Your Exam ID Code:

Real Analysis Comprehensive Examination
Thursday, June 13, 2002, 1:00-5:00p.m., 304 Oldfather

e Work 6 of the 8 problems below. e Fach problem is worth 20 points. e Write on one side of the paper only.

1) Give the definition of an outer measure on a set X. If E C R, give the definition of m*(F) and, using only the
relevant definitions, prove that m™* is an outer measure on R.

2) Carefully prove that L!(R,m) is separable.

3) Suppose that G : R — R is continuous and increasing. Fix a < b and put ¢ = G(a), d = G(b). Prove that if
f ¢ [e,d] — C is Borel measurable and integrable on [c, d], then

d b
| twiy= [ 5(G@incta).
(Recall that e is the unique Borel measure on R such that pe((z,9]) = G(y) — G(z).)

4) This question has three parts—work them in any order you wish. Suppose f, g : R — C are Lebesgue integrable,
and define H(z,t) = f(z)g(t — x). Show the following statements hold.

a) (6 points) H is measurable (with respect to the product of Lebesgue measure with itself).

b) (7 points) For almost every ¢ € R, the integral / f@)g(t —x)de =: (f * g)(t) exists.
R

¢) (7 points) The function f x g is integrable and /R|(f x g)(t)| dt < </R |f ()] dt) (/R lg(t)] dt) .

> cosb inb
5)Forb>0,putF(b):/ cosbtysimnd

T2 e " dy. Find blim F(b). Give a detailed proof that your answer is
0 y — 00

correct.

6) Let A be a non-empty set and let X = [0,1]” be the set of all functions from A into [0,1]. Equip X with the
product topology. For o € A, let m, : X — R be defined by 7o (f) = f(a). If 2 is the algebra generated by
{ma : @ € A} and the constant functions, show that given H € C(X) and € > 0, there exists K € 2 such that
|H(f) — K(f)| <e for every f € X.

7) Suppose that for i = 1,2, F; : [0,1] — R is absolutely continuous.

a) (10 points) Prove that Fy F; is absolutely continuous on [0, 1].
1
b) (10 points) Consider the equation, / (FL(t)Fy(t) + Fi(t)Fa(t)) dt = Fi(1)F5(1) — F1(0)F»(0). Justify the

0
validity of this equation, being sure to make clear why the integral exists and the equality holds.

(@

8) Suppose that {F,}52; is a pairwise disjoint sequence of closed subsets of [0, 1] such that [0,1] = FE,.

n=1

a) (13 points) Let Gj = U F, and set X := ﬂ G} Prove that X = (). (Suggestion: Consider the sets
n=k k=1
U, = X N Gy. Supposing X # 0, apply a theorem of Baire to make a conclusion about N, Uy.)

b) (7 points) Prove that there exists N € N such that whenever n > N, F,, = 0.



