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Abstract

We propose a model to describe the interaction between a diseased�sh population
and their predators. Analysis of the system is performed to determine the stabilit y of
equilibrium points for a large range of parameter values. The existenceand uniquenessof
solutions is establishedand solutionsareshown to beuniformly boundedfor all nonnegative
initial conditions. The model predicts that a deadly diseaseand a predator population
cannot co-exist. Numerical simulations illustrate a variety of dynamical behaviors that
can be obtained by varying the problem data.
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1 In tro duction

Weconsidera model proposedby Chattopadhyay and Bairagi[4]: a systemof three nonlinear
ordinary di�eren tial equationsdescribingdiseaseand predation among the Tilapia �sh of the
Salton Seaand their predator, the pelican. This model is of interest becauseit combinesa two
compartment epidemicmodel with a standard predator-prey model.

Sincemid-August of 1996,a bacterial outbreak of Vibrio vulni�cus in the Salton Seaamong
the Tilapia hasled to massive deathsnot only amongthe �sh themselves,but alsoin the pelican
population. Studieshave indicated that the bacterial infection contributes to low oxygen levels
in the tissuesof the infected �sh. The shortageof oxygen causesthe �sh to seekoxygen from
the sea'ssurfaceand leads to a favorable environment for botulism to grow in the tissuesof
the infected �sh[4]. When pelicansprey upon thesevulnerable �sh, it is likely that they ingest
the botulism toxins that eventually contribute to the development of Avian botulism. Avian
botulism is a debilitating neurologicaldiseasewhich usually in
icts death upon its host[8].

Environmental stressorshave been targeted as the probable causeof this situation. Ex-
tremely high temperature, massive algae growth, high salinity, pollution, and low dissolved
oxygen levelsare all conditions which can lead to epidemics[8].In this paper we neglectthe ini-
tial causeof the outbreak and focuson the dynamicsand interactionsof the sick and susceptible
�sh with the pelicans.

The model of Chattopadhyay and Bairagi is basedon theseassumptions:

(1) The prey are divided into two disjoint classes,susceptible�sh, S, and infected �sh, I ;

(2) In the absenceof predation and infection, the �sh population grows logistically;

(3) Infected �sh areunableto reproducedue to short lifespanand infected �sh do not recover;

(4) Infection impairs �sh defenses,thereforepelicanseat only infected �sh; a Holling type I I
predation rate is usedfor infected �sh (to be described later);

(5) Pelicansdie at a constant relative rate due to infected �sh consumptionand thereforedie
at a constant relative rate overall.

One limitation of their model is that the birds have no food sourceother than infected �sh. The
toxicit y level is taken to be low enoughthat eating infected �sh does more good than harm.
This paper dealswith the casewhereeating infected �sh doesmore harm than good.

In our paper wealter assumptions(4) and (5) to generalizeand thusmoreaccuratelydescribe
natural dynamics. It seemsmore likely that the pelicanswill consumewhatever is available,
be it sick or susceptible�sh. The infected �sh are more likely to be preyed upon by pelicans
becausethe infection hasbeenfound to impair �sh defensemechanismsaswell asforcing the �sh
to seekoxygen on the sea'ssurface.Sincebotulism is an accumulative sicknessit is reasonable
to presumethat the pelicans'death rate is not constant, but rather proportional to the number
of sick �sh ingested[8]. We develop theseassumptionsinto a model and then �nd and classify
its equilibrium points. Numerical experiments are then carried out to con�rm and visualizethe
equilibrium analysis.
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2 The Mo del and Equations

In the development of our model, we �rst consideredthe typical SI model in which two
populations of �sh exist: susceptible�sh, S, and infected �sh, I . A typical SI model with an
open systemof variable sizeis

_S = � � �S I � �S ;

_I = �S I � �I :

where� represents the birth rate, � the infection rate multiplied by transmissionprobability, �
the natural death rate for the susceptible�sh, and � the death rate due to infection. This model
assumesthat the diseaseis transmitted by contact betweenan infected�sh and a susceptible�sh,
and that all susceptible�sh are equally susceptibleand all infected �sh are equally infectious.

