equilibrium point SIP canbefound by solvingthe following systemof 3 equations:

+ v v(l+ ) s _ v+ )
1 e v(1 e) - e ()

((+s+vi)(s ),

\Y

p:

We usethe corvertion Ry, (R[ fOg). Sincewe are working in R3., we needto chedk
which parametervaluesallow the equilibria to exist. It is easyto seethat T and S exist for all
parametervalues. S| existswhen < 1. Similarly, SP existswhene < —3-. Note herethat the
diseasecan't persistif the death rate of infected sh is too high. Similarly, the predator can't
survive if its death rate is too high.

3.1.1 Existence of SIP

The interior equilibrium point, (s;i;p) (s;T p), existswhens;T;p2 R, . In orderto have
p> 0, we must have
1 s (1+ )>0and (¢ )>0

Let D = f(s;i) 2 R2 j s> ands+ (1+ )i < 1g. In order for SIP to exist, we must
ensurethat (s;7) 2 D. The linear system5 yields unique solutions for (s;T) when > 1. The
rst part of system5 givesthe equation( + v)s+ v(1+ )I=v+ . SinceD is corvex, and
the graph of the last equation enters D at a vertex, then showing (s;T) 2 D is equivalert to

showing that 0 < T< L— Thus SIP existswhene\er:

@+ )evd Ha ) v
BT ar v ) S8 yr (ve ) B ©)




<1 and e< 1

The parameters and e are recognizedto be important from the criterion for the existence
of equilibria. The existenceregionsfor the equilibria are depicted schematically in Figure 1.

€ T.S.SI T.S
1
*1 IT,S,S1,SP
T,S,SI
SPSIP T,S,SP
T,S
SPSI
1

Figure 1. Regionsof equilibria existencein ( ;e) space

3.2 Stabilit y and Boundedness

Next we nd where theseequilibria are stable. Standard linearization techniquescon rm
that T is a saddlefor all parameter valuesand that S is locally stable wheneer > 1 and

1
e> -1

Claim 1 The equilibrium Sl is locally stablewhenevere> E; and < 1.

The Jacobianfor the systemat Sl is

0 1
@) @a+ ) sfp
ashH= o % 0 igp X
0 0 I+ ) e e)vd )1 e
1+ )+ Hv@ )
P
(1+ Ye+ e )+v(l ) +e 1) 24 2

The eigervaluesof this matrix are | = @ rvad ) ,and o3 =

e>E; () <0
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<( 23) < Oaslongas 2 4( 2) < 2 holds;this is clearly true for < 1. Thus we have
that Sl is locally stable under the given conditions.

Claim 2 The equilibrium point SP is locally stablewhenevert— < e< minf -1-; Eg.

The Jacobianfor the systemat SP is

0 e(+ ete 1) 1
Te1 st €
ISP)=@ o0 Meerle 9 o k.
e 1l '
cl e e Cph 0
An eigenvalue of this matrix is ;= ‘229 L ¢ & The other two eigervaluesare found
from the matrix
|
e(+ ete 1) '
2 —— 2 e
Jopp = C(le : o 0

e<Ex() 1<0

The Routh-Hurwitz Criterion[2] for a 2 2 matrix states that the eigervalues will have
negative real parts wheneer det(J,.,) > 0 and trace(J,.,) < O.

e<

1+ ( ) det(\]z;z) > O,

e> () trace(Jz2) < O:

1+

Sinceall eigervaluesof J(SP) have negative real part, we have that SP is locally stable with
the given conditions.

Claim 3 The interior equilibrium point SIP is unstableeverywhee that it exists.

0 1
sfs sf; sfy

J(SIP)= @ igs  ig gy A;
cph, cph O

whereall functions are understood to be evaluated at the SIP equilibrium point (s;T;p). Given
that g, = vf,, we have

det(J(SIP)) = ( csipfp)(vfshi + ghs vfihs  gshy)



After quite a bit of computation, it can be shown that

vishi + ghs  Vfih =4 )
sNi ¥ ghs  VIiNg gsh|—m>0

and

fp= ———— <0
+ S+ VI

Thus det(J(SIP)) > 0. The Routh-Hurwitz criterion for 3 3 matrices says there will be
at least one eigervalue of J(SIP) that will have a non-negatiw real part. This allows us to
concludethat SIP is an unstable equilibrium point in the regionwhereit exists.

