
Extremal Cases of the Ahlswede-Cai InequalityA. J. Radcli�e and Zs. Szaniszl�oUniversity of Nebraska{LincolnDepartment of Mathematics810 Oldfather HallUniversity of Nebraska-LincolnLincoln, NE 68588

1



Running head: Extremal Cases in Ahlswede-CaiProof should be sent: A. J. Radcli�eDepartment of Mathematics810 Oldfather HallUniversity of Nebraska-LincolnLincoln, NE 68588e-mail: ajr@unlinfo.unl.edu

2



AbstractConsider two set systems A and B in the powerset P(n)with the property that for each A 2 A there exists aunique B 2 B such that A � B. Ahlswede and Caiproved an inequality about such systems which is a gen-eralization of the LYM and Bollob�as inequalities. Inthis paper we characterize the structure of the extremalcases.
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x0. NotationWe are concerned with the poset P(n) = P(f1; 2; : : : ; ng). This is the power set of [n] =f1; 2; : : : ; ng, ordered by inclusion. A set system is simply a subset of P(n). A set systemis an antichain if no two of its members are comparable. Conversely a chain is a totallyordered set system. We shall often consider maximal chains; those chains which cannot beextended. In particular such chains contain exactly one set from each of the levels of P(n).The kth level is the system [n](k) = fA 2 P(n) : jAj = kg. There are exactly n! maximalchains in P(n).Occasionally we think of P(n) as a graph with edges AB for all A;B 2 P(n) withjA�Bj = 1.An upset is a set system U with the property that A � B 2 U implies A 2 U . Adownset is de�ned similarly. If A is an arbitrary set system we use U(A) to denote theupset generated by A. I.e., U(A) = fX 2 P(n) : 9A 2 A; A � Xg. The downset generatedby A, denoted D(A), is de�ned similarly.x1. IntroductionGiven an antichain A in P(n) the LYM inequality states thatXA2A� njAj��1 � 1:This inequality is named after Lubell, Yamamoto and Meshalkin, who proved it indepen-dently (see [5], [6], [8]). A short proof of the inequality follows from noting that the lefthand side of the inequality is just the probability that a maximal chain [picked uniformlyat random from the collection of all maximal chains] in P(n) intersectsA. (The probabilitythat a randomly chosen maximal chain contains a �xed set X 2 P(n) is � njXj��1 and theevents that a chain contains the various elements of an antichain A are all disjoint.) Sinceit is a probability it is certainly at most 1.The Bollob�as inequality [4] (stronger than the LYM inequality) has a similar proof.The inequality states that if A = (Ai)N1 and B = (Bi)N1 have the property that Ai � Bj ifand only if i = j then NXi=1�n� jBi nAijjAij ��1 � 1: (1)Here the probability that a randomly chosen maximal chain meets the interval [Ai; Bi] is�n�jBinAijjAij ��1 and, by the condition on A and B, these events are disjoint. Thus (1) juststates that the probability of a maximal chain meeting [Ni=1[Ai; Bi] is at most 1.In [2] Ahlswede and Zhang, again with an essentially probabilistic proof, extendedthese results by considering not just the event that a maximal chain meets a certain set5