2.1 Predation Term

We then attempted to incorporate the standard predator-prey model with Holling Type II
predation into our model. A commonpredator-prey model with Holling Type II predation can
be expressedas

_N = rN
�

1 �
N
K

�
�

mN P

 + N

;

_P =
CmN P

 + N

� dP:

whereN denotesthe �sh population and P the pelicans. In the absenceof predation, the �sh
population, N , grows logistically with carrying capacity K . In the absenceof prey, the predator
su�ers natural decay with rate constant d. In this system, m denotesthe search rate, C the
conversionfactor, and 
 the half saturation coe�cien t. Theseequationsonly successfullymodel
a systemin which a singlepredator feedsupon a singleprey. Consideringour new assumptions,
namelythe assumptionthat the pelicanseat both infectedand susceptible�sh, the Holling Type
II predation term mN P=(
 + N ) doesnot su�ce. This causedus to develop a new predation
term which accounted for the pelicans'consumptionof both infected and susceptible�sh.

In the development of our new predation term, we refer to work by C.S. Holling[5] in which
he described the dynamicsof the consumptionof prey by predators as the density of the prey
changes. We expand his model to account for a systemin which a single predator feedsupon
two typesof prey, speci�cally infected and susceptible�sh.

In his 1959paper, Holling devisedan experiment in which blindfolded human subjects repre-
sented the predator and uniformly sizedsandpaper diskscorrespondedto the prey. The human
subject was placed in front of a 3-foot by 3-foot table to which the sandpaper disks were at-
tached. The experimental processrequired the \predator" to search for the \prey" by tapping
on the table. When a disk was located the \predator" picked it up and placedit in a pile; this
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represented handling time. The procedure was repeated for a given period of time, and the
results were recorded.Holling described theseresults with the following equation:

y = aTsx;

where y is the total number of collected disks, a is the rate of searching multiplied by the
probability of �nding a disk, Ts is the available search time, and x is the density of the disks.
The search time, TS, is found from taking the total time and subtracting the total handling
time, whereb is the handling time per �sh. This is expressedas

Ts = Tt � by:

Substitution and algebraicmanipulation yields the standard Holling Type II predation formula

y =
Ttax

1 + abx
:

To �nd a predation term that re
ects our assumption that the pelicansconsumeboth in-
fected and susceptible�sh, we follow the steps in Holling's experiment. We require that the
sandpaper disks consist of two distinct sizes. Studieshave indicated that the infected �sh are
morevulnerableto predation due to their illness[7]; therefore,we let the larger diskscorrespond
to the infected �sh, and the smaller disks to the susceptible�sh. Recall that in Holling's ex-
periment, the parameter a is the rate of searching times the probability of �nding a disk. We
considerthat the probability of �nding a particular disk dependson the areaof the disk. This is
a reasonableassumptionsincethe chancesof �nding any particular disk on a table corresponds
directly to the sizeof the disk. The predation rates for susceptibleand infected �sh are then

yS = aSTsS; yI = aI TsI ; (1)

whereaS and aI are the areaof each respective disk. To take into account the vulnerability of
the infected �sh, we make the infecteddisks larger than the susceptibleby a vulnerability factor
of v, wherev > 1. Setting a = aS we can simplify aI = vaS = va, which simpli�es eqs.1 to

yS = aTsS; yI = vaTsI : (2)

The susceptibleand infected �sh are of the samespecies,so it is reasonableto considerthat
they require the sameamount of handling time, b. ConsideringTt to be unit time yields the
following expressionfor search time

Ts = 1 � b(yS + yI ): (3)

Substituting eq. 3 into eqs.2, we obtain the system
�

1 + abS abS
vabI 1 + vabI

� �
yS

yI

�
=

�
aS
vaI

�
;

with solutions
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yS = aS
1+ab(S+ vI ) ; yI = vaI

1+ab(S+ vI ) :

To aide in scaling, we changethe parametersto ` = 1=b and 
 = 1=ab. This yields the new
solutions

yS = `S

 + S+ vI ; yI = v`I


 + S+ vI ;

Our new parameters` and 
 now correspond respectively to the amount of handled �sh in unit
time and the number of searchesper unit time.

