Math 901-902 Comprehensive Exam
June 6, 1-5pm

Do two of the three given problems from each of the three sections, for a tatixdmbblems.
If you have doubts about the wording of a problem, please ask for clarification. In no case should you interpret a
problem in such a way that it becomes trivial.

| Group Theory

I.1 LetG be a group and?’ the commutator subgroup 6f (also called the derived subgroup@j.

(a) LetH be a subgroup ofr. Prove thatd O G’ if and only if H < G andG/ H is abelian.

(b) Let N be a normal subgroup @ such thatvV N G’ = {1}. Prove thatN C Z(G). (Here,Z(Q)
denotes the center 6t.)

.2 Letp be a prime withp = 1 (mod 4). Prove there are at least three isomorphism classes of nonabelian
groups of ordedp. (Your solution should include a justification of why these classes are distinct.)

1.3 LetG be afinite groupp a prime dividing|G|, and P a Sylowp-subgroup of5. Let@ be anyp-subgroup
of G. Prove thatP N Q = Ng(P) N Q. (Here,N¢(P) denotes the normalizer ¢t in G.)

Il Field and Galois Theory

II.L1 Let E/K be afinite Galois field extension. Suppdsés an intermediate field of / K having the property
that for all other intermediate fieldssuch tha{F" : K] divides|L : K|, we haveF' C L. Prove thatF'/ K
is normal.

II.2 Let K be a field andf(z) a separable irreducible polynomial if[x]. Let E be a splitting field for
f(z) over K anda, 8 € FE distinct roots off(z). SupposeX(a) = K(8). LetG = Aut(FE/K) and
H = Aut(E/K()).
(a) Prove thatl # Ng(H).
(b) Use (a) to deduce thatdieg f is prime thenG is cyclic.

I1.3 LetF, be afield withg elements andg(z) € F,[z] an irreducible polynomial of degree. Prove that for
any positive integen, f(z) dividesz?" — z if and only if m dividesn.

Il Rings and Modules
Note: Throughout this sectioR is assumed to be a commutative ring with identity.

1.1 Let R be a domain and
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an exact sequence d¢t-modules. Suppose that for= 0,...,¢, P; is a finitely generated projective
R-module of rank-;. Prove thati is a finitely generated projectiv@-module and

‘
rank K = Z(fl)bim.
=0

(Recall that if R is a domain andP is projective, themank P = dimp S~'P, whereS is the set of
non-zero elements &k andF’ =2 S~ R is the field of fractions oRR.)

1.2 Let Rbearingand : M — N anR-module homomorphism. Suppose there exists elements. , ry €

R such that(ry,...,7x) = R and{ : M,, — N,, is an isomorphism for all. Prove thatf is an
isomorphism. (For € R, M, denotes the localization dff at the multiplicatively closed st | n >
0}.)

[11.3 Let R be a Noetherian domain adglthe field of fractions oR. Letu € Q. Prove that is integral overR
if and only if there exists € R, r # 0 such that«™ € Rforalln > 1. (Hint: For the reverse implication,
consider theR-submodule of) generated by .)