system A but also the event that it leaves U(A). To be precise let us say that a maximalchain C leaves an upset U at U 2 U if U 2 C \U and C 62 U for all C 2 C strictly below U .Of course if C leaves U at U then it leaves along an exit edge { an edge of P(n) joining Uto P(n) n U . Ahlswede and Zhang de�ne WA(X) to be the number of exit edges of U(A)incident with X for X 2 U(A) and 0 otherwise. EquivalentlyWA(X) = � 0 A 6� X for all A 2 AjT A2AA�X Aj otherwise :Note that WU(A)(X) =WA(X) for all X 2 P(n).Ahlswede and Zhang essentially proved the following theorem.Theorem 1. Suppose U ;D � P(n) are an upset and a downset respectively with U 6=;;P(n). If C is a maximal chain chosen uniformly at random thenP(C meets U \ D) + XX2UnD WU (X)jXj� njXj� = 1:Proof. First note that if C meets U \ D then it leaves U from U \ D. Also, sinceU 6= ;;P(n), the probability that C leaves U is 1. Secondly, if X is a set in U thenP(C leaves U at X) = P(X 2 C) P(C leaves U at XjX 2 C)= � njXj��1WU (X)jXj :(The last factor is the proportion of downward edges from X which lead out of U .) Thus1 = P(C leaves U)= P(C leaves U at X 2 U \ D) +P(C leaves U at X 2 U n D)= P(C meets U \ D) + XX2UnD WU (X)jXj� njXj� :This theorem is a little too general to be useful. The following corollaries are muchmore natural. The �rst is essentially Theorem 1 in [2].Corollary 2 (Ahlswede, Zhang [2]). If A � P(n) is an antichain thenXA2A� njAj��1 + XX2U(A)nA WU (X)jXj� njXj� = 1:Proof. In Theorem 1 set U = U(A) and D = D(A). Note that the �rst term on theleft hand side (as in the proof of the LYM inequality) is the probability that a randomlychosen maximal chain meets U(A) \ D(A) = A.6



Corollary 3 (Ahlswede, Zhang [3]). If A = (Ai)N1 and B = (Bi)N1 have the propertythat Ai � Bj if and only if i = j thenNXi=1 �n� jBi nAijjAij ��1 + XX2U(A)nD(B) WA(X)jXj� njXj� = 1:Proof. In Theorem 1 set U = U(A) and D = D(B).The result we are most interested in this paper is the following result of Ahlswedeand Cai [1] which generalizes the Bollob�as inequality to pairs of set systems, A and B,satisfying the following condition:8A 2 A 9! B 2 B such that A � B: (�)(If, in addition, each set in B contains exactly one set in A then we are in the setup of theBollob�as inequality.)Corollary 4 (Ahlswede, Cai [1]). Let A;B � P(n) be two set systems satisfying (*)with U(A) 6= ;;P(n). For B 2 B set AB = fA 2 A : A � Bg. Also let SS = SS2S S,and TS = TS2S S. ThenXB2B XS�AB(�1)jSj�n� jB nSSjjSSj ��1 + XX2U(A)nD(B) WA(X)jXj� njXj� = 1:In particular, given such systems we haveXB2B XS�AB(�1)jSj�n� jB nSSjjSSj ��1 � 1: (2)Proof. In Theorem 1 let U = U(A), D = D(B) and note that the �rst term on the lefthand side is simply the probability that a random maximal chain meets U \D, computedusing inclusion/exclusion.In the remainder of the paper we characterize pairs of systems A;B satisfying theconditions of Cor.4 for which (2) holds with equality. We call such pairs of systems extremalpairs. Section 2 presents most of the analysis of extremal pairs, culminating in Theorem14, which gives necessary and su�cient conditions for a pair to be extremal. In Section 3we give a (hopefully) more illuminating characterization in terms of matroids.7



x2. Characterization of the Extremal Systems.We want to understand the structure of the cases of equality in (2). There are two waysof looking at extremality; we can either use the fact that a pair A;B is extremal i� ev-ery maximal chain meets U(A) \ D(B) or that extremality is equivalent to the conditionWA(X) = 0 for all X 2 U(A) n D(B).Suppose then that A;B are a pair of set systems in P(n) which satisfy (*), withU(A) 6= ;;P(n), and for which (2) holds with equality. We start with some simple remarks.Remark. Necessarily SB = [n]. Otherwise let b =2 SB. Any maximal chain passingthrough fbg misses U(A) \ D(B), contradicting the extremality of A;B.Remark. We may suppose that every set in B contains at least one set in A, sinceremoving a set in B which does not contain any set in A leaves the left hand side of (2)unchanged.Remark. We may assume that A is an antichain. The left hand side of (2) depends onlyon U(A) and D(B) so we may safely replace A by the antichain of its minimal elements.Similarly we may suppose that B is an antichain.Remark. There is one rather trivial case of equality; when B = f[n]g and A is anyantichain with U(A) 6= ;;P(n). We shall suppose henceforth that B 6= f[n]g.In summary, we suppose for the remainder of this section that A and B are nonemptyantichains satisfying (*) and (2) with equality, and in addition A 6= f;g, B 6= f[n]g,SB = [n].It turns out that the most important parameter of the pair A;B is the size of thesmallest sets in A (which we will show is the common size of all the sets in A). Thereforede�ne k := minfjAj : A 2 Ag:The following simple lemmas will be used repeatedly in this section.Lemma 5. If X 2 [n](k+1) n D(B) then all the k subsets of X belong to A.Proof. SupposeK � X has size k and K 62 A. Then any maximal chain passing throughK and X misses U(A) \ D(B) (In levels 0 through k � 1 nothing belongs to U(A) by thede�nitition of k; K does not belong to U(A) by assumption; X, and a fortiori anythinghigher on the chain, doesn't belong to D(B).) This contradicts the extremality of A;B.Lemma 6. If A 2 A has size k, BA is the unique element of B containing A, and b 62 BAthen A� fa; bg 2 A for all a 2 A.Proof. Let X = A [ fbg. Now X 62 D(B) because b 62 BA (so X 6� BA) and A 6� B forall B 2 B; B 6= BA by (*). By Lemma 5 all k-subsets of X belong to A.8