2.2 Pelican Death Rate

We assumethat pelicansdie at a rate proportional to the amount of infected �sh consumed.
This requiresthe addition of a death rate which incorporatesboth our new predation term and
the natural relative death rate, which can be consideredconstant. Accordingly, we de�ne the
relative death rate of pelicansto be

�
1
P

�
dP
dt

= � ( yI + d) :

Here d is the natural death rate and  is the pelican death rate due to infection per ingested
�sh.

2.3 Mo del Form ulation

Putting the piecesof our model together we obtain the following di�eren tial equations

_S = rS
�

1 �
S + I

K

�
�

`SP

 + S + vI

� �S I ;

_I = �S I �
v`I P


 + S + vI
� �I ;

_P =
� `(S + vI )P

 + S + vI

� dP �
 v`I P


 + S + vI
:

The birth/death rates in the SI model are built into the parametersr and K in _S. Thus, r
denotesthe maximum growth rate of �sh, � the conversionfactor for the pelicans,and all other
parametershave beenpreviously de�ned.

Beforeanalyzing our system,it is convenient to scaleour equations. By writing a model in
dimensionlessform, we are able to reducethe number of parameters.We chooseour scalefor S
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and I to be K becausewe want our maximum population to be 1. We pick our scalefor P to
be r 
 =`, and our timescaleto be r . Implementing thesescalesinto our model we are left with
the following systemin Kolmogorov form[2]:

_s = sf (s; i; p);

_i = ig(s; i; p);

_p = ph(s; i; p);

(4)

with

f (s; i; p) = 1 � s � (1 + � )i �
� p

� + s + vi
;

g(s; i; p) = � (s � � ) �
v� p

� + s + vi
;

h(s; i; p) = c
�

s + v(1 � � )i
� + s + vi

� e
�

;

where
� = �K

r ; c = � `
r ; � =  

� ; e = d
� ; � = �

�K ; � = 

K :

The parametersnow have the following physical interpretations:

� : Rate constant for diseasetransmission;

�: Half-saturation point of our predation term;

v: Vulnerability of infected �sh relative to susceptible�sh;

� : Non-predation death rate of infected �sh relative to the infection rate;

c: Ratio of population growth rate of pelicansto that of �sh;

� : Harm for pelicanseating infected �sh;

e: Per capita pelican death rate relative to the growth rate.

3 The Analysis and Mathematical Results

Here we deal with the existenceand stabilit y of equilibrium points. Throughout the rest of
the paper we assumethat � > 1. This assumptionis reasonableconsideringthat eating infected
�sh is harmful to pelicans. The existenceand uniquenessof solutions is establishedand the
solutions are shown to be uniformly bounded.
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3.1 Equilibrium Analysis

Setting all derivativesof system4 equal to zerowe �nd �v e equilibrium points,

T � (0; 0; 0)

S � (1; 0; 0)

SI �
�

� ; 1� �
1+ � ; 0

�

SP �
�

� e
1� e; 0; 1� e(�+1)

(1� e)2

�

SIP � (~s;~i ; ~p)

wherethe last equilibrium point SIP canbefound by solvingthe following systemof 3 equations:
�

� + v v(1 + � )
(1 � e) v(1 � � � e)

� �
~s
~i

�
=

�
v + � �

� e

�
; (5)

p =
� (� + ~s + v~i )(~s � � )

v�
:

We use the convention R0;+ � (R [ f 0g). Sincewe are working in R3
0;+ we needto check

which parametervaluesallow the equilibria to exist. It is easyto seethat T and S exist for all
parametervalues. SI existswhen � < 1. Similarly, SP existswhene < 1

�+1 . Note herethat the
diseasecan't persist if the death rate of infected �sh is too high. Similarly, the predator can't
survive if its death rate is too high.

3.1.1 Existence of SIP

The interior equilibrium point, (s; i; p) � (~s;~i; ~p), exists when ~s;~i ; ~p 2 R+ . In order to have
~p > 0, we must have

1 � ~s � (1 + � )~i > 0 and � (~s � � ) > 0

Let D = f (s; i ) 2 R2
+ j s > � and s + (1 + � )i < 1g. In order for SIP to exist, we must

ensurethat (~s;~i ) 2 D. The linear system5 yields unique solutions for (~s;~i ) when � > 1. The
�rst part of system5 givesthe equation (� + v)~s + v(1 + � )~i = v + � � . SinceD is convex, and
the graph of the last equation enters D at a vertex, then showing (~s;~i ) 2 D is equivalent to
showing that 0 < ~i < 1� �

1+ � . Thus SIP exists whenever:

E1 �
� (1 + � ) + v(1 � � )(1 � � )
(� + � )(1 + � ) + v(1 � � )

< e <
v + � �

(v + � � ) + �( v + � )
� E2 (6)
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� < 1 and e <
1

� + 1
The parameters� and e are recognizedto be important from the criterion for the existence

of equilibria. The existenceregionsfor the equilibria are depictedschematically in Figure 1.