Figure 2 shonvs where,in the ( ;€) plane, the di erent equilibria are stable.

1 2.
e
SI S
1
1 4.
3.
SP
SP
SI
1
115, g 6.
SPlc. SPl.c.
1

Figure 2: Regionsof equilibria stability in ( ;e) space.l.c. refersto a limit cycle around the
correspnding equilibrium point.

3.2.1 Existence, Uniqueness and Boundedness

Equations 4 can be written in the form

y = F(y) (7)
wherey = (s;i; p), Yo = (s(0);i(0); p(0)) and F(y) = (f (s;i; p); 9(s;i; p); h(s;i; p))-
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Lemma 1 The solution y(t) existsand is unique on an interval (0;t;) wheny, 2 R8;+.

Pro of: By assumption,y, 2 R3., . The Jacobianof F is

1
f +sfg  sf; sfy

JF(s;i;p) = @ igs  g+igi i A;
cphy  cph  ch+ cph,

and both it and F are cortinuous because > 0. Thus, F satis es a Lipschitz condition on
R3.. By the Picard-Lindelof Theorem [10], the solution exists and is unique for sometime
interval extending forward from the initial point.

Theorem 1 The solution y(t) is uniformly boundel for y, 2 R3, .

Proof: Dene k:Rg+ ! R+ by k(t) = s(t) + i(t) + cp(t). k is well de ned and di erentiable
by Lemma 1 on somemaximal interval (0;t;). Dierentiating k yields

Vi
k=s(l i+ A
s(1 s) i( S P —Vervte
Forany > O,
k+ k=s(1 s+ ) i( +s ) VU e
B P st vi c
The maximum valueof (1 s+ ) on Ry is £, Therefore
1+ ) .
k+ k -
7 i( ) pe -

Choose0< < minf ;ceg. Then 9B > 0 sud that

k+ k B foreah t2 (0;tf):
Let G(t;y) = B vy, which satis esa Lipschitz condition everywhere.Clearly k(t) B k(t) =
G(t; k(t)) forall t 2 (0;t¢). Letr = G(t;r) = B r and r(0) = k(0) = ko. This ordinary
di erential equation hasthe solution
r(t) = E(1 e )+ ke ':

It is clearthat r(t) is boundedon (O;t;). By the comparisontheorem[1]:

k(t) r(t)= 5(1 e )+ koe ' 8t2 (0;t;):

Now supposet; < 1 . Then k(t;) r(t;) < 1, but then the solution exists uniquely for some
interval (t;;t,) by the Picard-Lindelof Theorem. This cortradicts the supposition that t; < 1 .
Thereforek(t) must be boundedfor all non-negatiwe t, and thus y(t) is uniformly boundedon
R0;+ .
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4 Numerical Results

In this sectionwe usenumerical experimerts to con rm and visualize the equilibrium anal-
ysis. We go through the regionswhere there are interesting dynamics, and shed new light on
their physical meaning. We useda fourth order Runga-Kutta implemertation on MATLAB to
numerically solve our equations.

4.1 Dynamics of Region 3

In the arc betweenthe two curves E; and E,, both SI and SP are feasible equilibrium
points for various initial conditions. To illustrate the e ect that initial conditions have on the
convergencetoward equilibrium points, we choosea value of and e which lies within region 3.
By xing all other parametersand choosingtwo distinct initial conditions on the | P-plane we
deweloped the following systemsof graphs.

Sinceead initial condition corvergesto separateequilibria, we concludethat the position
of the initial conditions determinesthe equilibrium point to which they corverge. We can also
infer from our graphsthat there must exist a surfacein SI P spacethat seperatesthe domains
of attraction of the SI and SP equilibrium points. The unstable equilibrium point, SIP, is in
that surface.

4.2 Dynamics in Region 5

When the parameter e falls belon 1+T the dynamicsof the systemchangeslightly. In order
to illustrate how the systembehares,we chosea point ( ;e€) which liesin region5. Maintaining
all other parametervaluesand initial conditions, we obtain the following results.