The extremal cases for which k = 1 were already characterized in [1] (See Fig. 1). Inthis case B is a `
ower'; the intersection of any two sets in B is the same as the commonintersection TB. Moreover A = ffag : a 2 [n] nTBg.Theorem 7. If k = 1 then setting B0 = TB we have A = ffag : a 2 [n] nB0g, and8B1; B2 2 B; B1 \B2 = B0.Proof. Let fxg be any singleton element of A, with Bx the unique set in B containingit. If y is any element of [n] nBx then by Lemma 6 (with A = fxg and b = y) fyg 2 A. Ifz 6= x belongs to Bx nB0 then pick a set in B B with z 62 B (possible since z 62 TB) andan element y 2 B nBx (possible since B 6� Bx). By the above argument we have fyg 2 Aand by applying Lemma 6 again (A = fyg, b = z) we have fzg 2 A.Having established that fag 2 A for all a 2 [n]nB0 it is clear by (*) that B1\B2 = B0for all B1 6= B2 in B.
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Fig.1.We turn now to the case k � 2. The next lemma essentially establishes that if A;B isan extremal pair then all of the sets in A have a common size. Somehow it seems a littlesurprising that sizes of sets in A are tightly restricted while sets in B can have essentiallyany size.Lemma 8. If A 2 A has size k and BA 2 B with A � BA then every set in A notcontained in BA is of size k.Proof. Given D 2 A with D � B 2 B, B 6= BA we want to show that D has size k. PickA0 2 A subject to the following conditions:(i) jA0j = k(ii) A0 � B0 2 B, B0 6= B(iii) The distance d(A0;D) = jA0�Dj, is minimal subject to (i) and (ii).9