����������
�

�
�

�
�

�
�

�
�

�
��

�1

e

1
�+1

T,S,SI T,S

T,S,SI,SP

T,S,SI
SP,SIP T,S,SP

T,S
SP,SI

Figure 1: Regionsof equilibria existencein (� ; e) space

3.2 Stabilit y and Boundedness

Next we �nd where these equilibria are stable. Standard linearization techniques con�rm
that T is a saddle for all parameter values and that S is locally stable whenever � > 1 and
e > 1

�+1 .

Claim 1 The equilibrium SI is locally stablewhenevere > E1 and � < 1.

The Jacobianfor the systemat SI is

J (SI) =

0

B
@

� � � � (1 + � ) sf p
(1� � )�

1+ � 0 igp

0 0 (1+ � )( � � e� � e� )+ v(1� � )(1 � � � e)
(1+ � )(�+ � )+ v(1� � )

1

C
A :

The eigenvaluesof this matrix are � 1 = (1+ � )( e�+ e� � � )+ v(1� � )( � + e� 1)
(1+ � )(�+ � )+ v(1� � ) , and � 2;3 =

� � �
p

� 2 � 4(� � � 2 )�
2 .

e > E1 ( ) � 1 < 0:
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<(� 2;3) < 0 as long as � 2 � 4(� � � 2)� < � 2 holds; this is clearly true for � < 1. Thus we have
that SI is locally stable under the given conditions.

Claim 2 The equilibrium point SP is locally stablewhenever1� �
�+1 < e < minf 1

�+1 ; E2g.

The Jacobianfor the systemat SP is

J (SP) =

0

B
@

e(�+� e+ e� 1)
e� 1 sf i � � e
0 v(1� � e� e)+ � (� � �e � � e)

e� 1 0
c(1� � e� e)

� cphi 0

1

C
A :

An eigenvalue of this matrix is � 1 = v(1� � e� e)+ � (� � �e � � e)
e� 1 . The other two eigenvaluesare found

from the matrix

J2;2 =

 e(�+� e+ e� 1)
e� 1 � � e

c(1� � e� e)
� 0

!

e < E2 ( ) � 1 < 0:

The Routh-Hurwitz Criterion[2] for a 2 � 2 matrix states that the eigenvalues will have
negative real parts whenever det(J2;2) > 0 and trace(J2;2) < 0.

e <
1

1 + �
( ) det(J2;2) > 0;

e >
1 � �
1 + �

( ) trace(J2;2) < 0:

Sinceall eigenvaluesof J (SP) have negative real part, we have that SP is locally stable with
the given conditions.

Claim 3 The interior equilibrium point SIP is unstableeverywhere that it exists.

J (SIP ) =

0

@
sf s sf i sf p

igs igi igp

cphp cphi 0

1

A ;

whereall functions are understood to be evaluated at the SIP equilibrium point (~s;~i ; ~p). Given
that gp = vf p, we have

det(J (SIP )) = (� csipf p)(vf shi + gi hs � vf i hs � gshi )
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After quite a bit of computation, it can be shown that

vf shi + gi hs � vf i hs � gshi =
� (1 + � )

� + s + vi
> 0

and

f p =
� �

� + s + vi
< 0:

Thus det(J (SIP )) > 0. The Routh-Hurwitz criterion for 3 � 3 matrices says there will be
at least one eigenvalue of J (SIP ) that will have a non-negative real part. This allows us to
concludethat SIP is an unstableequilibrium point in the region whereit exists.

Figure 2 shows where, in the (� ; e) plane, the di�eren t equilibria are stable.

����������
�

�
�

�
�

�
�

�
�

�
��

�1

e

1
�+1

1� �
�+1

SI S

SP
SI

SP

SP l.c.
SI

SP l.c.

