
Math 901–902 Comprehensive Exam
January 20, 2004, 2–6pm

Do two problems from each of the three sections, for a total ofsix problems. If you work on more than two problems
from any section, be sure to say which you want counted.

If you have doubts about the wording of a problem, please ask for clarification. In no case should you interpret a
problem in such a way that it becomes trivial.

A. Group Theory

1. Let G be a finite group of odd order, and letH be a subgroup of index5. Prove thatH is normal inG.
(Hint: Use thatS5 has no element of order 15.)

2. Let G be a simple group of order less than 60. Prove thatG is cyclic.

3. Let G be a group of order52 · 292.

(a) Suppose the Sylow 29-subgroup ofG is cyclic. Prove thatG is abelian.

(b) Prove that there exists a nonabelian group of order52 · 292. (You do not need to find a presentation
for such a group.)

4. Prove that there is no simple group of order90. (Hint: Focus on the Sylow3-subgroups.)

B. Field and Galois Theory

5. Prove thatC, the field of complex numbers, is algebraically closed. (Give an algebraic proof, using Sylow
theorems and Galois theory. The only analytic tools you should need are the following facts: (a) Every
real polynomial of odd degree has a real root; and (b) every complex number has a square root.)

6. Let K/Q be a finite Galois extension whose Galois group is non-abelian and simple. Supposeαp ∈ Q
whereα ∈ K andp is a prime integer. Prove thatα ∈ Q.

7. Let F be a subfield ofC maximal with respect to not containing
√

2, and letK/F be a finite extension
with K ⊆ C. Prove thatK/F is Galois and that the Galois group is cyclic of prime power order.

8. Let F be a field of prime characteristicp, and letf(X) = Xp −X − a ∈ F [X]. Let α be a root off (in
an algebraic closure ofF ). Assuming thatα /∈ F , prove thatF (α)/F is Galois of degreep.

C. Rings and Modules

Throughout this section all rings are assumed to be commutative with identity.

9. Let R be a ring,m a maximal ideal ofR, andM anR-module. SupposemnM = 0 for some positive
integern. Prove thatM is Noetherian if and only ifM is Artinian.

10. Let R ⊆ T ⊆ Q(R) be domains whereR is Noetherian,T is a finitely generatedR-algebra, andQ(R) is
the quotient field ofR. Prove thatT is integral overR if and only if there exists a nonzero elementr ∈ R
such thatrT ⊆ R.

11. Let R be a Dedekind domain andM a finitely generatedR-module. Prove thatM is projective if and only
if M is torsion-free.

12. Let R be a Noetherian ring,P a prime ideal ofR andM a non-zero finitely generatedR-module.

(a) Prove thatP ∈ AssR(M) if and only if PRP ∈ AssRP (MP ).
(b) If P is minimal over the annihilator(0 :R M) of M , prove thatP ∈ AssR(M).