Sets A0 2 A satisfying (i) and (ii) certainly exist since A is one. Now pick x 2 A0 nB andy 2 D nB0. By Lemma 5 all k-subsets of X 0 = A0 [ fyg belong to A.If there exists c 2 A0 n (D [ fxg) then for A00 = X 0 n fcg we have A00 2 A, jA00j = k ,A00 6� B (since x 62 B), and d(A00;D) < d(A0D), contradicting (iii).Otherwise A0 � D [ fxg, in which case setting A00 = X 0 n fxg we have A00 2 A andA00 � D. Since A is an antichain we must have A00 = D and hence jDj = k.Proposition 9. Every set in A has size k.Proof. Pick a set in A, A, of size k and let BA be the set in B containing it. By theprevious proposition any set in A not contained in BA has size k and, since we haveassumed that B is not trivial there do exist such sets in A. Applying the previous lemmaagain we see that all sets in A have size k.We now turn to the system B. The next three lemmas establish that B covers [n](k)and that B determines A.Lemma 10. For all C 2 [n](k) there exists B 2 B such that C � B.Proof. Let C 2 [n](k), A 2 A with d(A;C) minimal, say A � BA 2 B. We will establishthat C � BA. Suppose not; then in particular C 6= A. Pick c 2 C n BA and a 2 A n C.Applying Lemma 6 we have that A0 = A� fa; cg 2 A and moreover d(A0; C) < d(A;C).This contradicts the de�nition of A0, hence we must have C � BA.The next lemma shows that B determines A; in fact it turns out that every set thatcan be a set in A is in fact a set in A.Lemma 11. If X 2 [n](k) and there exists a unique B 2 B such that X � B then X 2 A.Proof. Suppose X =2 A. Pick c =2 B, then X [fcg 62 D(B) and any maximal chain whichpasses through X and X [ fcg misses U(A) nD(B), contradicting the extremality of A;B.Hence X 2 A.The next (technical) lemma says that in some sense A is \connected".Lemma 12. For any X1 , X2 2 [n](k) and B 2 B with X1 2 A, X2 =2 A, X1 � B ,X2 6� B, we have jX1�X2j > 2. (See Fig. 2.)X1 2 A and B
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Fig.2.Proof. Suppose there are someX1, X2 , and B satisfying the conditions with jX1�X2j =2. Then X1 [X2 62 D(B). (X1 [X2 6� B since X2 6� B and for B0 2 B, B0 6= B we haveX1 [ X2 6� B0 since X1 6� B0.) Applying Lemma 5 with X = X1 [ X2 (which has sizek + 1) we must have X2 2 A, which contradicts our assumptions.It turns out that the condition on extremal pairs proved in Lemma 12 is in factsu�cient for extremality.Proposition 13. Suppose A;B � P(n) are antichains satisfying (*) and the conclusionof Lemma 12 (with k = minfjAj : A 2 Ag). Then A;B is an extremal pair.Proof. We must show that for any set X in U(A) n D(B) the de�ciency term WA(X) iszero. We know that there exists A 2 A with A � X. Let BA be the unique element of Bcontaining A. Since X =2 D(B) there exists an element x 2 X nBA. Now for all a 2 A wehave, by the condition in Lemma 6, that A� fa; xg 2 A. Hence WA(A [ fxg) = 0. (SinceA \T fA� fa; xg : a 2 Ag = ;.) By the monotonicity of WA, WA(X) = 0.We summarize the results of this section in the following theorem.Theorem 14. Let A;B � P(n) be two antichains satisfying (*), with B 6= f[n]g. Letk = minfjAj : A 2 Ag. The pair A;B is extremal i� the following condition holds:If X1;X2 2 [n](k); B 2 B with X1 2 A;X2 62 A;X1 � B;X2 6� B then jX1�X2j > 2:(��)If the pair A;B is extremal then(i) A � [n](k).(ii) For all C 2 [n](k) there exists B 2 B such that C � B.(iii) If X 2 [n](k) and there exists a unique B 2 B such that X � B then X 2 A.Proof. Lemmas 10{12 and Propositions 9 and 13.
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x3. Structural CharacterizationIn this section we show that the rather unpleasant characterization given in Theorem 14can be replaced by a useful description in terms of matroids. Our notation for matroids isreasonably standard; see e.g. [7], or any standard text, for further reference.We think of a matroid as a pair M = (S;I) where S is a �nite set and I � P(S) isthe collection of independent sets de�ning the matroid. We will sometimes write I(M)for the collection of independent sets associated with the matroidM. We write �M, or, ifno ambiguity is possible, simply �, for the rank function of M, de�ned on P(S) by�M(X) = max fjIj : I 2 I; I � Xg:We write E(M) for the collection of all bases ofM where a basis is a maximal independentsubset of S.Given a matroid M and an integer k, letIk(M) = fI 2 I(M) : jIj = kgFk(M) = fmaximal sets of rank kg= fX � S : �M(X) = k and �(X [ fxg) = k + 1 8x 62 Xg:We �rst show that matroids provide us with a plentiful supply of examples of extremalpairs.Theorem 15. Let M = ([n];I) be a matroid with �([n]) � k + 1, and set A = Ik(M)and B = Fk(M). Then the pair A;B is extremal.Proof. First we must check that A;B (both obviously antichains) satisfy (*). Supposethen that A � B1; B2 with A 2 A, B1; B2 2 B; B1 6= B2. By the submodularity andmonotinicity of � we havek � �(B1 [ B2) � �(B1) + �(B2) � �(B1 \B2)� �(B1) + �(B2) � �(A)= kSince B1 6= B2 we have that B1[B2 is a set of rank k strictly containing B1, contradictingthe fact that B1 is a maximal set of rank k.To show that A;B is extremal, pick a maximal chain C = (Ci)n0 in P(n), wherejCij = i. We must show that C meets U(A) \ D(B). Since �(Ci) increases from 0 to�([n]) > k we may de�ne j = min fi : �(Ci) = kg. Cj contains an independent set of sizek, A say, (by the de�nition of rank) and is contained in a maximal set of rank k, B say.Thus A � Cj � B and C \ (U(A) \ D(B)) 6= ;.The next Theorem, the main result of this section, establishes that not only do ma-troids give many extremal examples, they in fact give all extremal examples.12