1. 2.

3.

4.

5. 6.

Figure 2: Regionsof equilibria stabilit y in (� ; e) space. l.c. refers to a limit cycle around the
corresponding equilibrium point.

3.2.1 Existence, Uniqueness and Boundedness

Equations 4 can be written in the form

_y = F (y) (7)

wherey = (s; i; p), yo = (s(0); i (0); p(0)) and F (y) = (f (s; i; p); g(s; i; p); h(s; i; p)).
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Lemma 1 The solution y(t) existsand is unique on an interval (0; t f ) whenyo 2 R3
0;+ .

Pro of: By assumption,yo 2 R3
0;+ . The Jacobianof F is

J (F (s; i; p)) =

0

@
f + sf s sf i sf p

igs g + igi igi

cphs cphi ch + cphp

1

A ;

and both it and F are continuous because� > 0. Thus, F satis�es a Lipschitz condition on
R3

0;+ . By the Picard-Lindelof Theorem [10], the solution exists and is unique for sometime
interval extending forward from the initial point.

Theorem 1 The solution y(t) is uniformly bounded for yo 2 R3
0;+ .

Pro of: De�ne k : R0;+ ! R0;+ by k(t) = s(t) + i (t) + �
c p(t). k is well de�ned and di�eren tiable

by Lemma 1 on somemaximal interval (0; t f ). Di�eren tiating k yields

_k = s(1 � s) � i (� � + s) � � p
�

v� i
� + s + vi

+ e
�

:

For any � > 0,

_k + �k = s(1 � s + � ) � i (� � + s � � ) � � p
�

v� i
� + s + vi

+ e �
�
c

�
:

The maximum value of s(1 � s + � ) on R0;+ is (1+ � )2

4 . Therefore

_k + �k �
(1 + � )2

4
� i (� � � � ) � � p

�
e �

�
c

�
:

Choose0 < � < minf � � ; ceg. Then 9 B > 0 such that

_k + �k � B for each t 2 (0; t f ):

Let G(t; y) = B � �y , which satis�es a Lipschitz condition everywhere.Clearly _k(t) � B � �k (t) =
G(t; k(t)) for all t 2 (0; t f ). Let _r = G(t; r ) = B � �r and r (0) = k(0) = ko. This ordinary
di�eren tial equation has the solution

r (t) =
B
�

(1 � e� �t ) + koe� �t :

It is clear that r (t) is boundedon (0; t f ). By the comparisontheorem[1]:

k(t) � r (t) =
B
�

(1 � e� �t ) + koe� �t 8t 2 (0; t f ):

Now supposet f < 1 . Then k(t f ) � r (t f ) < 1 , but then the solution exists uniquely for some
interval (t f ; t r ) by the Picard-Lindelof Theorem. This contradicts the supposition that t f < 1 .
Thereforek(t) must be boundedfor all non-negative t, and thus y(t) is uniformly boundedon
R0;+ .
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4 Numerical Results

In this sectionwe usenumerical experiments to con�rm and visualize the equilibrium anal-
ysis. We go through the regionswhere there are interesting dynamics, and shednew light on
their physical meaning. We useda fourth order Runga-Kutta implementation on MATLAB to
numerically solve our equations.

4.1 Dynamics of Region 3

In the arc between the two curves E1 and E2, both SI and SP are feasibleequilibrium
points for various initial conditions. To illustrate the e�ect that initial conditions have on the
convergencetoward equilibrium points, we choosea value of � and e which lies within region3.
By �xing all other parametersand choosing two distinct initial conditions on the I P-plane we
developed the following systemsof graphs.

Sinceeach initial condition convergesto separateequilibria, we concludethat the position
of the initial conditions determinesthe equilibrium point to which they converge. We can also
infer from our graphsthat there must exist a surfacein SI P spacethat seperatesthe domains
of attraction of the SI and SP equilibrium points. The unstable equilibrium point, SIP , is in
that surface.

4.2 Dynamics in Region 5

When the parametere falls below 1� �
�+1 the dynamicsof the systemchangeslightly. In order

to illustrate how the systembehaves,we chosea point (� ; e) which lies in region5. Maintaining
all other parametervaluesand initial conditions, we obtain the following results.