Both initial conditions move towards separateequilibrium points similar to the preceding
case. However, in this situation one initial condition convergesto Sl whereasthe other ap-
proachesa limit cycle around SP. This still implies the existenceof a surfaceseperating the
domainsof attraction for the stable behaviors.

4.3 Dynamics in Region 6

Varying the point ( ;e) to lie below E; andthe line 1+—1 we can obsene the dynamicswithin
region 6.

In this scenarioboth initial conditionsleadto limit cyclesaround SP. Our resultsshawv that
if the infection is very damagingto the sick sh, then they will soon die out and evertually the
susceptible sh and pelicansprevail. This is the samebehavior that occursin the equivalent
predator-prey systemwithout disease[R
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Figure 3. Graphs describingthe dynamicsof region3. The ( ;e) plane (a), initial conditions
(b), and correspnding solutionsfor c= 0.2, e= 06,v=5, =05 =:1, =1, =15
and initial conditions (0.5, 0.2, 0.7) in normal and (0.5, 0.8,0.1) in bold.

44 Eect of

Prior to the rst major bird kill, environmental conditions of the seaapparertly allowed for
the co-existenceof pelicansand uninfected sh. This correspndsto a regionin which the SP
equilibrium point is stable. If the environmental state wereto changesud that the infection
rate, increasesijt is possiblethat the conditions could changesothat SP is no longer stable.
Pollution is one factor which has beenshown to increasethe infection rate for a variety of sh
diseases|p

To demonstratethe e ect of , let us pick a point, say A, in region 3 and assumethat
initially SP is the stable equilibrium. Let us alsoassume and e are known and that all other
parametersare xed. As pollution is introducedinto the sea,the infection rate increasegthis
corresppndsto changesin  along the vertical axis of the graph), causingthe curve E, to shift
downward thus decreasingthe area of region 3. As this occurs, point A is no longer inside
region 3 and now existsin region 1, whereonly Sl equilibrium is stable, meaningthe pelicans
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Figure 4. Graphs describingthe dynamicsin region5. Choosinge = 0:1 and = 0:1 to corre-
spond to a point in region5. Initial conditions and other parametervaluesremain unchanged.

will certainly die out. This is consisteth with what one would expect to occur in nature. It
has beensuggestedthat reducing the number of infected sh may be a meansof maintaining
the pelican population[4]. Howewer, accordingto our results, a changein the initial conditions
alonewill not su ce becausepoint A will corvergeto Sl regardlessasit liesin a region of the
parameter spacewhere only Sl is stable. One would have to alter certain parameter values,
sud as ;e or to return point A to region 3 and possibly adjust the initial conditions suc
that corvergenceto SP is guararteed.

5 Conclusion

The principle result of the analysisis that, giventhe harmful e ect of infected sh on pelicans
( > 1), the pelicanscannot coexist with the infected sh; mathematically this correspndsto
the lack of a stable SIP equilibrium. This lack of coexistenceof | and P is causedby the
properties that g, < 0, which implies that P is bad for |, and h; is proportional to 1 ,
meaningthat | is bad for P (with > 1). Biologically, the lack of | P co-existencecan be
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Figure 5: Graphsdescribingthe dynamicsin region6. All parameterand initial condition values
are the sameasthe previouscases.Only the point ( ;e€) hasbeenmodi ed to be (0:8;0:1).

attributed to direct competition, wherethe pelicansand infection \prey" upon the susceptible
sh. With this direct competition, both \predators" are alsoharming ead other, and only one
canprevail. In our analysis,a movemert from region 3 to region 1 indicatesa de nite changein
the convergenceof equilibrium points. This initiates the start of the epidemicand the evertual
extinction of the pelicans. We speculatethat this shift is the result of pollution, asthe increase
in pollution weakensthe immunity of the sh making them susceptibleto infection. A remedy
for this situation would require a restoration of the lake and possibleremoval of infected sh.
This shouldresultin areturn to region3 and SP corvergence.For purely mathematical interest,
onemay desireto analyzethe situation whereit is lessharmful for pelicansto consumeinfected
sh (i.e. < 1); this may correspnd to disease®ther than Avian botulism.
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