Theorem 16. If A;B is a pair of non empty antichains satisfying (*) and (2) with equalityand B 6= f[n]g then there exists a matroid M such thatA = Ik(M) and B = Fk(M):Proof. For every extremal system we have to construct a matroid and show, that fromthis matroid we get back the original extremal system.Set E = [n](k+1) n D(B). We'll show the following:(i) E is the collection of bases for some matroid M = ([n];I).(ii) A = Ik(M).(iii) B = Fk(M).To prove that E is the collection of bases for a matroid we must show (see e.g. [7])that E is a non-empty antichain and that for all E1; E2 2 E and x 2 E1 n E2 there existsy 2 E2 n E1 such that E1� fx; yg 2 E. The �rst condition is certainly satis�ed since ourE-sets are all the same size and D(B) cannot cover [n](k+1) without covering each the setin [n](k) many times, contradicting (*).So consider E1; E2 2 E and let x 2 E1 nE2. Then E1 n fxg is a k-element set. Pick amaximal chain, C, passing through E1 and E1 n fxg. By the extremality of A;B the chainC must meet some set-interval [A;B] with A 2 A and B 2 B. Since E1 =2 D(B), E1 n fxgmust be a set in A. Thus there exists a unique B 2 B such that E1 n fxg � B. Nowpick y 2 E2 n (B [ fxg)). (Such a y exists since E2 62 D(B) and x =2 E2) Then y =2 B, soE1� fx; yg 6� B. Also E1� fx; yg 6� B0 for any B0 6= B with B0 2 B because E1 n fxg iscontained in a unique set in B. Hence E1� fx; yg 2 E.Now that we have de�ned our matroidM we want to show that A = Ik(M) and thatB = Fk(M). First note that I(M) = D(E) = D([n](k+1) n D(B)).To see thatA � Ik(M), consider anyA 2 A. There exists a uniqueB 2 B withA � B.Now pick x =2 B. By essentially the argument of Lemma 6 A [ fxg 2 E = [n](k+1) n D(B)since it clearly has the right size and x 62 B while A 6� B0 whenever B0 6= B;B0 2 B. HenceA 2 Ik(M).For the other containment suppose that there exist E 2 E and I � E with jIj = k andI 62 A. Now let C be any maximal chain passing through I and E. C misses U(A) \ D(B)because no set of size smaller than k is in U(A), I =2 U(A), and no set containing E is inD(B). This contradicts the extremality of A;B. Hence I 2 A and thus A � Ik(M).To see that B = Fk(M) we have to show that the elements of B are exactly theelements, X, of the Boolean algebra that satisfy the following three conditions:(a) There exists A 2 A such that A � X.(b) There is no E 2 E with E � X.(c) For all x =2 X there exists E 2 E with E � X [ fxg.Claim. For all B 2 B, B satis�es conditions (a){(c).13