Both initial conditions move towards separateequilibrium points similar to the preceding
case. However, in this situation one initial condition convergesto SI whereasthe other ap-
proaches a limit cycle around SP. This still implies the existenceof a surfaceseperating the
domainsof attraction for the stable behaviors.

4.3 Dynamics in Region 6

Varying the point (� ; e) to lie below E1 and the line 1� �
�+1 , we canobserve the dynamicswithin

region 6.
In this scenarioboth initial conditions lead to limit cyclesaround SP. Our resultsshow that

if the infection is very damagingto the sick �sh, then they will soon die out and eventually the
susceptible�sh and pelicansprevail. This is the samebehavior that occurs in the equivalent
predator-prey systemwithout disease[2].
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Figure 3: Graphs describingthe dynamics of region 3. The (� ; e) plane (a), initial conditions
(b), and corresponding solutions for c = 0:2, e = 0:6, v = 5, � = 0:5, � = :1, � = 1, � = 1:5,
and initial conditions (0.5, 0.2, 0.7) in normal and (0.5, 0.8, 0.1) in bold.

4.4 E�ect of �

Prior to the �rst major bird kill, environmental conditions of the seaapparently allowed for
the co-existenceof pelicansand uninfected �sh. This corresponds to a region in which the SP
equilibrium point is stable. If the environmental state were to changesuch that the infection
rate, � increases,it is possiblethat the conditions could changeso that SP is no longer stable.
Pollution is one factor which has beenshown to increasethe infection rate for a variety of �sh
diseases[6].

To demonstrate the e�ect of � , let us pick a point, say A, in region 3 and assumethat
initially SP is the stable equilibrium. Let us alsoassume� and e are known and that all other
parametersare �xed. As pollution is introduced into the sea,the infection rate increases(this
corresponds to changesin � along the vertical axis of the graph), causingthe curve E2 to shift
downward thus decreasingthe area of region 3. As this occurs, point A is no longer inside
region 3 and now exists in region 1, whereonly SI equilibrium is stable, meaningthe pelicans
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Figure 4: Graphs describingthe dynamics in region 5. Choosinge = 0:1 and � = 0:1 to corre-
spond to a point in region 5. Initial conditions and other parametervaluesremain unchanged.

will certainly die out. This is consistent with what one would expect to occur in nature. It
has beensuggestedthat reducing the number of infected �sh may be a meansof maintaining
the pelican population[4]. However, accordingto our results, a changein the initial conditions
alonewill not su�ce becausepoint A will convergeto SI regardless,as it lies in a region of the
parameter spacewhere only SI is stable. One would have to alter certain parameter values,
such as � ; e, or � to return point A to region 3 and possibly adjust the initial conditions such
that convergenceto SP is guaranteed.

5 Conclusion

The principle result of the analysisis that, giventhe harmful e�ect of infected�sh on pelicans
(� > 1), the pelicanscannot coexist with the infected �sh; mathematically this corresponds to
the lack of a stable SIP equilibrium. This lack of coexistenceof I and P is causedby the
properties that gp < 0, which implies that P is bad for I , and hi is proportional to 1 � � ,
meaning that I is bad for P (with � > 1). Biologically, the lack of I P co-existencecan be
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Figure 5: Graphsdescribingthe dynamicsin region6. All parameterand initial condition values
are the sameas the previouscases.Only the point (� ; e) hasbeenmodi�ed to be (0:8; 0:1).

attributed to direct competition, where the pelicansand infection \prey" upon the susceptible
�sh. With this direct competition, both \predators" are alsoharming each other, and only one
can prevail. In our analysis,a movement from region3 to region1 indicatesa de�nite changein
the convergenceof equilibrium points. This initiates the start of the epidemicand the eventual
extinction of the pelicans. We speculatethat this shift is the result of pollution, as the increase
in pollution weakensthe immunity of the �sh making them susceptibleto infection. A remedy
for this situation would require a restoration of the lake and possibleremoval of infected �sh.
This shouldresult in a return to region3 and SP convergence.For purely mathematical interest,
onemay desireto analyzethe situation whereit is lessharmful for pelicansto consumeinfected
�sh (i.e. � < 1); this may correspond to diseasesother than Avian botulism.
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