Condition (a) is satis�ed by assumption (see the remarks at the beginning of section2). Condition (b) is satis�ed by the de�nition of E. For (c) consider B 2 B and x 62 B.Pick A � B with A 2 A. Now A [ fxg is a (k + 1)-set and it is not in D(B) (since x 62 Band A 6� B0 for B0 2 B, B0 6= B). Thus E = A [ fxg has E 2 E and E � B [ fxg.Claim. Every element of the Boolean algebra satisfying conditions (a){(c) is an elementof B.Pick any set X 2 P(n) satisfying conditions (a), (b) and (c). By (a) we know thatthere exists A 2 A such that A � X, and, by (*) , there exists a unique B 2 B withA � B.Case 1: X � B. If X = B then we have shown that X 2 B. Otherwise B nX 6= ;.Pick any x 2 B nX. By condition (c) there exists E 2 E such that E � X [ fxg � B, butthis contradicts the de�nition of E.Case 2: X 6� B. Pick any x 2 X n B. By condition (b) A [ fxg, being a (k + 1)-setbut not in E by (b), belongs to D(B), hence there exists some B0 2 B, B0 6= B such thatA [ fxg � B0. But this means that A � B;B0 which contradicts (*).Hence X 2 B and therefore B = Fk(M).We summarize the results of this section in the following theorem.Theorem 17. A pair of antichains A;B satisfying (*) with U(A) 6= ;;P(n) and B 6= f[n]gsatis�es (2) with equality if and only if there exists a matroid M such thatA = Ik(M) and B = Fk(M):Proof. Theorems 15 and 16.The case k = 2 is particularly nice. In order to describe it we need to recall the notionof a pairwise balanced design. (We supress some parameters for clarity.)A pairwise balanced design of type (v; �) is a pair (X;B) where X is a v-set of pointsand B � P(X) is a collection of subsets of X (called blocks) with the property that every2-element subset of X is contained in exactly � blocks.Given a (v; �)-pairwise balanced design (X;V) and a partition of [n] into v parts,P = (Pi)v1, the P -expansion of (X;V) is the set systemXP (V) = f[i2BPi : B 2 Vg:Theorem 18. Given any extremal pair A;B with k = 2 there exists a partition P = (Pi)v0of [n] and a (v; 1)-pairwise balanced design (X;B) such thatB = fP0 [ B : B 2 XP (V)gA = ffx; yg : x 2 Pi; y 2 Pj ; i 6= j; i; j 2 [v]g14



Remark. Given an extremal pair A;B, construct a graph G on [n] by drawing an edgebetween two vertices exactly if the pair is a set inA, i.e., when the vertices are independent.Then the theorem just says that G is the complete v-paritite graph with parts P1; : : : ; Pv.
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xFig.3.Proof. SinceA;B is an extremal pair we know by Theorem 17 that there exists a matroidM = ([n];I) such that A = Ik(M) and B = Fk(M). Set P0 = fx 2 [n] : �(fxg) = 0g.Clearly we cannot have P0 \ A 6= ; for any A 2 A for if A = fx; yg and x 2 P0 then�(A) � �(fxg) + �(fyg) � 1, a contradiction. To show that the independent pairs forma complete multipartite graph we'll prove that the dependent pairs from [n] n P0 formcliques. Thus, suppose fx; yg and fy; zg are not independent, with x; y; z 2 [n] n P0. Bythe submodularity of the rank function and the fact that �(fxg) = 1 for all x 2 [n] nP0 wehave �(fx; y; zg) � �(fx; yg) + �(fy; zg)� �(fxg) = 1:Therefore �(fx; zg) = 1 and we have shown that the dependent pairs form cliques; letthe vertex sets of these cliques be P1; : : : ; Pv, so that P = (P0)v1 is a partition of [n]. Itremains to prove that B is the expansion of some pairwise balanced design by P . To provethat each set in B contains P0 note that if fxg has rank 0 then �(X [ fxg) = �(X) for allX 2 P(n) therefore all maximal sets of rank k must contain x. We also have to show thateach set in B is a union of the Pi. Suppose then that x; y 2 Pi, i 6= 0 and x 2 B 2 B. SetB0 = B n fx; yg. Now �(B [ fyg) = �(B [ fx; yg)� �(B) + �(fx; yg) � �(fxg)= k:Thus, by the maximality of B, y 2 B. To �nish the proof we need to show that for alli; j 2 [v], i 6= j, there exists a unique B 2 B such that Pi [ Pj � B, but that followsimmediately from (*) since if x 2 Pi and y 2 Pj with i 6= j we know fx; yg 2 A.15
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